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Plasmon assisted superconductivity in
LiTi2O4
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Francesco Petocchi1 , Viktor Christiansson1,2, Ryotaro Arita3,4 & Philipp Werner1

WecombineGWplus extended dynamicalmean field theory (GW+EDMFT) with the density functional
theory for superconductors (SCDFT) framework to study the electronic properties of LiTi2O4. Excellent
agreement with experiment is obtained for the density of states, mass enhancement, Sommerfeld
coefficient and superconducting Tc, if the dynamical nature of the screened Coulomb interaction is
taken into account. Our results show that the coupling to collective charge fluctuations (plasmons)
plays an important role in the pairing mechanism and explains the remarkably high Tc of this
moderately correlated spinel compound.

More than 200 compounds are known to crystallize in the AB2O4 normal
spinel structure, but only a fewof themexhibit superconductivity. Examples
include CuRh2Se4 (with a critical temperature Tc = 3.5 K), CuV2S4 (Tc = 4.5
K), andCuRh2S4 (Tc = 4.7 K).Within this family, LiTi2O4 (LTO) is the only
oxide superconductor and stands out with the highest critical temperature,
ranging from 10 K to 13.7 K1–6.

LTO is a type-II superconductor with a fully gapped s-wave order
parameter, whose properties can be described to a good extent within the
Bardeen-Cooper-Schrieffer (BCS) framework, where pairing is mediated
by electron-phonon (e-ph) interactions2,4. However, comparisons
between band-structure calculations, angle-resolved photoemission
spectroscopy (ARPES) data and specific-heat measurements indicate
significant electron-electron (e-e) correlations5–9. In the normal state, the
resistivity shows a metallic behavior, decreasing monotonically with
temperature until the superconducting transition. The superconducting
properties are highly sensitive to stoichiometry10,11 and recent ionic liquid
gating experiments12,13 reported a superconducting dome between two
insulating states with unclear origin. Furthermore, LTO displays an
angle-dependent anomalous magnetoresistance14, which may originate
from spin-orbital fluctuations reminiscent of those observed in high-Tc
cuprate superconductors15.

Experimental investigations of LiTi2O4 reported values for both the
specific-heat (Sommerfeld) coefficient γ ≈ 19 mJ mol−1 K−2 and the
superconducting gap amplitude Δ = 1.97 meV1,6,16. Concurrently, the first
density functional theory (DFT) studies17,18 provided an estimate for the
electronic density of states (DoS) at the Fermi level,N DFT

εF
¼ 0:46 states/eV

atom. By comparing this value with the one determined from
γ ¼ K2

Bπ
2

3 N exp
εF

, an e-ph coupling constant λph ≈ 1.8 was initially inferred
using the formulaN exp

εF
¼ ð1þ λphÞNDFT

εF
.However, even at this early stage,

estimates of Tc based on the McMillan formula19,20 indicated that such a
strong coupling was inconsistent with the experimentally observed critical

temperature, which instead suggested an intermediate value of λph ≈ 0.6.
This discrepancy provided the first indication that an additional renorma-
lization mechanism, associated with e-e interactions, was required to
understand the properties of LTO. Consequently, the total enhancement of
the DoSwas reformulated asN exp

εF
¼ ð1þ λph þ λeeÞNDFT

εF
, implying λph+

λee ≈ 1.8. More recent experimental work6 refined these estimates, con-
firming λph ≈ 0.65 from both the specific-heat jump and independent fits
using the McMillan equation. The same study also reported an updated
specific-heat coefficient of γ = 19.15 mJ mol−1 K−2. Combining this value
with N DFT

εF
and λph = 0.65 yields λph + λee ≈ 1.53, corresponding to λee

≈ 0.88.
These results imply that LiTi2O4 cannot be described as a purely e-ph

driven superconductor. In particular, the significant enhancement of the
experimentally derived density of states, relative to the DFT prediction,
suggests the presence of non-negligible e-e interactions. The influence of e-e
correlations can be quantified by the quasiparticle renormalization factor Z,
which based on the DFT and experimental results is Z ≈ 0.65, a value
consistent with moderate e-e correlations.

The recent ionic-gating study on LTO13 provides further evidence for
nontrivial correlation effects. The experiment probed the superconducting
response as a function of carrier concentration, effectively tuning the tita-
nium valence between the limiting configurations d0 and d1. The d0 case is
rather straightforward, given that the oxygen p bands lie approximately 2 eV
below the Ti t2g manifold and the resulting state is expected to be band-
insulating. In contrast, the emergence of an insulating or badmetal phase in
the d1 limit cannot be explained within a simple single-particle picture,
pointing instead to a correlation effect. Here, we will show that these cor-
relations have important implications both on the doping evolution of the
electronic structure and on the nature of the pairing glue in LTO, andmore
specifically that plasmons (collective charge fluctuations) are essential for
explaining the high Tc of this spinel compound.
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Results
Electronic structure
The normal spinel AB2O4 adopts the cubic Fd�3m space group (No. 227),
corresponding to a face-centered cubic (fcc) lattice. In LiTi2O4, Li

+ ions
occupy the tetrahedral (8a) “A” sites, while Ti cations reside on the octa-
hedral (16d) “B” sites, forming TiO6 octahedra within an oxygen-based
cubic close-packed framework with a lattice constant of approximately
8.37 Å21,22. The Ti ions exhibit a mixed-valence configuration with equal
proportions of Ti3+ (3d1) and Ti4+ (3d0), resulting in partially filled Ti 3d0.5

bands23. The octahedral crystal field splits the Ti 3dmanifold, pushing the eg
states about 2 eV above the Fermi level, while the t2g orbitals form the low-
energymanifold responsible for themetallic character of the compound23,24.

Our electronic structure analysis is based on the real-space extension of
GW+extended dynamical mean field theory (GW+EDMFT), which has
previously been applied to the relatedmaterial Ca2RuO4

25, where octahedral
rotations make the local Hamiltonians for the sites within the unit cell
inequivalent. The GW+EDMFT framework26,27 captures screening, non-
local exchange-correlations, and local dynamical fluctuations without
resorting to empirical interaction parameters or heuristic double-counting
corrections. Its fully diagrammatic formulation enables partitioning of the

self-energy into high-, intermediate-, and low-energy contributions, which
are treated, respectively, by single-shot G0W0, self-consistent GW, and
EDMFT28. We treat the Ti-3d submanifold with isolated bands of pre-
dominant t2g character as the strongly correlated subsystem, while higher-
energy bands enter the description via the dynamical and spatial structure of
the constrained random phase approximation (cRPA)29 interaction and the
G0W0 fermionic propagators. Technical details on the GW+EDMFT
implementation can be found in the Method section.

AllGW+EDMFTcalculations in this studyareperformedat an inverse
temperature of β = 30 eV−1 (T = 387 K) with a high-frequency cutoff of 200
eV, using a continuous-time quantumMonte Carlo impurity solver capable
of treating dynamical screening, but limited to density-density
interactions30,31. The relatively high temperature is imposed by the mem-
ory requirements of the finite-temperature GW calculation. The normal-
state quantities extracted from this calculation, such as the quasiparticle
renormalization, orbital polarization, low-energy spectral redistribution,
and screened interaction, are controlled by energy scales set by the Ti-t2g
bandwidth, the local Coulomb interaction, and the plasmon frequencies,
which are all substantially larger than kBT at β = 30 eV−1. We therefore
expect these quantities to vary only weakly upon further lowering the
temperature. The low-temperature dependence relevant for the super-
conducting instability is then treated within the SCDFT gap equation, while
the many-body electronic input is kept fixed at the normal-state GW
+EDMFT solution. As a result, the trends extracted from our data are
expected to reflect the low-temperature behavior. To determine the
superconducting critical temperature, we compute the electronic structure
at a temperature higher than the expected Tc but still well below the char-
acteristic electronic energy scales.

Figure 1 shows the converged local spectral function of LiTi2O4 at the
stoichiometric filling of 0.5 electrons per Ti site. The occupation of the well-
localized (spread ~ 1.63 Å2) Wannier orbitals is degenerate, with 0.083
electrons per spin-orbital, corresponding to the spectrum shown by the full
brown line. The local interaction matrix (U) for the Ti sites is calculated in
the GW+EDMFT self-consistency loop for this degenerate Wannier basis,
and then rotated to thediagonal crystalfield (CF)basis for the solutionof the
impurity problem.This local rotation lifts the degeneracy, causing oneof the
three impurity levels to become nearly empty. The interaction parameters,
on the other hand, remain the same (seeMethod section). Hence, in the CF
basis, we have two degenerate orbitals with approximately 0.445 electrons
each, and one containing the remaining 0.055 electrons. The corresponding
spectra are indicated by the red and yellow lines in Fig. 1, respectively.

Inspired by the ionic gating experiments13, we investigate the doping
dependence of the system by tuning the chemical potential of the model. A
fully consistent treatment would require performing separate cRPA and
G0W0 (and later phonon) calculations for each target filling. This is an
extremely demanding task, both computationally and conceptually, due to
the difficulty of doping the band structure without altering the chemical
constituents of the material. In the present work, we hence use the down-
foldedmodel for fillingnTi = 0.5 and scan the chemical potential to reach the
desired occupation. For each filling, the twelve-orbital GW+EDMFT pro-
blem is solved self-consistently, so that the low-energy correlations, orbital
occupations, polarization, and screened interaction are recomputed. What
remains fixed is the contribution of the remote high-energy sector, and in
the SCDFT calculation also the phononic input α2F(ω), which is evaluated
for the undoped structure. This approximation is justified by the energetic
separation between the Ti-t2g manifold and the excluded O-p and Ti-eg
states.

Insights into the evolution of the system at different fillings can be
extracted from the diagonal elements of the CF impurity density matrix,
diag(ρ)≡ (n, n+Δn, n+Δn), which satisfy the constraint Trρ ¼ nTi. From
the values of Δn, indicated by the red line in Fig. 2, it follows that, upon
approaching the d1 configuration, the isolated level becomes depleted,
whereas the two degenerate orbitals almost reach a half-filled configuration.
The near-linear slope of the Δn curve implies that the impurity orbital
polarization that we define as P ¼ 2Δn=nTi almost saturates as nTi ~ 1, as

Fig. 1 | The local GW+EDMFT spectral function at stoichiometric filling is
shown by the brown line. In the CF basis, the local spectral function splits into two
components: the twofold-degenerate occupied orbitals (A2;3

loc , red line) and an almost
empty orbital (A1

loc, yellow line). The shaded region indicates the DFT DoS.

Fig. 2 | Electronic properties as a function of the total filling of the Ti-d shell, nTi.
Density imbalance Δn between the singly and doubly degenerate local levels (red
circles) and impurity polarization P (brown squares). The inset reports the insu-
lating local spectral function at the d1 configuration with the same color convention
as in Fig. 1.
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shown by the brown line. At the d1 occupation, a gap opens at the Fermi
level, as a result of the almost complete depletion of the isolated orbital and
the (near-)localization of the remaining electrons, see inset in Fig. 2. In
DMFT studies of metals the strength of the e-e interactions is often quan-
tified by the quasiparticle renormalization factor extracted from the local
self-energy,

Z ¼ 1�
∂=Σimp

t2g
ωn

� �
∂ωn

�����
ωn!0

0
@

1
A

�1

; ð1Þ

which is reported by red circles in Fig. 3, together with the Sommerfeld
coefficient

γ ¼ K2
Bπ

2

3
1þ λð Þ

NGWþEDMFT
εF

Z
: ð2Þ

In this expression, we used the e-ph coupling λ = 0.54 derived from the
phonon calculation described below and in the Method section. We fur-
thermore evaluated the height of the quasiparticle peak using the approx-
imate formulaNGWþEDMFT

εF
¼ βGloc τ ¼ β=2

� �
=atom32, see the labels next

to the squares in Fig. 3. Due to the lack of particle-hole symmetry,=Σ imp
t2g

is
not diverging even in the insulating regime, resulting in Z > 0 for nTi = 1.
Also, since the DoS does not vanish completely in our β = 30 eV−1

calculation, the γ coefficient remains nonzero in this limit.
In the occupation range corresponding to the highest Tc, our calcula-

tions yield almost quantitative agreement with the available experimental
benchmarks, see Table 1. In particular, the Sommerfeld coefficient extracted
fromourGW+EDMFT solution reproduces themost recent reported value
of γ = 19.15 mJ mol−1 K−2 with good accuracy for a wide range of Ti
occupations. Likewise, the quasiparticle renormalizations Z = 0.6-0.75 fall
within the range inferred from photoemission and transport analyses, and
they are consistent with the expected moderate e-e correlations. Finally, the
emergence of insulating states flanking the d0-d1 region is fully consistent
with the experimentally observed suppression of metallicity for both elec-
tron depletion and electron accumulation in the ionic gating experiments.

Superconductivity
To calculate the superconducting critical temperature Tc, we combine our
GW+EDMFT results with density functional theory for superconductors
(SCDFT)33–35. SCDFT provides a first-principles framework to determine
Tc, based on a gap equation in which the mass renormalization and the
pairing interaction are encoded in two kernels,Zph

nk andKnk;n0k0 , which are,
respectively, diagonal and off-diagonal in the Kohn-Sham eigenvalue index.
We detail our implementation of the formalism in theMethod section. The
superconducting order parameter Δnk is obtained as the self-consistent
solution of the gap equation

Δnk ¼ �Zph
nk Δnk �

1
2

X
n0k0

Knk;n0k0
tanh ðβ=2ÞEn0k0

� �
En0k0

Δn0k0 ; ð3Þ

where β is the inverse temperature and Enk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2nk þ Δ2

nk

q
(with εnk the

Kohn-Sham eigenvalues) denotes the quasiparticle energies. In the
following, the diagonal kernel Z ph

nk is assumed to contain only the e-ph
contribution, while the pairing kernel is decomposed into phononic and
electronic parts Kph

nk;n0k0 and Kel
nk;n0k0 .

We report in Fig. 4 the Eliashberg function α2F ωð Þ, which is needed to
define the phononic kernels (Eqs. (14) and (15) in theMethod section), and
fromwhichwe can also estimate themagnitude of the e-ph coupling used in
this study: λ ¼ 2

R
dω
ω α2FðωÞ ¼ 0:54, in agreement with previous

results36,37.
The electronic Kernel Kel

nk;n0k0 can be separated into a static and a
dynamic contribution, so that38,39

Knk;n0k0 ¼ Kph
nk;n0k0 þKel;stat

nk;n0k0 þKel;dyn
nk;n0k0 : ð4Þ

The static electronic pairing kernelKel;stat
nk;n0k0 is calculated from the static

limit of the screened interactionW(iΩn) as

Kel;stat
nk;n0k0 ¼ Wnk;n0k0 iΩn ¼ 0

� �
; ð5Þ

whereas the dynamic component can be expressed in terms of the anom-
alousGreen’s functionsFnkðiωÞ ¼ 2Enk

ω2þE2nk
evaluated at theDFT level and the

frequency-dependent part of the screened interaction Wdyn iΩn

� � ¼

Fig. 3 | Quasiparticle renormalization factor Z (red circles) and Sommerfeld
coefficient γ (brown squares) as a function of nTi. The labels indicate the value of
the local interacting spectral function at the Fermi level (states eV−1 atom−1).

Table 1 | Comparison between the experimental
measurements on LTO5,6 and our theoretical results

Parameters Ref. 6 Present work

Tc (K) 11.4 ± 0.3 10.6 ± 1.5

Δ (meV) 1.97 1.82 ± 0.37

Z ~ 0.65 0.62 ± 0.01

γ (mJ mol−1 K−2) 19.15 ± 0.20 16.7 ± 1.2

NεF
(states eV−1 atom−1) 0.70 ± 0.01 0.65 ± 0.05

2Δ/kBTc ~ 4.0 4.0 ± 0.3

λ 0.65 0.54

The numerical data are reported for the fillings between 0.6 and 0.8 corresponding to the highest Tc.

Fig. 4 | Eliashberg function α2F(ω) of LTO.
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W iΩn

� ��W 0ð Þ as

Kel; dyn
nk; n0k0 ¼ lim

Δnk!0

1
β2

1
tanhðβEnk=2Þ

1
tanhðβEn0k0 =2Þ

×
P
ω1ω2

Fnkðiω1ÞFn0k0 ðiω2ÞWdyn
nk;n0k0 ðiω1 � iω2Þ:

ð6Þ

Weuse themomentum-dependent screened interactionobtained from
the converged GW+EDMFT solution, which accounts for both local
(EDMFT) and long-range (GW) correlations and dynamical screening. The
bosonic propagator is usually calculated from numerically less advanced
schemes– such asRPA38,40–42, the adiabatic local density approximation43, or
plainGW44 – and used in the kernels above. The novel aspect of the present
work is the application (within SCDFT) of a non-perturbative many-body
method to a compound characterized by significant local electronic corre-
lations. The screened interactionWused in this context is not the plainRPA
interaction. In ourGW+EDMFT construction, the polarization enteringW
is computed as Π ¼ ΠRPA � ΠRPA

dc þ Πimp, where ΠRPA
dc is the local pro-

jectionof theRPApolarization thatwouldotherwise bedouble counted, and
Πimp is the impurity polarization obtained from the EDMFT problem. The
nonlocal screening channels are thus retained at the RPA level, while the
local screening is replacedby the impurity polarization, which includes local
vertex corrections generated by the impurity model.

The static and dynamic electronic contributions to the non-diagonal
kernel are plotted in Fig. 5 with red and brown lines, respectively.

The static contribution is, as expected, nearly constant, whereas the
dynamic component displays a pronounced energy dependence, albeit with
features that are broadened compared to those obtained using the non-
interacting DoS (see for instance Fig. 4 in ref. 38). This frequency depen-
dence originates from the poles and spectral weight of the screened inter-
actionW, which are generated by the charge polarization. In real-frequency
language, weakly damped poles of W(q, ω) = V(q)/[1 − Π(q, ω)V(q)]
correspond to collective charge excitations. The dynamical electronic kernel
therefore encodes the retardation associatedwith these plasmonic screening
modes. This retardation reduces the effective Coulomb repulsion38,39 and
producesanadditional negative contribution in the termofEq. (3) involving
K. As we will show in the following, the near disappearance of the super-
conducting solution when only the static interaction is retained demon-
strates that these collective charge fluctuations are essential for obtaining a
Tc of the correct order of magnitude. Unlike conventional Eliashberg/
McMillan approaches, which absorb the Coulomb repulsion into an
empirical μ?, our calculation treats the frequency dependence of W expli-
citly. A static residual scale μstat ¼ NGWþEDMFT

εF
hWð0ÞiFS � 0:095 can be

extracted, but should not be identified with μ?: in the Morel-Anderson
picture, μ? already absorbs an additional retardation reduction between
electronic and phononic energy scales, whereas in the present approach that
retardation is treated explicitly through the frequency dependence of
WðiΩnÞ. The key evidence for plasmon-assisted pairing is therefore not the
absolute magnitude of μstat, but the comparison between the static and full
dynamical kernelswithin the same framework.Aphenomenologicalμ? that
reproduces the experimental Tc in a McMillan formula should thus be
viewed as an effective parameter that hides several competing microscopic
effects, rather than as a direct measure of the screened interaction.

In practice, we reformulate the gap equation [Eq. (3)] in terms of
integrals over the density of states (Eq. (20) in theMethod section). For each
doping level of the electronic structure, we then solve this equation at a given
temperature. Starting below the expected Tc, the self-consistent solution
converges to a stable energy-dependent order parameter Δ(T, ε) that bal-
ances the repulsive and attractive interactions encoded in the kernels. A
nonvanishing order parameter at the Fermi level, Δ(T, 0), which represents
the gap amplitude, signals the existence of a superconducting solution. By
analyzing the evolution ofΔ(T, 0), with kernels recalculated at progressively
increasing T, the critical temperature can be identified by the vanishing of
the the gap amplitude, Δ(Tc, 0) = 0. The order parameter at T = 0.02 K,
associated with LTO at the stoichiometric filling, is reported in the inset of

Fig. 5 |Diagonal components of the contributions to the SCDFTKernelK computed
at T = 0.05 K.

Fig. 6 | Gap amplitude Δ(T, 0) of stoichiometric LTO as a function of tempera-
ture, yielding Tc = 7.2 K, is indicated by the red line. The brown line shows the
result obtained with only the static interaction, which clearly underestimates Tc.
Inset: energy structure of the low temperature BCS order parameter Δ(T = 0.05K, ε)
with the same color convention for the used Kernel. The structure near ε = 0.8 eV is
likely of plasmonic origin, since it is not present in the calculation with static kernel.
All brown lines are × 10 magnified for clarity.

Fig. 7 | Superconducting dome of LiTi2O4. Red circles indicate the critical tem-
perature, while brown squares show the BCS order parameter. The gray horizontal
line represents the BCS ratio for the d shell occupations with a superconducting
solution.
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Fig. 6. The nonzero value for ε → 0 demonstrates the existence of a
superconducting solution, andwe find that superconductivity persists up to
approximately 7.2 K, shown by the red line in Fig. 6, close to the first
reported experimental value of 11.5K1. An important observation is that the
superconducting state becomes extremely weak when only the static part of
the e-ekernel is considered (brown line inFig. 6),with a substantially smaller
order parameter andmuch lowerTc, compared to the typical reduction by a
factor of 2-539,42,44. This demonstrates that the dynamical structure of the
interaction plays a central role in the pairing mechanism. When the retar-
dation effect is omitted, a significant negative contribution to the integral of
KΔ is missing in the gap equation, which suppresses the superconducting
order. Only with the full dynamical kernel a Tc of the correct order of
magnitude is obtained.Within theGW+EDMFT framework, the collective
charge fluctuations (plasmons) captured by the bosonic self-consistency
loop are responsible for the retardation effect. This demonstrates that
plasmons are essential to explain the remarkably high Tc of LTO.

Figure 7 summarizes the superconducting properties across the entire
doping range and reveals a dome-shaped Tc in good agreement with ionic
gating measurements. In the metallic region between the d0 and d1 config-
urations, the superconducting solution emerges below 12.3 K, which is very
close to themaximumexperimentalTc (Table 1). Thefigure reports both the
critical temperature and the zero-temperature gap amplitude. Also the
maximum gap of approximately 2.2 meV is in good agreement with
experiment. The ratio of gap amplitude and Tc is compatible with the BCS
expectation over the entire doping range, which confirms the internal
consistency of the calculation.

Discussion
We used GW+EDMFT to calculate the electronic structure and screened
interaction of LiTi2O4, and employed the dynamically screenedW(ω) in the
electronic kernel of SCDFT to estimate the superconducting Tc. This
computational framework yields excellent agreement with experiment for
the metal-insulator transitions, the mass enhancement, Sommerfeld coef-
ficient, and filling-dependent Tc, while SCDFT calculations performedwith
the static screened interactionW(ω = 0) underestimate Tc by more than a
factor of 10, proving the relevance of the frequency structure of the e-e
interaction. The coupling to plasmons, encoded in the frequency depen-
dence ofW, hence plays an important role in the pairing, and explains the
remarkably high superconducting Tc in LiTi2O4, which should be char-
acterized as a plasmon-assisted superconductor. More generally, the accu-
rate prediction of thermodynamic, spectral, and transport-related quantities
across the valence window accessed in ionic-gating experiments suggests
that the presented combination of the GW+EDMFT and SCDFT frame-
works captures the essential physics of moderately correlated super-
conductors. It would be interesting to apply it to other compounds with
potentially significant plasmonic contribution to the pairing, such as layered
β-nitrides45 or BiS2-based superconductors46.

Methods
GW+EDMFT
Our ab-initio calculation starts from the DFT electronic structure obtained
using the full-potential linearized augmented plane-wave code FLEURwith
theGGAfunctional47 anda18×18×18 k-grid, followedby the construction
of twelve maximally localized t2g-like Wannier functions centered on the
four Ti sites in the primitive unit cell via theWannier90 library48. The cRPA
and single-shot G0W0 calculations, which define the bare bosonic and fer-
mionic propagators for the GW+EDMFT self-consistency loop, were per-
formedusing the SPEXcode49withan8×8×8 k-grid.Unoccupied states up
to ~ 50 eV were included in the calculation of the polarization function and
self-energy.

All reciprocal-space grids used in the DFT, SPEX, and GW+EDMFT
calculations are Γ-centered. In theGW+EDMFT calculation, theCoulomb-
interaction divergence at Γ is handled by averaging the dielectric function
ϵ(iωm,q) over the nearest kpoints, while in SPEX the Γpoint is treated using
the k ⋅ p perturbative treatment implemented in the code.

In the Wannier representation, the local tight-binding bare fermionic
HamiltonianHt2g

R ¼ 0ð Þ contains four sites perunit cell,with three orbitals
each.While the diagonal levels on each site are degenerate, blocks associated
with different sites have local off-diagonal hopping terms which differ by a
phase factor between the different sites.Within EDMFT50, the latticemodel
is mapped onto four impurity problems, which become locally equivalent
after applying the corresponding local SO(3) rotations that diagonalize the
Ht2g

R ¼ 0ð Þ block of each titanium site, reducing the problem to the
numerical solution of a single impurity in the so-called crystal field (CF)
basis25. The resulting impurity self-energy Σimp and polarization Πimp are
then rotated back to theWannier basis, preserving the site-dependent phase
modulations of the inter-orbital components.

As a consequence of the orbital degeneracy, the interaction
obtained from the cRPA calculation is locally rotationally invariant
when expressed in spin-orbital space, and therefore retains the same
structure also in the crystal field basis. Its magnitude,U = 4.35 eV with a
Hund’s coupling J = 0.5 eV, combined with a bandwidth of ~ 2.5 eV,
indicates that the system should exhibit sizeable correlation effects,
despite the low band filling.

SCDFT
In density functional theory for superconductors (SCDFT)33–35 the super-
conductingorder parameterΔnk is obtained as the self-consistent solutionof
the gap equation

Δnk ¼ �Zph
nk Δnk �

1
2

X
n0k0

Knk;n0k0
tanh ðβ=2ÞEn0k0

� �
En0k0

Δn0k0 ; ð7Þ

where β is the inverse temperature and Enk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2nk þ Δ2

nk

q
(with εnk the

Kohn-Sham eigenvalues) denotes the quasiparticle energies. In this study,
the diagonal kernel Z ph

nk is assumed to contain only the e-ph contribution,
while the pairing kernel is decomposed into phononic and electronic parts
Kph

nk;n0k0 and Kel
nk;n0k0 . In this implementation, the diagonal mass-

renormalization kernel contains only the phononic contribution. Electronic
mass renormalization is instead included through the G0W0 quasiparticle
bands used in the construction of the energy representation of the gap
equation. This accounts for the self-energy-induced band renormalization
before solving the superconducting problem. We therefore do not add an
additional dynamical electronicZel kernel (as done for example in ref. 51 to
account for this renormalization), since combining it with the G0W0

quasiparticle renormalization would double count the same GW-level
electronicmass-renormalization effect, althoughwenote thatZel also enters
the anomalous component of the self-energy that we are not including in
our implementation. We calculate the electron-phonon matrix elements
gnk;n

0k0
μq on a 6 × 6 × 6 q-grid and a 18 × 18 × 18 k-grid using density
functional perturbation theory52, as implemented in QUANTUM
ESPRESSO53,54 (μ and n refer to the phonon mode and band index,
respectively). The Quantum ESPRESSO calculations used PAW pseudo-
potentials from the PSlibrary 1.0.055, with plane-wave cutoffs of 120 Ry for
the wave functions and 500 Ry for the charge density. The phononic
contributions we consider are calculated using the Lüders-Marques
functionals34,35. These are of the form

Zph
nk ¼ 1

tanh½ðβ=2Þεnk �
P
nk0

P
μq

gnk;n
0k0

μq

��� ���2

× Jðεnk; εn0k0 ;ωμqÞ þ Jðεnk;�εn0k0 ;ωμqÞ
h i ð8Þ

and

Kph
nkn0k0 ¼ 1

tanh½ðβ=2Þεnk �
1

tanh½ðβ=2Þεn0k0 �
P
μq

gnk;n
0k0

μq

��� ���2

× Iðεnk; εn0k0 ;ωμqÞ � Iðεnk;�εn0k0 ;ωμqÞ
h i

;

ð9Þ
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with the functions I and J defined in terms of the Fermi-Dirac (nF(ε)) and
Bose-Einstein (nB(ω)) distributions:

Iðε; ε0;ωÞ ¼ nFðεÞnFðε0ÞnBðωÞ
eβε � eβðε

0þωÞ

ε� ε0 � ω
� eβε

0 � eβðεþωÞ

ε� ε0 þ ω

� 	
ð10Þ

Jðε; ε0;ωÞ ¼ ~Jðε; ε0;ωÞ � ~Jðε; ε0;�ωÞ; ð11Þ

~Jðε; ε0;ωÞ ¼ � nF ðεÞþnBðωÞ
ε�ε0�ω

× nF ðε0 Þ�nF ðε�ωÞ
ε�ε0�ω � βnFðε� ωÞnFð�εþ ωÞ


 �
:

ð12Þ

An alternative formof the e-ph kernels has been proposed by Sanna and co-
workers41, showing an improvement over the original functional for a wide
range of systems. However, since we are interested here in a pairing
mechanism of dominant electronic origin, we choose the standard Lüders-
Marques functional.

The Eliashberg function

α2F ωð Þ ¼
X
μq

δðω� ωμqÞ
NDFT

εF

X
nk;n0k0

gnk;n
0k0

μq

��� ���2δ εnk
� �

δ εn0k0
� �

ð13Þ

encodes the e-ph coupling constants gnk;n
0k0

μ;q and related energies ωμq in a
single frequency-dependent function evaluated at theFermi level of theDFT
bandstructure. This allows to re-express the phononic kernels of Eq. (8) and
Eq. (9) in an energy-averaged formulation as

Zph εð Þ ¼ � 1
tanhðβ=2εÞ

Z
dε0

Z
dωα2FðωÞ Jðε; ε0;ωÞ þ Jðε;�ε0;ωÞ½ �;

ð14Þ

Kph ε; ε0ð Þ ¼ 2
tanhðεβ=2Þ tanhðε0β=2Þ
× 1

NDFT
εF

R
dωα2FðωÞ Iðε; ε0;ωÞ � Iðε;�ε0;ωÞ½ �: ð15Þ

Furthermore, it follows that the typical dimensionless e-ph coupling con-
stant λ, is related to the kernels as34,35

λ ¼ 0:54 � Zphð0Þ � �Kph 0; 0ð ÞNDFT
εF

: ð16Þ

The electronic KernelKel
nk;n0k0 can further be separated into a static and

a dynamic contribution, so that38,39

Knk;n0k0 ¼ Kph
nk;n0k0 þKel;stat

nk;n0k0 þKel;dyn
nk;n0k0 : ð17Þ

The static electronic pairing kernelKel;stat
nk;n0k0 is calculated from the static

limit of the screened interaction (or bosonic propagator)W(iΩn) as

Kel;stat
nk;n0k0 ¼ Wnk;n0k0 iΩn ¼ 0

� �
; ð18Þ

whereas the dynamic component can be expressed in terms of the anom-
alousGreen’s functionsFnkðiωÞ ¼ 2Enk

ω2þE2nk
evaluated at theDFT level and the

frequency-dependent part of the screened interaction Wdyn iΩn

� � ¼
W iΩn

� ��W 0ð Þ as

Kel; dyn
nk; n0k0 ¼ lim

Δnk!0

1
β2

1
tanhðβEnk=2Þ

1
tanhðβEn0k0 =2Þ

×
P
ω1ω2

Fnkðiω1ÞFn0k0 ðiω2ÞWdyn
nk;n0k0 ðiω1 � iω2Þ:

ð19Þ

In our implementation, we use the momentum-dependent
screened interaction obtained from the converged GW+EDMFT solu-
tion, which accounts for both local (EDMFT) and long-range (GW)
correlations and dynamical screening. The relevant energy scales are

very different for the e-e and e-ph contributions to the kernels, with the
latter being relevant only within a window on the order of the Debye
frequency35. To resolve this, a very fine sampling of the k-mesh is
required to accurately capture the contribution from states around the
Fermi level, which renders a fully self-consistent GW+EDMFT solution
computationally prohibitive. To overcome this limitation, it is advan-
tageous to express both the kernels and the order parameter in the
energy domain35,56, thereby avoiding the need for ultra-dense momen-
tum sampling for Wnk;n0k0 ðiΩnÞ. We refer the reader to refs. 38,42,44,56
for a detailed description of the formalism with a dynamically screened
e-e interaction. At the cost of losing information on the symmetry of the
order parameter, which becomes s-wave by construction, the gap
equation is then recast into the form

ΔðT; εÞ ¼ �ZphðεÞΔðεÞ � 1
2

Z
dε0Nðε0ÞKðε; ε0Þ tanh ðβ=2ÞE0� �

E0 ΔðT; ε0Þ;
ð20Þ

where N(ε) is the DoS. In the context of this study it is important to
emphasize that the energy representation of the e-e kernels is defined by
numerical averages over iso-energetic surfaces,

Kðε; ε0Þ ¼
X
nk;n0k0

δðε� εnkÞ
NðεÞ

δðε0 � εn0k0 Þ
Nðε0Þ Knk;n0k0 ; ð21Þ

which, in the original formulation, was carried out using the non-
interacting DoS. Relying on the latter has the drawback that its profile
is rigid under changes in the filling, i.e. the density dependence of the
electronic kernel before performing the k-space integration is not fully
captured in the energy representation. In principle, this Hilbert-
transform mapping can be performed with any suitably defined
spectral function, and we hence tried to replace the DFT DoS with the
fully interacting spectral function evaluated at each k point. However,
the numerical inaccuracies associated with analytic continuation
prevented a stable convergence of the gap equation (20). A practical
compromise, which transfers a substantial portion of the doping
dependence onto the energy axis while avoiding analytic continuation
errors, is achieved by employing the G0W0 spectral function,
corresponding to the bare fermionic propagator from the
downfolding44, which is evaluated directly on the real-frequency axis.
This choice affects only the fermionic energy mapping used to
construct Kel;dynðε; ε0Þ. The screened interaction entering the electro-
nic kernel remains the fully converged GW+EDMFT interaction.
Using the G0W0 spectral function is therefore a practical compromise:
it transfers part of the filling dependence of the interacting electronic
structure to the energy axis, while avoiding uncontrolled artifacts
from analytic continuation of the full momentum- and frequency-
dependent GW+EDMFT self-energy.

Data availability
The minimal dataset required to interpret, replicate, and build upon the
findings of this study, including the numerical data underlying the figures
and tables, is available from the corresponding author upon reasonable
request.

Code availability
The calculations reported in this study rely on established community
codes, including FLEUR, SPEX, Wannier90, and Quantum ESPRESSO,
together with in-house GW+EDMFT, SCDFT, and analysis/post-pro-
cessing scripts. The in-house codes and scripts used to generate the
reported results are available from the corresponding author upon rea-
sonable request.
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