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Abstract

A matching in a graph G = (V,E) is a set M ⊆ E, such that no two edges in M share an
endvertex. An edge cut in G is a set of edges C ⊆ E, such that we can partition V into
two non-empty sets R and B, where C is the set of edges with one endvertex in R and one
in B.

A matching cut is a set of edges M ⊆ E which is both a matching and an edge cut. A
matching M is a perfect matching if |M | = |V |/2. A matching cut is a perfect matching
cut, if it is a perfect matching. Further, a perfect matching cut containing a matching cut
is a disconnected perfect matching.

In this thesis, we consider the decision problems Matching Cut, Disconnected
Perfect Matching and Perfect Matching Cut, asking if there exists a matching cut,
a disconnected perfect matching, respectively a perfect matching cut in a given graph G.
We show that Matching Cut and Perfect Matching Cut are solvable in polynomial
time for graphs of radius at most 2 and P6-free graphs. Further, if they are solvable in
polynomial time for H-free graphs, we get that this also holds for (H + P3)-free graph,
respectively (H+P4)-free graphs. In addition, we show that Perfect Matching Cut is
solvable in polynomial time for bipartite graphs of diameter 3. Moreover, we show the NP-
completeness of Matching Cut and Disconnected Perfect Matching for graphs
of high girth, H∗

i -free graphs and Pr-free graphs, where r = 15 for Matching Cut, and
r = 19 for Disconnected Perfect Matching.

We also consider the maximization versions Maximum Matching Cut and Maximum
Disconnected Perfect Matching, where we ask for a matching cut, respectively a
disconnected perfect matching of maximum size, that is with the maximum number of edges
in the matching cut. For these two variants we give a complexity dichotomy for graphs of
bounded radius, bounded diameter, H-free graphs and bipartite graphs of bounded radius
and diameter.

We then focus on d-Cut, a generalization of Matching Cut. In the problem d-Cut,
for some integer d ≥ 1, we are looking for a partition of the vertex set into two non-empty
sets such that every vertex is adjacent to at most d vertices in the other partition set.
We give a complexity dichotomy for (bipartite) graphs of bounded radius and bounded
diameter. Further, we show that d-Cut is solvable in polynomial time for (P3 + P4)-free
graphs and P5-free graphs. On the other hand, we show that the problem is NP-complete
for graphs of high girth, K1,4-free graphs, 3P2-free graphs (for d ≥ 3) and 3P3-free graphs
(for d = 2).

We conclude with an overview over all problems considered in this thesis. This overview
allows us to compare known and new results and to identify interesting open problems.
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Zusammenfassung

Eine Paarung eines Graphen G = (V,E) ist eine Kantenmenge M ⊆ E, sodass es keine
Kanten in M gibt, die einen gemeinsamen Knoten haben. Ein Kantenschnitt in G ist
eine Kantenmenge C ⊆ E, sodass wir die Knoten V in zwei nichtleere Mengen R und B
partitionieren können und C genau die Kanten enthält, die einen Endknoten in R und
einen Endknoten in B haben.

Ein Paarungsschnitt ist eine Kantenmenge M ⊆ E, die sowohl eine Paarung als auch
ein Kantenschnitt ist. Eine Paarung M nennen wir eine perfekte Paarung, wenn |M | =
|V |/2. Ein Paarungsschnitt, der zusätzlich eine perfekte Paarung ist, ist ein perfekter
Paarungsschnitt. Desweiteren bezeichnen wir als vervollständigbaren Paarungsschnitt einen
Paarungsschnitt, der zu einer perfekten Paarung ergänzt werden kann.
In dieser Dissertation betrachten wir die drei Entscheidungsprobleme Paarungsschnitt,
Vervollständigbarer Paarungsschnitt und Perfekter Paarungsschnitt. Das
Problem besteht darin, zu entscheiden, ob es in einem gegebenen Graphen G einen Paa-
rungsschnitt, einen vervollständigbaren Paarungsschnitt beziehungsweise einen perfekten
Paarungsschnitt gibt.
Wir zeigen, dass Paarungsschnitt (beziehungsweise Perfekter Paarungsschnitt)
für Graphen mit Radius maximal 2 und für P6-freie Graphen in polynomieller Zeit gelöst
werden können. Desweiteren zeigen wir, dass, falls diese Probleme in H-freien Graphen
in polynomieller Zeit gelöst werden können, dies auch in (H +P3)-freien (beziehungsweise
(H + P4)-freien) Graphen möglich ist. Außerdem beweisen wir, dass Perfekter Paa-
rungsschnitt auch für bipartite Graphen mit Durchmesser maximal 3 in polynomieller
Zeit gelöst werden kann. Anschließend beweisen wir, dass Paarungsschnitt und Ver-
vollständigbarer Paarungsschnitt für Graphen mit fixierter Taillenweite, und Pr-
freie Graphen NP-vollständig sind. Dabei gilt r = 15 für Paarungsschnitt und r = 19
für Vervollständigbarer Paarungsschnitt.
Wir betrachten weiterhin die beiden Maximierungsprobleme Maximaler Paarungs-
schnitt und Maximaler Vervollständigbarer Paarungsschnitt, bei denen ein
Paarungsschnitt beziehungsweise ein vervollständigbarer Paarungschnitt maximaler Größe,
das heißt mit maximaler Anzahl Kanten, gesucht wird. Für beide Probleme können wir
eine Komplexitätsdichotomie für Graphen mit beschränktem Radius oder Durchmesser, für
H-freie Graphen sowie für bipartite Graphen mit beschränktem Radius oder Durchmesser
angeben.
Weiterhin fokussieren wir uns auf d-Schnitt, eine Verallgemeinerung von Paarungs-
schnitt. Beim Problem d-Schnitt, für ein d ≥ 1, suchen wir eine Partitionierung der
Knoten in zwei nichtleere Mengen, sodass jeder Knoten zu maximal d Knoten der anderen
Menge benachbart ist. Wir geben eine Komplexitätsdichotomie dieses Problems für (bipar-
tite) Graphen mit beschränktem Radius und Durchmesser an. Desweiteren zeigen wir, dass
d-Schnitt für (P3 + P4)-freie und für P5-freie Graphen in polynomieller Zeit lösbar ist.
Andererseits zeigen wir, dass das Problem für Graphen mit fixierter Taillenweite, K1,4-freie
Graphen, 3P2-freie Graphen (für d ≥ 3) und 3P3-freie Graphen (für d = 2) NP-vollständig
ist.
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Abschließend geben wir eine Übersicht über alle Probleme, die in dieser Arbeit behandelt
wurden. Dieser Überblick ermöglicht es, bekannte und neue Resultate zu vergleichen und
interessante offene Fragen zu identifizieren.
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Chapter 1

Introduction

A matching in a graph G = (V,E) is a set M ⊆ E, such that no two edges in M share
an endvertex. An edge cut in G is a set of edges C ⊆ E, such that we can partition the
vertex set V into two sets R and B, with |R| ≥ 1, |B| ≥ 1, R∪B = V and R∩B = ∅, and
C is exactly the set of edges with one endvertex in R and one in B. Both, matchings and
edge cuts exist in every graph with at least two vertices and at least one edge. Any single
edge is a matching and setting R = {v} for some vertex v ∈ V and B = V \ {v} gives
an edge cut consisting of every edge incident to v. Thus, the decision problems “Given a
graph G, does G have a matching?” and “Given a graph G, does G have an edge cut?"
are easy to solve. Hence, there is more interest in the optimization problems Maximum
Matching, asking for a matching of maximum size, as well as Minimum Cut and Max
Cut, asking for an edge cut of minimum size or of size at least k, for some integer k ≥ 1,
respectively. While Maximum Matching ([18]) and Minimum Cut ([22, 23]) are solvable
in polynomial time on all graphs, Max Cut is NP-hard ([13, 24]) even on restricted graph
classes like subcubic graphs ([60]). Since matchings and edge cuts are very well studied,
it feels natural to combine them and to ask for an edge set which is both a matching and
an edge cut, and which we call a matching cut. See Figure 1.1 (middle and right) and
Figure 1.2 (left) for an example. The corresponding decision problem “Given a graph G,
does G have a matching cut?” is called Matching Cut and it is an NP-complete problem
(see [12]). However, this natural combination is not how matching cuts were introduced.

In 1970, Graham [30] wanted to solve a problem on cube-numbering. He introduced
decomposable graphs as graphs with a matching cut, which he called a simple cutset. The
aim was to minimize a given sum and he could give a relation between this sum and
matching cuts on cubes. Thus, to solve the problem he was mainly interested in what he
called primitive graphs, which are indecomposable graphs where all proper subgraphs are
decomposable. As two first examples, he showed that the graph K3 is indecomposable, that
is, it has no matching cut and further that all cubes have a matching cut, see Figure 1.1.
Even though the main purpose of introducing primitive graphs was to solve a problem on
cube-numbering, he ends his paper with many open questions regarding primitive graphs.

Figure 1.1: An indecomposable graph K3 (left) and a matching cut (in bold) in the 2-
dimensional cube (middle) and the 3-dimensional cube (right).

In 1982, another application of matching cuts appeared ([19]). Farley and Proskurowski
were interested in communication networks which are immune to specific failures of vertices
or edges. In [19] they consider isolated line failure immune networks (ILFI networks).

1



2 CHAPTER 1. INTRODUCTION

This are networks where the removal of any set of edges with pairwise different endvertices
should not disconnect the graph. These networks are exactly the graphs that do not have
a matching cut. In their paper, the authors construct several classes of graphs which are
ILFI networks. These classes contain for example the graphs which arise from a tree after
duplicating all edges as well as triangled networks, which are graphs where every edge
is contained in a triangle. Further, they show how to construct an ILFI network with a
minimum number of edges from a given tree.

There are several other applications than the two we already mentioned. For example,
the fact that Matching Cut is an NP-complete problem was used to show the NP-
completeness of Surjective Graph Homomorphism [27], where the target graphs are
trees. Further, for WDM networks [2], finding graphs with good edge-labellings helps to
solve the Routing and Wavelength Assignment (RWA) problem. In [2], the authors use the
fact that the graphs which do not have a good edge-labelling, but where all subgraphs have
a good edge-labelling, do not admit a matching cut. Thus, they can apply some structural
theorems about matching cuts to better understand on which graphs the RWA problem
can be solved.

The last application to mention here is graph drawing. In [14], the authors describe a
method for 3D-drawings of graphs. One step is to split the drawing into two pieces. In
their setting a matching cut would be a “perfect split” which does not require additional
dummy vertices. Avoiding dummy vertices is good, since they make the final drawing more
complicated. However, the fact that Matching Cut is NP-complete in most graph classes
forces the authors to use some heuristic approach which results in a less good drawing but
can be computed efficiently.

After its introduction by Graham in 1970, it took a few years until in 1984 a first paper
focusing on matching cuts appeared. In this paper, Chvátal [12], who still used the name
decomposable graphs, showed that recognizing a graph with a matching cut is an NP-
complete problem. So it turned out that despite matchings and edge cuts exist in every
graph, it is NP-complete to determine if a matching cut exists in a graph. A few years
later, in 1989, Moshi [53] introduced the name “matching cut” for this problem. Over time,
more results followed many of which concentrated on special graph classes, but also FPT
results and exact algorithms were published. For an overview on known results we refer to
Chapter 2. In this thesis, we focus on graphs of bounded diameter and radius, as well as
on H-free graphs. Investigating the problem on different graph classes resulted in many
open problems stated in the literature. Among them is the following question that Bonsma
already asked in 2003 (see conference version of [6]).

Question 1 ([6]). Determine the complexity of Matching Cut on graphs with girth g,
for g > 5.

This question was repeatedly given as an open problem, see [11, 39, 44, 49]. We will answer
it in Theorem 5.1.4, where we show that Matching Cut is NP-complete for graphs of
girth at least 3.

Figure 1.2: The graph P6 with a matching cut (left), a disconnected perfect matching
(middle) and a perfect matching cut (right).

With the increasing interest in the problem, different variants were introduced. A match-
ing M of a graph G is a perfect matching if every vertex of G is incident to an edge of M .
The first variant to be introduced was Perfect Matching Cut in [32], where we ask if
there is a matching cut that is a perfect matching, see Figure 1.2 (right) for an example.
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In [44], Le and Telle showed that Perfect Matching Cut is solvable in polynomial time
for S1,2,2-free graphs and asked the following question.

Question 2 ([44]). Let F be a fixed forest with maximum degree at most 3. What is the
computational complexity of Perfect Matching Cut for F -free graphs?

Our results in Section 4.1.2, where we show for example that Perfect Matching Cut
is solvable in polynomial time for P6-free graphs, contribute to answering this question.

In the second variant, Disconnected Perfect Matching, we ask for the existence
of a matching cut which is contained in a perfect matching, see Figure 1.2 (middle) for an
example. The first result was given even before the introduction of Disconnected Per-
fect Matching as a variant of Matching Cut. In [16], Diwan considered disconnected
2-factors. Given a graph G, a disconnected 2-factor is a spanning subgraph H, consisting of
at least two connected components, such that each vertex in H has degree exactly 2. Diwan
showed that any planar cubic bridgeless graph G with at least 6 vertices has a disconnected
2-factor. Let H be a disconnected 2-factor in a cubic graph. Then, the set of edges not
contained in H, that is M = E(G)\E(H), is a perfect matching in G. Since H is a discon-
nected 2-factor there is a minimal set M ′ ⊆ M whose removal disconnects G. Since M ′ is
a matching cut which can be extended to a perfect matching, we get a disconnected perfect
matching. Thus, Diwan’s result that any planar cubic bridgeless graph G with at least 6
vertices has a disconnected 2-factor also proved that every planar cubic bridgeless graph
has a disconnected perfect matching. The first to consider this problem as a matching cut
variant were Bouquet and Picouleau in [8]. They used the name perfect matching cut for
it, but to avoid confusion the name disconnected perfect matching was introduced in [44]
and used by other authors as well ([40, 50]). In [8], Bouquet and Picouleau showed among
other results that Disconnected Perfect Matching is solvable in polynomial time for
P5-free graphs. They conclude their paper with several open problems for Disconnected
Perfect Matching. Among them is the following question.

Question 3 ([8]). Determine the complexity of Disconnected Perfect Matching on
Pk-free graphs, for k ≥ 6.

We partially answer this question by proving that Disconnected Perfect Matching
is solvable in polynomial time for P6-free graphs in Theorem 4.2.8 and NP-complete for
P19-free graphs in Theorem 5.3.5. Note that the latter result got improved later in [40].

Other problems considered in this thesis are the very recent maximization variants
Maximum Matching Cut and Maximum Disconnected Perfect Matching
(see [51]). The problems are to find the maximum number of edges in a matching cut,
respectively a disconnected perfect matching, if one exists. For both problems we give
complete dichotomies for H-free graphs and (bipartite) graphs of bounded radius and
diameter.

The last problem considered in this thesis is a generalization of Matching Cut. In the
problem d-Cut, for some integer d ≥ 1, we are looking for a partition of the vertex set into
two sets such that every vertex is adjacent to at most d vertices in the other partition set.
This problem was introduced by Gomes and Sau [29], who showed that it is NP-complete
for any d ≥ 1. Since the NP-completeness for d-Cut, for d ≥ 2, on graphs of diameter 3
can be easily concluded from a result in [39], they ask the following question:

Question 4 ([29]). What is the complexity of d-Cut, for d ≥ 2, for graphs of diameter at
most 2?

In Theorem 6.2.1 we answer this question by showing that d-Cut is solvable in polynomial
time for graphs of diameter at most 2.



4 CHAPTER 1. INTRODUCTION

Structure of this thesis In Chapter 2, we give the necessary preliminaries and de-
tailed definitions of the problems dealt with in this thesis. We also give a more detailed
overview about known results and the results contained in this thesis. In Chapter 3, we
explain a colouring problem which is equivalent to the Matching Cut problem. We also
consider the colouring equivalent for Disconnected Perfect Matching and especially
for Perfect Matching Cut, where we can make stronger observations. The results
we obtain in Chapter 3 can be applied in Chapter 4, where we give the polynomial-time
results. Our NP-hardness results follow in Chapter 5. Chapter 6 focusses solely on d-cut,
for d ≥ 2. We give again an equivalent colouring problem and prove both polynomial time
and NP-completeness results. The results in Chapters 4, 5, and 6 lead to several complete
and partial dichotomies. We conclude in Chapter 7 by giving these dichotomies which
allow us to compare the variants and to identify interesting open problems.

Note that most of the results in this thesis have been published in [21, 48, 49, 50, 51].
The results have been reorganized in the above-mentioned chapters and for each result it
is marked from which paper it was taken. The results in this thesis are joint work with
Daniel Paulusma [21, 48, 49, 50, 51], Bernard Ries [21, 49, 50, 51], Carl Feghali [21], Siani
Smith [48] and Ali Momeni [48].



Chapter 2

Preliminaries

2.1 General Notions

Graphs and subgraphs. A graph G = (V,E) consists of a vertex set V together with
an edge set E ⊆ V × V . For an edge e = {u, v} we say that u and v are the endvertices
of e and that u and v are incident to e. Further, the vertices u and v are called adjacent
if there exists an edge {u, v}, see also Figure 2.1. For simplicity, we normally write e = uv
for an edge e = {u, v}. Throughout this thesis, we only consider finite graphs, that is
graphs with a finite number of vertices.

Let G = (V,E) be a graph. A graph F is a spanning subgraph of G if V (F ) = V
and E(F ) ⊆ E. The k-subdivision of an edge e = uv of G replaces e by k new vertices
w1, . . . , wk and k+1 edges uw1, uw2, . . . , wkv. We denote the disjoint union of two graphs
G1 and G2 by G1 +G2 = (V (G1)∪ V (G2), E(G1)∪E(G2)). We denote the disjoint union
of s copies of a graph G by sG.

The graph G[S] is the subgraph of G induced by S ⊆ V , that is, G[S] is the graph
obtained from G after deleting the vertices not in S. We write G′ ⊆i G if G′ is an induced
subgraph of G. We write G − S = G[V \ S]. Let e ∈ E be an edge of G, then we write
G− e for the graph with vertex set V and edge set E \ {e}.

Neighbourhoods and degrees. The set NG(u) = {v ∈ V | uv ∈ E} is the neigh-
bourhood of u in G, where |NG(u)| is the degree of u. A vertex of degree 1 is called a
leaf. The maximum degree ∆(G) is the maximum of the degrees of all vertices of G. For
an integer p ≥ 0, G is p-regular if every u ∈ V has degree p. A 3-regular graph is also
called cubic and a graph of maximum degree at most 3 is called subcubic. Let S ⊆ V .
The neighbourhood of S is the set N(S) =

⋃
u∈S N(u) \ S. Further, we define the closed

neighbourhood N [S] = N(S) ∪ S. Let T ⊆ V \ S. The sets S and T are complete to each
other if every vertex of S is adjacent to every vertex of T .

v

u

eendvertices
of e

edge
incident with
vertex

adjacent
vertices

Figure 2.1: [9] A graph with definitions. The vertex v has degree 2 and u has degree 3
which is also the maximum degree of the graph.

5



6 CHAPTER 2. PRELIMINARIES

S1 S2

Figure 2.2: A graph G with vertex sets S1 (left) and S2 (right) highlighted in blue. The
sets S1 and S2 are both dominating and independent. While S1 is a minimum dominating
set, S2 is a maximum independent set.

Paths and cycles. A path P is a graph with vertex set V (P ) = {v1, . . . , vn} and edge
set E(P ) = {vivi+1 | i ∈ {1, . . . , n− 1}}. We say that the number of edges n − 1 of P is
the length of the path. For an integer k ≥ 1, we denote by Pk the path on k vertices. See
Figure 2.4 for an example of the graph P4. Consider a graph G = (V,E) and let u, v ∈ V .
The distance between u and v in G, denoted by distG(u, v), is the length of a shortest path
between u and v in G. If there is no path between u and v in G, then distG(u, v) = ∞. If
for any pair of vertices u, v ∈ V we have that distG(u, v) < ∞ we say that G is connected.
Otherwise G is disconnected. A maximal connected induced subgraph of G is called a
connected component. Further, we say that G is k-connected, if between any two vertices
u, v ∈ V there are at least k vertex disjoint paths, or equivalently if we have to delete at
least k vertices to disconnect G. A bridge is an edge e of G such G− e is disconnected.

A cycle C is a graph with vertex set V (C) = {v1, . . . , vn} and edge set E(C) =
{vivi+1 | i ∈ {1, . . . , n− 1}} ∪ {vnv1}. The size of a cycle is the number of its vertices. For
an integer k ≥ 3, we denote by Ck the cycle of size k. See Figure 2.4 for an example of the
graph C5. The cycle C3 is also called a triangle. A graph without cycles is a forest and a
connected forest is called a tree.

Graph parameters. We say that S is a dominating set of G, and that S dominates G,
if every vertex of V \ S has at least one neighbour in S. The domination number of G is
the size of a smallest dominating set of G, see Figure 2.2. The set S is an independent set
if no two vertices in S are adjacent, see again Figure 2.2, and S is a clique if every two
vertices in S are adjacent.

v

Figure 2.3: A graph with radius = 2 (left). The vertex v has distance at most 2 to all
vertices of the graph. The graph in the middle has diameter = 2 and girth = 3, while the
graph on the right has diameter = 3 and girth = 4.

Let u, v ∈ V . See Figure 2.3 for examples for the following definitions. The eccentricity of
u is the maximum distance between u and any other vertex of G. The diameter of G is
the maximum eccentricity over all vertices of G, denoted by diameter(G). The radius of
G is the minimum eccentricity over all vertices of G. We write radius(G) for the radius of
G. Note that radius(G) ≤ diameter(G) ≤ 2 · radius(G) and further, that a graph of radius
at most 2 has a dominating star. The girth of G is the length of a shortest cycle in G. If
G is a forest, we define girth(G) = ∞.
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The edge expansion h(G) of a graph G = (V,E) on n vertices is defined as

h(G) = min
1≤|S|≤n

2

|∂S|
|S|

,

where ∂S := {uv ∈ E | u ∈ S, v ∈ V \ S} is the set of all edges of G with one endvertex
in S and one endvertex outside S.

Graph classes and special graphs. Let G and H be two graphs. We say that G is
H-free if G does not contain H as an induced subgraph. Let {H1, . . . ,Hn} be a set of
graphs. Then, G is (H1, . . . ,Hn)-free, if G is Hi-free for every i ∈ {1, . . . , n}.

P4 C5 K2,3 K1,5 K1,3

S1,2,2

u v

H∗

u v. . .
length i

H∗
i K4 diamond

Figure 2.4: Examples for special graphs.

We refer to Figure 2.4 for examples of the following graphs. A graph G = (V,E) is bipartite
if its vertex set can be partitioned into two non-empty partition classes V1 and V2, such
that both V1 and V2 are independent sets of G. A bipartite graph with non-empty partition
classes V1 and V2 is complete if there is an edge between every vertex of V1 and every vertex
of V2. If |V1| = k and |V2| = ℓ, we write Kk,ℓ. The graph K1,ℓ is the star on ℓ+ 1 vertices.
The graph K1,3 is also known as the claw. For 1 ≤ h ≤ i ≤ j, the graph Sh,i,j is the tree
with one vertex of degree 3, whose (three) leaves are at distance h, i and j from the vertex
of degree 3. Observe that S1,1,1 = K1,3. We need the following observation, which was
already made in [39].

Observation 2.1.1 ([39]). Let G = (V,E) be a bipartite graph of diameter at most 3 with
partition classes V1 and V2. Let u, v ∈ Vi, for some i ∈ {1, 2}. Then u and v have a
common neighbour.

For examples of the following graphs, see again Figure 2.4. Let H∗ be the “H”-graph, which
is the graph on six vertices obtained from the 2P3 by adding an edge joining the middle
vertices of the two P3s. The graph H∗

i can be obtained from H∗ by subdividing the middle
edge i− 1 times. The complete graph Kr is the graph on r vertices where all vertices are
pairwise adjacent. We call the graph K4− e, that is the complete graph on 4 vertices with
one missing edge, a diamond.

A graph is chordal if it is {C4, C5, . . .}-free. Further, a graph is quadrangulated or
long-hole-free if it is {C5, C6, . . .}-free. The chordality of G is the length of a longest cycle
in G. A graph of chordality k is said to be k-chordal. So a chordal graph is 3-chordal and
a quadrangulated graph is 4-chordal. We call every bridge and every maximal 2-connected
subgraph of a graph a block of the graph. We say that a graph is pseudochordal if for
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Figure 2.5: A graph G (left) and its linegraph L(G) (right). The underlying graph is
depicted in grey.

every block of size at least 3, every edge of the block is contained in a triangle. A graph is
planar if it can be embedded in the plane, that is it can be drawn on the plane such that
the edges do not cross. For example, the graphs in Figure 2.3 are all planar. Finally, the
line graph of G is the graph L(G) whose vertices are the edges of G, such that for every
two vertices e and f of L(G), there exists an edge between e and f in L(G) if and only if
e and f share an endvertex in G. See Figure 2.5 for an example.

Number Theory. Let a, b be two positive integers. We call a a divisor of b if there
exists an integer c, such that a · c = b. A common divisor of a and b is an integer c which
is a divisor of both a and b. An integer p > 1 is a prime number if it has exactly two
divisors, namely 1 and p. Two integers a and b are coprime, if they do not have a common
divisor greater than 1. The following result is due to Dirichlet.

Theorem 2.1.2 ([15]). For two positive, coprime integers a and b, the sequence a + bk,
for k ∈ N contains infinitely many primes.

For an integer a and a prime p, the Legendre symbol is defined as
(
a
p

)
≡ a

p−1
2 mod p.

It is well known (see, for example, [57]) that for any integer a and prime p, it holds that(
a
p

)
≡ 0 mod p, or 1 mod p, or (p−1) mod p, and with slight abuse of notation one denotes

these integers by 0, 1 and −1, respectively.

Computational Complexity. In the following we give the most important notions of
computational complexity which are used in this thesis. For more details we refer to [25].
A decision problem is a problem with answer “yes” or “no”. An optimization problem is a
problem where some value has to be optimized and the answer is that optimal value. A
function f(n) is in O(g(n)) if there exists a constant c ≥ 0 such that f(n) ≤ c · g(n), for
all n. Let n be the size of the input of an algorithm A. The time complexity of A is a
function with n as variable and a value which gives the maximum amount of computation
time over all instances of size n. An algorithm is a polynomial-time algorithm if there is
a polynomial function f(n) such that the time complexity of the algorithm is in O(f(n)),
that is there exists k ≥ 0 such that the algorithm is in O(nk). We say that a problem
is solvable in polynomial time if there is a polynomial-time algorithm which solves the
problem. A problem is said to be in P, if it is solvable in polynomial time. A problem is
said to be in NP, if we can verify in polynomial time if a given solution is correct or not.

Consider two problems P1 and P2. If there exists a polynomial-time algorithm A, which
transforms instances of P1 to instances A(P1) of P2, such that an instance I1 of P1 is a
yes-instance of P1 if and only if the instance A(I1) of P2 is a yes-instance of P2, then P1 is
polynomial-time reducible to P2. A problem P is NP-hard if every other problem in NP is
polynomial-time reducible to P . P is NP-complete if it is NP-hard and contained in NP.

The following problems are all NP-complete and will be used in the thesis to show other
NP-hardness results.

A set M ⊆ E is an edge cut of G if V can be partitioned into two sets B and R,
such that M consists of all the edges with one endvertex in B and the other one in R, see
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Figure 2.6: A graph G with a matching (left), a perfect matching (middle) and an edge
cut (right), where the blue vertices are on one side of the cut and the red vertices on the
other side.

Figure 2.6 (right). We will make use of the problem Max Cut, which takes as input a
graph G and an integer k. The question is whether G has an edge cut of size at least k.

Theorem 2.1.3 ([60]). Max Cut is NP-complete on subcubic graphs.

An exact 3-cover of a set X is a collection C of 3-element subsets of X, such that every
x ∈ X is in exactly one 3-element subset of C. The Exact 3-Cover problem has as input
a set X with 3q elements, for some integer q ≥ 1, and a collection S of 3-element subsets
of X. The question is if S contains an exact 3-cover of X (which will be of size q).

Theorem 2.1.4 ([33]). Exact 3-Cover is NP-complete.

Similarly, an exact 4-cover of a set X is a collection C of 4-element subsets of X, such that
every x ∈ X is in exactly one 4-element subset of C. The Exact 4-Cover problem has
as input a set X with 4q elements, for some integer q ≥ 1, and a collection S of 4-element
subsets of X. The question is if S contains an exact 4-cover of X (which will be of size q).
Using similar arguments than for Exact 3-Cover, it can be easily seen that

Theorem 2.1.5. Exact 4-Cover is NP-complete.

A hypergraph H = (V,E) consists of a vertex set V and an edge set E, where an edge
e ∈ E is a set of vertices of H. The size of an edge in a hypergraph is the number of
vertices it contains. The problem Hypergraph 2-Colourability takes a hypergraph
H = (V,E) as input and asks if there exists a colouring of the vertices using 2 colours such
that every edge of E contains at least one vertex of each colour.

Theorem 2.1.6 ([46]). Hypergraph 2-Colourability is NP-complete on hypergraphs
in which all edges have size 3.

We also need the following result from the literature, showing that there is a polynomial-
time algorithm to find special dominating sets in P6-free graphs. Note that this result has
been strengthened in [10].

Theorem 2.1.7 ([59]). A graph G = (V,E) on n vertices is P6-free if and only if each
connected induced subgraph of G contains a dominating induced C6 or a dominating (not
necessarily induced) complete bipartite graph. Moreover, we can find such a dominating
subgraph of G in O(n3) time.

SAT. The problem k-SAT or k-Satisfiability takes as input a pair (X,C), where X
is a set of variables and C is a set of clauses. Every clause consists of a disjunction, that is,
a boolean and operation, of k variables or negated variables, which are called literals. The
conjunction, that is, a boolean or operation, of the clauses gives a formula ϕ. We ask if
there is an assignment of the variables to the values true and false such that ϕ is satisfied.
There are many polynomial-time algorithms known to solve 2-SAT. Krom (see [37]) was
among the first to show the following theorem.
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U

W

Figure 2.7: A graph with a U -saturating matching which is not W -saturating.

Theorem 2.1.8 ([37]). 2-SAT is solvable in polynomial time.

For k ≥ 3 most variants of k-SAT are NP-hard. This is also the case for the following
variant, that we will use in this thesis. The problem Exact Positive 1-in-3 SAT is a
variant of 3-SAT where in addition to the restriction that every clause contains 3 literals
we have that all these literals occur only positively. Moreover we may assume that each
variable of X appears in exactly three clauses of C. The question is whether there exists
a truth assignment, such that each clause contains exactly one true literal. This variant is
NP-complete, see [56], Theorem 28.

Theorem 2.1.9 ([56]). Exact Positive 1-in-3 SAT is NP-complete.

We also need another variant of SAT. Like k-SAT, the problem Not-All-Equal SAT
takes as input a pair (X,C), where X is a set of variables and C is a set of clauses. We ask
for a satisfying not-all-equal truth assignment ϕ that is, ϕ sets, in each clause, at least one
literal true and at least one literal false. This variant is well-known to be NP-complete.
The theorem follows from a folklore trick; see e.g. [28].

Theorem 2.1.10 ([55]). Not-All-Equal SAT is NP-complete even for instances, in
which each literal occurs only positively and in two or three different clauses, and in which
each clause contains either two or three literals.

2.2 Matching Cuts

Matchings. A set M ⊆ E is a matching if no two edges in M have a common endvertex,
see Figure 2.6 (left). A matching M is maximum if there is no matching of G with more
edges. Let U ⊆ V . A matching M is perfect if every vertex of G is incident to an edge
of M , see Figure 2.6 (middle). A matching M is U -saturating if every vertex in U is an
endvertex of an edge in M , see Figure 2.7 for an example. A U -saturating matching is
maximum if there is no U -saturating matching of G with more edges. The following result
of Plesník [54] will be used in the proofs of Section 4.2.

Theorem 2.2.1 ([54]). For a graph G and a vertex set U ⊆ V , one can find a maximum U -
saturating matching in polynomial time or conclude that G has no U -saturating matching.

Matching Cuts. Let M ⊆ E. We say that M is a matching cut of G if M is a matching
that is also an edge cut. We say that a matching cut M is a perfect matching cut if M
is also a perfect matching. If M is a perfect matching of G which contains a matching
cut M ′, we say that M is a disconnected perfect matching of G. We call a matching cut
maximum if there is no matching cut of G containing more edges. Similarly we say that
a disconnected perfect matching is maximum if there is no disconnected perfect matching,
where the matching cut M ′ contained in it has more edges. See Figure 2.8 for examples.
We consider the following three decision problems:
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Figure 2.8: The graph P6 with a matching cut of size 2 (left), a disconnected perfect
matching of size 2 (middle) and a perfect matching cut (right). In each figure, thick edges
denote matching cut edges.

Matching Cut
Input: a connected graph G
Question: does G have a matching cut?

Perfect Matching Cut
Input: a connected graph G
Question: does G have a perfect matching cut?

Disconnected Perfect Matching
Input: a connected graph G
Question: does G have a disconnected perfect matching?

Note that these decision problems are clearly contained in NP, so our NP-completeness
proofs will focus on proving the NP-hardness. In the following we give an overview over
results on Matching Cut, Perfect Matching Cut and Disconnected Perfect
Matching.

Matching Cut. One of the first papers about Matching Cut after its introduction
in 1970 is the paper of Chvátal from 1984 [12], where he proved that Matching Cut
is polynomial-time solvable for subcubic graphs [12]. Later, Moshi showed that every
connected subcubic graph on more than 7 vertices has a matching cut [53]. Over the
years, more results appeared, giving polynomial-time algorithms for K1,3-free graphs [6],
(K1,4,K1,4 + e)-free graphs [36] and quadrangulated graphs [53]. Note that the last class
contains the class of chordal graphs. Further, it has been shown that Matching Cut
is polynomial-time solvable on graphs of diameter at most 2 [7, 39], which we extend to
graphs of radius at most 2 in Theorem 4.1.1. In Theorem 4.1.2 and Theorem 4.1.3 we
extend the result of Feghali [20] that Matching Cut is solvable in polynomial time on
P5-free graphs to (sP3 + P6)-free graphs. Note that Feghali’s result already generalized
a result from Bonsma [6] for P4-free graphs. In the same paper Bonsma showed that
every planar graph with girth at least 6 has a matching cut. A recent result shows that
Matching Cut is solvable in polynomial time for S1,1,2-free graphs [42].

Chvátal [12] also showed an NP-completeness result, namely for graphs of maximum
degree at most 4. It was pointed out in [6, 36] that Chvátal’s construction is additionally
K1,4-free. Further, the NP-completeness has been shown for K1,5-free bipartite graphs [43]
and for graphs of diameter at most 3 [39]. Matching Cut is NP-complete in bipartite
graphs where the vertices in one bipartition class all have degree exactly 2 [53]. From this
result, the hardness follows for H∗

i -free graphs where i ≥ 1 is odd. In Theorem 5.2.1 we
extend this result to H∗

i -free graphs with even i ≥ 1. In [6], Bonsma proved that Matching
Cut is NP-complete on planar graphs of girth 5. We show in Theorem 5.1.4 that for graphs
of girth at least 3, Matching Cut is NP-complete. Note that this is in contrast to the
result of Bonsma for planar graphs of girth 6. Further, this answers Question 1. In [20],
Feghali showed that there exists a constant integer r > 0 such that Matching Cut is
NP-complete on Pr-free graphs. In Theorem 5.3.1 we improve this result and show the
hardness for (3P5, P15)-free graphs. After the publication of Theorem 5.3.1 in [50], Le and
Le showed in [40] the hardness also for (3P6, 2P7, P14)-free graphs with diameter 4 and
radius 3. Note that there are also results on parameterized and exact algorithms, see for
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instance [3, 11, 26, 29, 35, 36]. Among the first considered parameters was for example the
vertex cover number (see [36]).

Perfect Matching Cut. The variant Perfect Matching Cut was introduced by
Heggernes and Telle [32] who also showed that it is NP-complete. It can be verified that the
graph they used to show the NP-completeness has diameter 6 and radius 3. A recent result
by Le and Le [40] improves the bound on the diameter by showing the NP-completeness
for (3P6, 2P7, P14)-free graphs with diameter 4 and radius 3. Note that they used the
same construction to determine the complexity for Matching Cut, Perfect Matching
Cut, and Disconnected Perfect Matching. Further, it is known that Perfect
Matching Cut is NP-complete on 3-connected cubic planar bipartite graphs [5] and
K1,4-free bipartite graphs of girth g, for every g ≥ 3 [44].

We also know that there are polynomial-time algorithms for S1,2,2-free graphs (and
thus for P5-free and K1,3-free graphs) [44], pseudo-chordal graphs [44] and quadrangulated
graphs [41] (and thus for chordal graphs). These results will be extended to graphs of
radius 2, (sP4 + P6)-free graphs and bipartite graphs of diameter 3 in Section 4.1.2.

Disconnected Perfect Matching. For the third variant of matching cuts, Diwan showed
in [16] that any planar cubic bridgeless graph G with at least 6 vertices has a disconnected
perfect matching. Bouquet and Picouleau showed in [8] that the problem is solvable in poly-
nomial time for graphs of diameter 2, bipartite graphs of diameter 3, K1,3-free graphs and
P5-free graphs. Corollary 4.2.9 and Theorem 4.2.10 generalize the last result to (sP2+P6)-
free graphs. In [40], Le and Le show that Disconnected Perfect Matching is solvable
in polynomial time for quadrangulated graphs.

On the other hand, also in [8], the authors showed that Disconnected Perfect
Matching is NP-complete on graphs of diameter 3, bipartite graphs of diameter 4, K1,4-
free planar graphs, planar graphs of maximum degree 4, planar graphs of girth 5 and
bipartite 5-regular graphs. Theorem 5.1.7 shows the NP-completeness of Disconnected
Perfect Matching for graphs of girth at least g, with g ≥ 3. In Theorem 5.3.5 we show
NP-hardness on (3P7, P19)-free graphs, which was published in [50]. Afterwards, Le and
Le [40] published their result which shows hardness for (3P6, 2P7, P14)-free graphs. Recall
that they use one gadget to prove the complexity of the three variants simultaneously.

Maximising Matching Cuts. In addition to the three decision problems above, we
consider the following two optimization variants:

Maximum Matching Cut
Input: a connected graph G
Question: what is the maximum size of a matching cut of G?

Maximum Disconnected Perfect Matching
Input: a connected graph G
Question: what is the maximum size of a disconnected perfect matching of G?

These maximisation variants where we ask for a matching cut of maximum size or a dis-
connected perfect matching of maximum size were introduced recently. We note that if
Matching Cut is NP-complete for some graph class, then Maximum Matching Cut
is NP-hard for that graph class. Similarly, if Disconnected Perfect Matching is
NP-complete on some graph class, then Maximum Disconnected Perfect Matching
is NP-hard on that graph class. Furthermore, the NP-hardness of Perfect Match-
ing Cut for some graph class implies the NP-hardness for both Maximum Matching
Cut and Maximum Disconnected Perfect Matching for the same graph class. We
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also have some implication in the other direction. If Maximum Matching Cut is solv-
able in polynomial time, then Matching Cut is solvable in polynomial time. Similarly
if Maximum Disconnected Perfect Matching is solvable in polynomial time then
Disconnected Perfect Matching is solvable in polynomial time as well. Further-
more, if one of Maximum Matching Cut and Maximum Disconnected Perfect
Matching is polynomial-time solvable for some graph class, then Perfect Matching
Cut is polynomial-time solvable for the same graph class.

With this knowledge, we can transfer some of the known results for Matching Cut,
Disconnected Perfect Matching and Perfect Matching Cut to Maximum
Matching Cut and Maximum Disconnected Perfect Matching. For example,
the result of Bonnet, Chakraborty and Duron [5] saying that Perfect Matching Cut is
NP-complete for 3-connected cubic planar bipartite graphs implies that the same holds for
Maximum Matching Cut. Also our result that Maximum Disconnected Perfect
Matching is solvable in polynomial time for P6-free graphs (Theorem 4.2.8) shows that
this holds as well for Disconnected Perfect Matching. However, apart from the
result of Le and Le [40] for (3P6, 2P7, P14)-free graphs, which also holds for Maximum
Matching Cut, the results presented in Sections 4.2 and 5.3.2 were the first results pub-
lished explicitly for these two problems. In these sections we give complete complexity
dichotomies for Maximum Matching Cut and Maximum Disconnected Perfect
Matching for graphs of bounded radius, bounded diameter and H-free graphs, as well as
for bipartite graphs of bounded radius and diameter.

d-Cut. The last problem we consider is the d-Cut problem, a generalization of Match-
ing Cut. For an integer d ≥ 1 and a connected graph G = (V,E), a set M ⊆ E is a d-cut
of G if V can be partitioned into two sets B and R, such that the following two conditions
hold:

(i) M consists of all the edges with one endvertex in B and the other one in R; and
(ii) every vertex in B has at most d neighbours in R, and vice versa.

This leads to the following decision problem:

d-Cut
Input: a connected graph G
Question: does G have a d-cut?

Note that 1-Cut and Matching Cut are the same problems. Note further that d-Cut
is clearly contained in NP, so our NP-completeness proofs will focus on proving the NP-
hardness. The problem d-Cut was introduced only in 2021 by Gomes and Sau (see [29]),
who showed that d-Cut is solvable in polynomial time for graphs of maximum degree at
most d+2 and NP-complete when restricted to (2d+2)-regular graphs. As a side note they
mention that the NP-completeness proof for Matching Cut on graphs of diameter 3 from
Le and Le in [38] can be easily generalized to d-Cut, for d ≥ 2. They also gave several
exact and parametrized algorithms. We show that d-Cut is solvable in polynomial time
for graphs of diameter 2 (Theorem 6.2.1), bipartite graphs of diameter 3 (Theorem 6.2.2),
P5-free graphs (Theorem 6.2.5) and (P3 + P4)-free graphs (Theorem 6.2.7). Further, if d-
Cut is polynomial-time solvable for H-free graphs, then this holds as well for (H+P1)-free
graphs (Theorem 6.2.4). d-Cut is NP-complete for graphs of high girth (Theorem 6.3.2),
3P3-free graphs, for d = 2 (Theorem 6.3.4) and 3P2-free graphs, for d ≥ 3 (Theorem 6.3.6).
Moreover, it is NP-complete for K1,4-free graphs (Theorem 6.3.7) and H∗

i -free graphs (The-
orem 6.3.8). For d ≥ 3, the stronger result that d-Cut is NP-complete for linegraphs has
been shown in [52].
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We need one last definition. A connected graph G is said to be (matching-)immune if G
admits no matching cut. We also consider the following generalization for d-Cut. For an
integer d ≥ 1, we say that a connected graph G is d-immune if G admits no d-cut, so being
1-immune is the same as being immune. We make the following observation. Recall that
h(G) is the edge expansion of the graph.

Observation 2.2.2. For every integer d ≥ 1, every connected graph G with h(G) > d is
d-immune.

Proof. Let d ≥ 1, and let G be a connected graph with h(G) > d. For every set S ⊆ V
with 1 ≤ |S| ≤ n

2 , the average number of neighbours the vertices of S have in V \ S is
strictly larger than d. Hence, G cannot have a d-cut. In other words, G is d-immune.



Chapter 3

Colour Propagation

When working with matching cuts, we will often use an equivalent definition in terms of
vertex colourings. This has been done by other authors before, see also [11, 12, 20].

3.1 Red-Blue Colourings

Let G = (V,E) be a connected graph. A red-blue colouring of G colours every vertex of G
either red or blue. If every vertex of some set S ⊆ V has the same colour (red or blue),
then S is said to be monochromatic. We also say that G[S] is monochromatic. We say
that a monochromatic set has colour red or blue if all its vertices are coloured red or blue,
respectively. An edge uv ∈ E is called bichromatic if u and v have different colours. A
red-blue colouring of G is valid if the following holds:

1. every blue vertex has at most one red neighbour;
2. every red vertex has at most one blue neighbour; and
3. both colours red and blue are used at least once.

If a red vertex u in G has a blue neighbour v, then u and v are said to be matched. We
refer to Figure 3.1 (left) for an example.

For a valid red-blue colouring of G, we let R be the red set consisting of all vertices
coloured red and B be the blue set consisting of all vertices coloured blue (so V = R∪B).
Moreover, the red interface is the set R′ ⊆ R consisting of all vertices in R with a (unique)
blue neighbour, and the blue interface is the set B′ ⊆ B consisting of all vertices in B with
a (unique) red neighbour in R, see Figure 3.1 (right).

u v R′
R

B′

B

Figure 3.1: An example of a graph G with a valid red-blue colouring. The edge uv is
bichromatic, u and v are matched to each other, and the thick edges form a matching cut.
The sets R and B are the red and blue set, the sets R′ and B′ the red and blue interface.

15
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Figure 3.2: Three different red-blue colourings of the graph P6: a valid red-blue colouring
of value 2 (left), a perfect-extendable red-blue colouring of value 2 (middle), a perfect red-
blue colouring of value 3 (right).

A red-blue colouring of G is perfect if it is valid and moreover R′ = R and B′ = B; see
Figure 3.2 (right) and Figure 3.3 (right) for examples of perfect red-blue colourings. In
other words, a valid red-blue colouring is perfect if every vertex is adjacent to exactly one
vertex of the other colour. A valid red-blue colouring is perfect-extendable if there is a
perfect matching in G containing all bichromatic edges, that is if G[R \R′] and G[B \B′]
both contain a perfect matching; see Figure 3.2 (middle) and Figure 3.3 (middle) for
examples of perfect-extendable red-blue colourings. In other words, the matching defined
by the edges with one endvertex in R′ and the other one in B′ can be extended to a perfect
matching in G or, equivalently, is contained in a perfect matching in G.

Figure 3.3: Three different red-blue colourings: a valid red-blue colouring of value 4 (left),
a perfect-extendable red-blue colouring of value 1 (middle), a perfect red-blue colouring of
value 7 (right).

The value of a valid red-blue colouring is its number of bichromatic edges, or equivalently,
the size of its red (or blue) interface. A valid red-blue colouring is maximum if there is
no valid red-blue colouring of the graph with larger value. Similarly, a perfect-extendable
red-blue colouring is maximum if there is no perfect-extendable red-blue colouring of the
graph with larger value.

We make two well known and very useful observations, see e.g., [20, 51]. We add a
proof of the first one for completeness.

Observation 3.1.1. For every connected graph G and integer k ≥ 1, it holds that

i. G has a matching cut if and only if G has a valid red-blue colouring.
ii. G has a disconnected perfect matching if and only if G has a perfect-extendable red-

blue colouring.
iii. G has a perfect matching cut if and only if G has a perfect red-blue colouring.
iv. G has a matching cut with at least k edges if and only if G has a valid red-blue

colouring of value at least k.
v. G has a disconnected perfect matching with at least k edges belonging to a matching

cut if and only if G has a perfect-extendable red-blue colouring of value at least k.

Proof. i and v. Consider a matching cut M of G of size ν. We colour the vertices of one
connected component of G−M red and all other vertices of G blue, this clearly leads to a
valid red-blue colouring of G of value ν. Consider now a valid red-blue colouring of value ν.
We add all bichromatic edges to the cut. Since every vertex has at most one neighbour of
the other colour this leads to a matching cut of size ν.
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ii and v. Proceed as in the proof of i. Since the matching cut equals the set of bichromatic
edges, a perfect matching contains a matching cut if and only if it contains the correspond-
ing set of bichromatic edges. Further, this implies that the size of the matching cut equals
the value of the colouring.
iii. Similar to ii., a matching cut is a perfect matching if and only if the bichromatic edges
of the corresponding colouring form a perfect matching.

Observation 3.1.2. Every complete graph Kr with r ≥ 3 and every complete bipartite
graph Kr,s with min{r, s} ≥ 2 and max{r, s} ≥ 3 is monochromatic.

In the following, we show that for each type of red-blue colouring, we can check whether it
exists or not in polynomial time on graphs with small dominating sets. This will turn out
to be very useful to solve corner cases. Note that the algorithm in Lemma 3.1.3 does not
only find a maximum valid red-blue colouring, if one exists, but also answers the question
if a valid red-blue colouring exists. Lemma 3.1.4 does the same for perfect-extendable
red-blue colourings.

Lemma 3.1.3 ([51]). For a connected graph G with n vertices and domination number g,
it is possible to find a maximum red-blue colouring (if a valid red-blue colouring exists) in
O(2gng+2) time.

Proof. Let D be a dominating set of G with |D| ≤ g. We consider all 2|D| ≤ 2g options of
colouring the vertices of D red or blue. For every red vertex of D with no blue neighbour,
we consider all O(n) options of colouring at most one of its neighbours blue (and thus all
of its other neighbours will be coloured red). Similarly, for every blue vertex of D with no
red neighbour, we consider all O(n) options of colouring at most one of its neighbours red
(and thus all of its other neighbours will be coloured blue). Finally, for every red vertex
in D with already one blue neighbour in D, we colour all its yet uncoloured neighbours
red. Similarly, for every blue vertex in D with already one red neighbour in D, we colour
all its yet uncoloured neighbours blue.

As D is a dominating set, the above means that we guessed a red-blue colouring of the
whole graph G. We can check in O(n2) time if a red-blue colouring is valid and count its
number of bichromatic edges. We take the valid red-blue colouring with largest value. The
total number of red-blue colourings that we must consider is O(2gng).

To show the corresponding result for Maximum Disconnected Perfect Matching,
we simply copy the arguments of the proof of Lemma 3.1.3. Recall that we can check if
a graph has a perfect matching in polynomial time by using, for instance, the Blossom
algorithm [18]. Thus, for every valid red-blue colouring which we obtain in Lemma 3.1.3,
we check if the graph induced by the unmatched vertices (that is, the vertices not incident
to a bichromatic edge) has a perfect matching. This result is used implicitly in [51].

Lemma 3.1.4. For a connected graph G with n vertices and domination number g, it is
possible to find a maximum perfect-extendable red-blue colouring (if a red-blue colouring
exists) in O(2gng+2) time.

The analogue of Lemma 3.1.3 for Perfect Matching Cut can again be obtained from
the proof of Lemma 3.1.3 by colouring exactly one (instead of at most one) neighbour of
each vertex with the other colour. Note that since any two perfect matching cuts in a
graph have the same size, the maximization step is not necessary here.

Lemma 3.1.5 ([50]). For a connected graph G with n vertices and domination number g,
it is possible to find a perfect red-blue colouring (if a red-blue colouring exists) in O(2gng+2)
time.
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If we replace the condition that the dominating set D has constant size by the condition that
D is monochromatic, we get a similar result, see for example [20] which uses it implicitly.
We add a proof for completeness.

Lemma 3.1.6 ([49]). Let D be a dominating set of a connected graph G. It is possible to
check in polynomial time if G has a valid red-blue colouring in which D is monochromatic.

Proof. Consider a valid red-blue colouring of G, in which D is monochromatic. Assume
without loss of generality that every vertex of D is coloured red. Let C be a connected
component of G−D. If C is not monochromatic, then C has an edge uv where u is red and
v is blue. However, now v has at least two red neighbours, namely u and a neighbour in D
(such a neighbour exists, as D is a dominating set of G). This is a contradiction. Hence,
the vertex set of every connected component is monochromatic. Moreover, we may assume
without loss of generality that the vertices of exactly one connected component of G−D are
coloured blue (else we can safely recolour the vertices of some connected component from
blue to red). Hence, we can check all O(n) options of choosing this unique blue connected
component. For each option we check in polynomial time if the obtained red-blue colouring
is valid.

Note that with the same modification as for Lemma 3.1.4, we can show that the same
holds for Disconnected Perfect Matching. However, these proofs do not work for
the maximization problems Maximum Matching Cut and Maximum Disconnected
Perfect Matching, since the assumption that colouring one of the connected compo-
nents blue is sufficient does not hold then.

Lemma 3.1.7. Let D be a dominating set of a connected graph G. It is possible to check
in polynomial time if G has a perfect-extendable valid red-blue colouring in which D is
monochromatic.

To show the same result for Perfect Matching Cut, we adapt the proof of Lemma 3.1.6.

Lemma 3.1.8 ([50]). Let D be a dominating set of a connected graph G. It is possible to
check in polynomial time if G has a perfect red-blue colouring in which D is monochromatic.

Proof. Consider a perfect red-blue colouring c of G, in which D is monochromatic, say
every vertex of D is coloured red. Let F1, . . . , Fr, for some integer r ≥ 1, be the connected
components of G−D.

We claim that every Fi is monochromatic. This follows from the same argument as the
one for valid red-blue colourings that are not necessarily perfect (see [49]) and we give it
for completeness. For a contradiction, assume that, say, F1 is not monochromatic. This
means that F1 contains an edge uv where u is coloured red and v is coloured blue. As D
is a dominating set of G, we have that v also has a neighbour in D, which is coloured red.
Hence, c is not valid and thus not perfect either, a contradiction.

Now suppose that some vertex u in Fi is coloured red. By the above claim, every vertex
of Fi is coloured red. The neighbours of u outside Fi are all in D and thus, are coloured
red as well. Hence, u has no blue neighbour, meaning that c is not perfect, a contradiction.
We conclude that every vertex in G−D must be coloured blue.

Hence, in order to check if G has a perfect red-blue colouring in which D is monochro-
matic, we can do as follows. Colour every vertex in D red and colour every vertex in G−D
blue. Then, check in polynomial time if the resulting red-blue colouring is perfect.

3.2 Propagation of Partial Colourings

Let G = (V,E) be a connected graph and S, T,X, Y ⊆ V be four non-empty sets with
S ⊆ X, T ⊆ Y and X ∩ Y = ∅. Note that V \ (X ∪ Y ) might be non-empty. A red-blue
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S

X

T

Y

Figure 3.4: An example of a graph G with a valid red-blue (S, T,X, Y )-colouring.

(S, T,X, Y )-colouring of G is a red-blue colouring of all vertices in X ∪ Y and eventually
additional vertices of G, such that the red set contains X; the blue set contains Y ; the red
interface contains S and the blue interface contains T . The red and blue interfaces may
also contain vertices not in S and T , respectively. We refer to Figure 3.4 for an example.

To obtain a red-blue (S, T,X, Y )-colouring, we start with two non-empty, disjoint sub-
sets S′′ and T ′′ of V , called a starting pair, such that

(i) every vertex of S′′ is adjacent to at most one vertex of T ′′, and vice versa, and
(ii) at least one vertex in S′′ is adjacent to a vertex in T ′′.

Let S∗ consist of all vertices of S′′ with a (unique) neighbour in T ′′, and let T ∗ consist of all
vertices of T ′′ with a (unique) neighbour in S′′; so, every vertex in S∗ has a unique neighbour
in T ∗, and vice versa. We call (S∗, T ∗) the core of (S′′, T ′′). Note that |S∗| = |T ∗| ≥ 1.

We now colour every vertex in S′′ red and every vertex in T ′′ blue. For a starting pair,
Le and Le [39] define five propagation rules that we give below – in our terminology – as
rules R1 and R2. The goal of these rules is to extend S′′ to a set X, and T ′′ to a set Y , by
finding new vertices whose colour must always be either red or blue. That is, we place new
red vertices in the set X, which already contains S′′, and new blue vertices in the set Y ,
which already contains T ′′. If a red and blue vertex are adjacent, then we add the red one
to a set S ⊆ X and the blue one to a set T ⊆ Y . So initially, S := S∗, T := T ∗, X := S′′

and Y := T ′′. We let Z := V \ (X ∪ Y ).
We now state rules R1 and R2. Rule R1 detects cases where we cannot extend the

partial red-blue colouring defined on X ∪Y . Rule R2 tries to extend the sets S, T,X, Y as
much as possible. While the sets S, T,X, Y grow, Rule R2 ensures that we keep construct-
ing a valid red-blue (S, T,X, Y )-colouring (assuming G has a valid red-blue (S, T,X, Y )-
colouring).

R1. Return no (i.e., G has no red-blue (S, T,X, Y )-colouring) if a vertex v ∈ Z is

(i) adjacent to a vertex in S and to a vertex in T , or
(ii) adjacent to a vertex in S and to two vertices in Y \ T , or
(iii) adjacent to a vertex in T and to two vertices in X \ S, or
(iv) adjacent to two vertices in X \ S and to two vertices in Y \ T .

R2. Let v ∈ Z.

(i) If v is adjacent to a vertex in S or to two vertices of X \ S, then move v from
Z to X. If v is also adjacent to a vertex w in Y , then add v to S and w to T .

(ii) If v is adjacent to a vertex in T or to two vertices of Y \ T , then move v from
Z to Y . If v is also adjacent to a vertex w in X, then add v to T and w to S.

Suppose that exhaustively applying rules R1 and R2 on a starting pair (S′′, T ′′) does
not lead to a no-answer but to a tuple (S′, T ′, X ′, Y ′). Then, we call (S′, T ′, X ′, Y ′) an
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T ′

S′

Y ′

X ′

Figure 3.5: An example of a red-blue (S′, T ′, X ′, Y ′)-colouring of a graph with an interme-
diate 4-tuple (S′, T ′, X ′, Y ′).

intermediate tuple; see also Figure 3.5. A propagation rule is safe if for every integer ν
the following holds: G has a valid red-blue (S, T,X, Y )-colouring of value ν before the
application of the rule if and only if G has a valid red-blue (S, T,X, Y )-colouring of value ν
after the application of the rule. Le and Le [39] proved the following lemma, which shows
that R1 and R2 are safe and which is not difficult to verify. The fact that the value ν is
preserved in Lemma 3.2.1 ii) below is implicit in their proof. Note that since ν is preserved
when applying R1 and R2, they can also be applied when looking for a maximum valid
red-blue colouring.

Lemma 3.2.1 ([39, 51]). Let G be a connected graph with a starting pair (S′′, T ′′) with
core (S∗, T ∗), and with an intermediate tuple (S′, T ′, X ′, Y ′). Then:

(i) It holds that S∗ ⊆ S′, S′′ ⊆ X ′ and T ∗ ⊆ T ′, T ′′ ⊆ Y ′ and X ′ ∩ Y ′ = ∅.
(ii) For every integer ν, G has a valid red-blue (S∗, T ∗, S′′, T ′′)-colouring of value ν if

and only if G has a valid red-blue (S′, T ′, X ′, Y ′)-colouring of value ν. Note that the
backward implication holds by definition.

(iii) It holds that

– every vertex in S′ has exactly one neighbour in Y ′, which belongs to T ′;
– every vertex in T ′ has exactly one neighbour in X ′, which belongs to S′;
– every vertex in X ′ \ S′ has no neighbour in Y ′;
– every vertex in Y ′ \ T ′ has no neighbour in X ′; and
– every vertex of V \ (X ′∪Y ′) has no neighbour in S′∪T ′, at most one neighbour

in X ′ \ S′, and at most one neighbour in Y ′ \ T ′.

Moreover, (S′, T ′, X ′, Y ′) is obtained in polynomial time.

Let (S′, T ′, X ′, Y ′) be an intermediate tuple of a graph G. Let Z = V \ (X ′ ∪ Y ′). A red-
blue (S′, T ′, X ′, Y ′)-colouring of G is called monochromatic if all connected components of
G[Z] have to be monochromatic. Le and Le [39] proved a second lemma, using a reduction
to 2-SAT. We slightly changed the formulation of their lemma so that it can be applied
to the case where the graph G may also have a valid red-blue colouring which is not
monochromatic.

Lemma 3.2.2 ([39, 49]). Let G be a graph with a starting pair (S′′, T ′′) with core (S∗, T ∗).
Assume that exhaustively applying rules R1 and R2 did not lead to a no-answer but to
an intermediate tuple (S′, T ′, X ′, Y ′). It can be decided in O(mn) time if G has a valid
monochromatic red-blue (S′, T ′, X ′, Y ′)-colouring (or equivalently, a valid monochromatic
red-blue (S′′, T ′′, S∗, T ∗)-colouring).

We say that an intermediate tuple (S′, T ′, X ′, Y ′) is monochromatic if every connected
component of G[V \ (X ′ ∪ Y ′)] is monochromatic in every valid red-blue (S′, T ′, X ′, Y ′)-
colouring of G. A propagation rule is mono-safe if for every integer ν the following holds:
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G has a valid monochromatic red-blue (S, T,X, Y )-colouring of value ν before the applica-
tion of the rule if and only if G has a valid monochromatic red-blue (S, T,X, Y )-colouring
of value ν after the application of the rule.

We now present Rule R3 (which is used implicitly in [39]) and prove that R3 is mono-
safe.

R3. If there are two distinct vertices u and v in a connected component D of G[Z] with
a common neighbour w ∈ X ∪Y , then colour every vertex of D with the colour of w.

Lemma 3.2.3 ([51]). Rule R3 is mono-safe.

Proof. Say w ∈ X ∪Y is in X, so w is red. Then, at least one of x and y must be coloured
red. Hence, as D must be monochromatic, every vertex of D must be coloured red. Note
that the value of a maximum monochromatic red-blue (S, T,X, Y )-colouring (if it exists)
is not affected.

Suppose that exhaustively applying rules R1–R3 on an intermediate tuple (S′, T ′, X ′, Y ′)
does not lead to a no-answer but to a tuple (S, T,X, Y ). We call (S, T,X, Y ) a final tuple.
The following lemma can be proven by a straightforward combination of the arguments of
the proof of Lemma 3.2.1 with Lemma 3.2.3 and the observation that an application of R3
takes polynomial time, just as a check to see if R3 can be applied.

Lemma 3.2.4 ([51]). Let G be a connected graph with a monochromatic intermediate tuple
(S′, T ′, X ′, Y ′) and a resulting final tuple (S, T,X, Y ). Then:

(i) It holds that S′ ⊆ S, X ′ ⊆ X, T ′ ⊆ T , Y ′ ⊆ Y , and X ∩ Y = ∅.
(ii) For every integer ν, G has a valid (monochromatic) red-blue (S′, T ′, X ′, Y ′)-colouring

of value ν if and only if G has a valid monochromatic red-blue (S, T,X, Y )-colouring
of value ν. Note that the backward implication holds by definition.

(iii) It holds that

– every vertex in S has exactly one neighbour in Y , which belongs to T ;
– every vertex in T has exactly one neighbour in X, which belongs to S;
– every vertex in X \S has no neighbour in Y and no two neighbours in the same

connected component of G[V \ (X ∪ Y )];
– every vertex in Y \T has no neighbour in X and no two neighbours in the same

connected component of G[V \ (X ∪ Y )]; and
– every vertex of V \ (X ∪ Y ) has no neighbour in S ∪ T , at most one neighbour

in X \ S, and at most one neighbour in Y \ T .

Moreover, (S, T,X, Y ) is obtained in polynomial time.

Note that Lemmas 3.2.1 and 3.2.4 can be adapted to perfect-extendable red-blue colour-
ings in a straightforward way, since the propagation rules R1–R3 hold for valid red-blue
colourings and every perfect-extendable red-blue colouring is valid. That is, the propaga-
tion of any partial red-blue colouring does not influence if the resulting partial red-blue
colouring is perfect-extendable or not. In other words, we immediately obtain the following
two lemmas. However, note that Lemma 3.2.2 can not be adapted for perfect-extendable
colourings, since the condition that the graph needs to have a perfect matching cannot be
modelled using 2-SAT.

Lemma 3.2.5 ([51]). Let G be a connected graph with a starting pair (S′′, T ′′) with core
(S∗, T ∗), and with an intermediate tuple (S′, T ′, X ′, Y ′). The following three statements
hold:

(i) S∗ ⊆ S′, S′′ ⊆ X ′ and T ∗ ⊆ T ′, T ′′ ⊆ Y ′ and X ′ ∩ Y ′ = ∅,



22 CHAPTER 3. COLOUR PROPAGATION

(ii) for every integer ν, G has a perfect-extendable red-blue (S∗, T ∗, S′′, T ′′)-colouring of
value ν if and only if G has a perfect-extendable red-blue (S′, T ′, X ′, Y ′)-colouring of
value ν (note that the backward implication holds by definition), and

(iii) every vertex in S′ has exactly one neighbour in Y ′, which belongs to T ′; every vertex
in T ′ has exactly one neighbour in X ′, which belongs to S′; every vertex in X ′ \ S′

has no neighbour in Y ′; every vertex in Y ′ \ T ′ has no neighbour in X ′; and every
vertex of V \ (X ′∪Y ′) has no neighbour in S′∪T ′, at most one neighbour in X ′ \S′,
and at most one neighbour in Y ′ \ T ′.

Moreover, (S′, T ′, X ′, Y ′) is obtained in polynomial time.

Lemma 3.2.6 ([51]). Let G be a connected graph with a monochromatic intermediate tuple
(S′, T ′, X ′, Y ′) and a resulting final tuple (S, T,X, Y ). The following three statements hold:

(i) S′ ⊆ S, X ′ ⊆ X, T ′ ⊆ T , Y ′ ⊆ Y , and X ∩ Y = ∅,
(ii) For every integer ν, G has a perfect-extendable (monochromatic) red-blue (S′, T ′, X ′, Y ′)-

colouring of value ν if and only if G has a perfect-extendable monochromatic red-blue
(S, T,X, Y )-colouring of value ν (note that the backward implication holds by defini-
tion), and

(iii) every vertex in S has exactly one neighbour in Y , which belongs to T ; every vertex
in T has exactly one neighbour in X, which belongs to S; every vertex in X \ S
has no neighbour in Y and no two neighbours in the same connected component of
G[V \(X∪Y )]; every vertex in Y \T has no neighbour in X and no two neighbours in
the same connected component of G[V \(X∪Y )]; and every vertex of V \(X∪Y ) has
no neighbour in S ∪ T , at most one neighbour in X \ S, and at most one neighbour
in Y \ T .

Moreover, (S, T,X, Y ) is obtained in polynomial time.

3.3 Perfect Red-Blue Colourings

3.3.1 Propagation of Partial Colourings

In Section 3.2 we presented rules R1 and R2 which hold for finding valid red-blue colourings
in general. When considering perfect red-blue colourings, we can define many more rules,
which will turn out to be useful. We keep the notation of starting pairs. For completeness,
we state R1 and R2 again as RP1 and RP2. Rules RP3–RP7 are for finding perfect red-blue
colourings; some of them are used in a slightly different form in [44].

RP1. Return no (i.e., G has no red-blue (S, T,X, Y )-colouring) if a vertex v ∈ Z is

(i) adjacent to a vertex in S and to a vertex in T , or
(ii) adjacent to a vertex in S and to two vertices in Y \ T , or
(iii) adjacent to a vertex in T and to two vertices in X \ S, or
(iv) adjacent to two vertices in X \ S and to two vertices in Y \ T .

RP2. Let v ∈ Z.

(i) If v is adjacent to a vertex in S or to two vertices of X \S, then move v from Z
to X. If moreover v is also adjacent to a vertex w in Y , then add v to S and
w to T .

(ii) If v is adjacent to a vertex in T or to two vertices of Y \T , then move v from Z
to Y . If moreover v is also adjacent to a vertex w in X, then add v to T and
w to S.

RP3. Let v ∈ (X ∪ Y ) \ (S ∪ T ).
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Figure 3.6: An illustration of the rules RP4–RP7.
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(i) If v ∈ X \S and v is adjacent to a vertex w in Y , then add v to S and w to T .
(ii) If v ∈ Y \T and v is adjacent to a vertex w in X, then add v to T and w to S.

RP4. Return no if

(i) a vertex x ∈ X has no neighbours outside X or is adjacent to two vertices
of Y (see Figure 3.6a), or

(ii) a vertex y ∈ Y has no neighbours outside Y , or is adjacent to two vertices
of X.

RP5. Let v ∈ Z, and let w ∈ Z be a vertex with NG(w) = {v}.

(i) If v is adjacent to a vertex in X and to a vertex in Y , then return no (see
Figure 3.6b (left)).

(ii) If v is adjacent to a vertex in X but not to a vertex in Y , then put v in X and
w in Y , and also add v to S and w to T (see Figure 3.6b (middle)).

(iii) If v is adjacent to a vertex in Y but not to a vertex in X, then put v in Y and
w in X, and also add v to T and w to S (see Figure 3.6b (right)).

RP6. Let v ∈ Z be in a connected component F of G[Z] such that F contains C4 as a
spanning subgraph.

(i) If v is adjacent to a vertex in X but not to a vertex in Y , and F contains a
vertex not adjacent to a vertex in X, then move v from Z to X (see Figure 3.6c
(left)).

(ii) If v is adjacent to a vertex in Y but not to a vertex in X, and F contains a
vertex not adjacent to a vertex in Y , then move v from Z to Y (see Figure 3.6c
(right)).

RP7. Let v ∈ Z be in a connected component F of G[Z] such that {v} dominates F . Let
F − v have a vertex w with only one neighbour w′ in X ∪ Y .

(i) If w′ ∈ X, then put v in Y (see Figure 3.6d (left)).
(ii) If w′ ∈ Y , then put v in X (see Figure 3.6d (right)).

We call a propagation rule perfect safe if the input graph has a perfect red-blue (S, T,X, Y )-
colouring before the application of the rule if and only if it has so after the application of
the rule.

Lemma 3.3.1 ([50]). Rules RP1–RP7 are perfect safe.

Proof. Let G be a connected graph with a perfect red-blue (S, T,X, Y )-colouring. First
recall that, by definition, vertices in X will be coloured red by every red-blue (S, T,X, Y )-
colouring, whilst vertices of Y will be coloured blue, and moreover that every (red) vertex
in S has exactly one (blue) neighbour in T , and vice versa. The colour of the vertices in Z
still has to be decided.

Rule RP1-(i) is perfect safe. A vertex adjacent to both a red vertex that already has
a blue neighbour and to a blue vertex that already has a red neighbour can be coloured
neither red nor blue. Rule RP1-(ii) is perfect safe, as a vertex that is adjacent to a red
vertex that already has a blue neighbour must be coloured red, so it cannot also be adjacent
to two blue vertices. For the same reason, RP1-(iii) is perfect safe. Finally, RP1-(iv) is
perfect safe, as a vertex that is adjacent to two red vertices must be coloured red, so it
cannot also be adjacent to two blue vertices.

Rule RP2-(i) is perfect safe. Any vertex adjacent to a red vertex that already has a
blue neighbour or to two red vertices must be coloured red. If such a vertex is adjacent to
a vertex coloured blue already, it will have its blue neighbour and thus must be added to S,
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whilst its blue neighbour must be added to T . For the same reason, RP2-(ii) is perfect
safe as well.

Rule RP3-(i) is perfect safe. Every red vertex must have a (unique) blue neighbour,
and vice versa. For the same reason, RP3-(ii) is perfect safe.

Rule RP4-(i) is perfect safe. In the first case, x will only have red neighbours in G
(as x is coloured red, x needs a blue neighbour as well). In the second case, x will have
two blue neighbours, while x is coloured red. This is not possible. For the same reason,
RP4-(ii) is perfect safe as well.

Rule RP5-(i) is perfect safe. As v will be adjacent to a blue and red neighbour, w cannot
be its matching neighbour. As w has degree 1, we find that w cannot be matched. Rule
RP5-(ii) is perfect safe as well. For a contradiction, suppose that we would put v in Y .
Then the matched neighbour of v is the neighbour of v that belongs to x. Hence, again we
find that w does not have a matched neighbour. So we must put v in X, and then v and
w will be matched to each other. For the same reason, RP5-(iii) is perfect safe.

Rule RP6-(i) is perfect safe. Suppose that we put v in Y , that is, v will be coloured
blue. Consequently, v has its matching neighbour in X. This means that the neighbours
of v in F will be coloured blue. As F has a cycle on four vertices as a spanning subgraph,
v has at most one non-neighbour in F , and this non-neighbour will get colour blue as well.
By assumption, F contains a vertex that is not adjacent to a vertex in X. This vertex is
coloured blue, but will not have a red neighbour. We conclude that v must be put in X.
For the same reason, RP6-(ii) is perfect safe as well.

Rule RP7-(i) is perfect safe. Suppose that we put v in X, so v will be coloured red,
just like w′. Hence, w is adjacent to two red vertices, and must be coloured red as well.
As w′ is the only neighbour of w in X ∪ Y , we find that every other neighbour of w is
in F . As {v} dominates F , this means that such a neighbour of w is adjacent not only to
w but also to v, and hence must be coloured red. This means that w will not have any
blue neighbour. We conclude that v must be put in Y . For the same reason, RP7-(ii) is
perfect safe as well.

Assume that exhaustively applying rules RP1–RP7 on a starting pair (S′′, T ′′) did not lead
to a no-answer but to a 4-tuple (S′, T ′, X ′, Y ′). Then we call (S′, T ′, X ′, Y ′) an intermediate
4-tuple. We prove the following lemmas.

Lemma 3.3.2 ([50]). Let G be a connected graph with a starting pair (S′′, T ′′) with core
(S∗, T ∗) and a resulting intermediate 4-tuple (S′, T ′, X ′, Y ′). Then G has a perfect red-blue
(S∗, T ∗, S′′, T ′′)-colouring if and only if G has a perfect red-blue (S′, T ′, X ′, Y ′)-colouring.
Moreover, (S′, T ′, X ′, Y ′) can be obtained in polynomial time.

Proof. The first part of the lemma follows from Lemma 3.3.1 and our initialisation. To
prove the running time statement, we first note that each application of RP1–RP7 takes
polynomial time. For each rule we can also check in polynomial time if it can be applied.
Moreover, after each application of a rule we either find a no-answer or reduce the size of at
least one of the sets X, Y , Z. Hence, we obtained (S′, T ′, X ′, Y ′) in polynomial time.

Lemma 3.3.3 ([50]). Let G be a connected graph with an intermediate 4-tuple (S′, T ′, X ′, Y ′).
Then:

(i) every vertex in S′ has exactly one neighbour in Y ′ and that neighbour belongs to T ′;
(ii) every vertex in T ′ has exactly one neighbour in X ′ and that neighbour belongs to S′;
(iii) every vertex in X ′ \ S′ has no neighbour in Y ′;
(iv) every vertex in Y ′ \ T ′ has no neighbour in X ′;
(v) every vertex in V \ (X ′ ∪ Y ′) has no neighbour in S′ ∪ T ′, at most one neighbour in

X ′ \ S′ and at most one neighbour in Y ′ \ T ′.
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Figure 3.7: An illustration of the rules RP9–RP11.

Proof. Let Z = V \ (X ′ ∪ Y ′). We prove the five statements one by one.

Proof of (i). For a contradiction, first assume that some vertex u in S′ has no neighbour
in T ′. Then u has no neighbour in Y ′\T ′ either, else we would have applied RP3. However,
now we would have applied RP4 (and returned a no-answer). Hence, every vertex in S′

has a neighbour in T ′ ⊆ Y ′. If a vertex in S′ has more than one neighbour in Y ′, then we
would have applied RP4 as well.

Proof of (ii). Statement (ii) follows by symmetry: we can use the same arguments as in
the proof of (i).

Proof of (iii). Let u ∈ X ′ \ S′. If u has a neighbour in Y ′, then we would have applied
RP3. Hence, u has no neighbours in Y ′.

Proof of (iv). Statement (iv) follows by symmetry: we can use the same arguments as in
the proof of (iii).

Proof of (v). Let u ∈ Z. If u is adjacent to a vertex in S′ ∪ T ′, then we would have
applied RP2. If u is adjacent to two vertices in X ′ \ S′ or to two vertices in Y ′ \ T ′, then
we would also have applied RP2.

3.3.2 Exploiting Monochromaticity

Let (S, T,X, Y ) be an intermediate 4-tuple of a connected graph G. Let Z = V \ (X ∪ Y ).
Recall that a red-blue (S, T,X, Y )-colouring of G is monochromatic if all connected com-
ponents of G[Z] are monochromatic. Rules RP8–RP11 preserve this property; some of
them were also used in [39, 44].

RP8. Let v ∈ Z. If v is not adjacent to any vertex of X ∪ Y , then return no.
RP9. Let v ∈ Z be a vertex in a connected component F of G[Z] such that v has only

one neighbour w in X ∪ Y .

(i) If w ∈ X, then put every vertex of F in Y and also add every vertex of F
to T and every neighbour of every vertex of F in X to S, see Figure 3.7a.

(ii) If w ∈ Y , then put every vertex of F in X and also add every vertex of F
to S and every neighbour of every vertex of F in Y to T .

RP10. Let v ∈ (X ∪ Y ) \ (S ∪ T ) and F be a connected component of G[Z] such that v
has two neighbours in F .

(i) If v ∈ X \S, then put every vertex of F in X, and also add every vertex of F
to S and every vertex of every neighbour of F in Y \T to T , see Figure 3.7b.

(ii) If v ∈ Y \T , then put every vertex of F in Y , and also add every vertex of F
to T and every vertex of every neighbour of F in X \ S to S.
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RP11. Let v ∈ (X ∪ Y ) \ (S ∪ T ) and F be a connected component of G[Z] such that v
has one neighbour in F that is the only neighbour of v in Z.

(i) If v ∈ X \ S and v is not adjacent to Y , then put every vertex of F in Y ,
and also add every vertex of F to T and every vertex of every neighbour of
F in X \ S to S, see Figure 3.7c.

(ii) If v ∈ Y \T and v is not adjacent to X, then put every vertex of F in X, and
also add every vertex of F to S and every vertex of every neighbour of F in
Y \ T to T .

A propagation rule is perfect mono-safe if the input graph has a (monochromatic) perfect
red-blue (S, T,X, Y )-colouring before the application of the rule if and only if it has so
after the application of the rule. We prove the following lemma.

Lemma 3.3.4 ([50]). Rules RP8–RP11 are perfect mono-safe.

Proof. Let G be a connected graph with a monochromatic perfect red-blue (S, T,X, Y )-
colouring. First recall that, by definition, vertices in X will be coloured red by every
red-blue (S, T,X, Y )-colouring, whilst vertices of Y will be coloured blue, and moreover
that every (red) vertex in S has exactly one (blue) neighbour in T , and vice versa. The
colour of the vertices in Z still has to be decided.

Rule RP8 is perfect mono-safe. Let F be the connected component of G[Z] that
contains v. Then all neighbours of v belong to F , which must be monochromatic. Thus
the neighbours of v are coloured either all red or all blue. Hence, v will not have the
required neighbour with a different colour than itself.

Rule RP9-(i) is perfect mono-safe. As all vertices in F will be coloured with the same
colour, this means that w must receive a different colour than v. Hence, as w is coloured
red, we find that v, and thus all other vertices of F , must be coloured blue. As every vertex
of F only has neighbours in F and in X ∪ Y , we find that all neighbours of every vertex
in F are coloured. Hence, we can identify the unique red neighbours of the vertices of F ,
which in turn will be the unique blue neighbours of these vertices. For the same reason,
Rule RP9-(ii) is perfect mono-safe as well.

Rule RP10-(i) is perfect mono-safe. All vertices in F will be coloured with the same
colour and at least two of them are adjacent to v. Hence, the vertices in F must all get
the same colour as the colour of v, which is red. Just as in the previous rule, we can now
identify the unique blue neighbours of the vertices of F , which in turn will be the unique
red neighbours of these vertices. For the same reason, Rule RP10-(ii) is perfect mono-safe
as well.

Rule RP11-(i) is perfect mono-safe. Let w be the neighbour of v in F . Assume that
v ∈ X \ S and v is not adjacent to Y . As w is the only neighbour of v in Z, all other
neighbours of v belong to X. As all vertices in X are coloured red, this means that w must
be coloured blue. Hence, as every vertex of F will be coloured the same, every vertex of
F will be coloured blue. Just as in the previous two rules, we can now identify the unique
red neighbours of the vertices of F , which in turn will be the unique blue neighbours of
these vertices. For the same reason, Rule RP11-(ii) is perfect mono-safe.

Suppose that exhaustively applying rules RP1–RP11 on an intermediate 4-tuple
(S′, T ′, X ′, Y ′) did not lead to a no-answer but to a 4-tuple (S, T,X, Y ). We call (S, T,X, Y )
a final 4-tuple and prove the following lemma.

Lemma 3.3.5 ([50]). Let G be a connected graph with an intermediate 4-tuple
(S′, T ′, X ′, Y ′) and a resulting final 4-tuple (S, T,X, Y ). Then G has a monochromatic
perfect red-blue (S′, T ′, X ′, Y ′)-colouring if and only if G has a monochromatic perfect red-
blue (S, T,X, Y )-colouring. Moreover, (S, T,X, Y ) can be obtained in polynomial time.
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Figure 3.8: A red-blue (S, T,X, Y )-colouring of a graph with a final 4-tuple (S, T,X, Y ).
In this example, G[Z] is isomorphic to 2P1 + P2.

Proof. The first part of the lemma follows from Lemma 3.3.4 together with the fact that
(S, T,X, Y ) results from (S′, T ′, X ′, Y ′). To prove the running time statement, we first
note that each application of RP1–RP11 takes polynomial time. For each rule we can also
check in polynomial time if it can be applied. Moreover, after each application of a rule
we either find a no-answer or reduce the size of at least one of the sets X ′, Y ′, Z ′. Hence,
we obtained (S′, T ′, X ′, Y ′) in polynomial time.

We now describe the structure of a connected graph with a final 4-tuple (S, T,X, Y ); see
Figure 3.8 for an example.

Lemma 3.3.6 ([50]). Let G be a connected graph with a final 4-tuple (S, T,X, Y ). The
following holds:

(i) every vertex in S has exactly one neighbour in Y , which belongs to T ;
(ii) every vertex in T has exactly one neighbour in X, which belongs to S;
(iii) every vertex in X \ S has no neighbour in Y , at least two neighbours in V \ (X ∪ Y )

but no two neighbours in the same connected component of G[V \ (X ∪ Y )];
(iv) every vertex in Y \ T has no neighbour in X, at least two neighbours in V \ (X ∪ Y )

but no two neighbours in the same connected component of G[V \ (X ∪ Y )];
(v) every vertex of V \ (X∪Y ) has no neighbour in S∪T , exactly one neighbour in X \S

and exactly one neighbour in Y \ T .

Proof. Let Z = V \ (X ∪ Y ). We prove the five statements one by one.

Proof of (i). For a contradiction, first assume that some vertex u in S has no neighbour
in T . Then u has no neighbour in Y \T either, else we would have applied RP3. However,
now we would have applied RP4 (and returned a no-answer). Hence, every vertex in S has
a neighbour in T ⊆ Y . If a vertex in S has more than one neighbour in Y , then we would
have applied RP4 as well.

Proof of (ii). Statement (ii) follows by symmetry: we can use the same arguments as in
the proof of (i).

Proof of (iii). Let u ∈ X \S. If u has a neighbour in Y , then we would have applied RP3.
Hence, u has no neighbours in Y . If u has no neighbours in V \ (X ∪Y ), then u would only
have neighbours in X. In that case we would have applied RP4 (and returned a no-answer).
If u only has one neighbour in Z, then we would have applied RP11. Hence, u has at least
two neighbours in Z. If two neighbours of u in Z belong to the same connected component
of Z, then we would have applied RP10.

Proof of (iv). Statement (iv) follows by symmetry: we can use the same arguments as in
the proof of (iii).

Proof of (v). Let u ∈ Z. If u is adjacent to a vertex in S ∪ T , then we would have
applied RP2. Hence, we find that u is not adjacent to a vertex in S ∪ T . If u is adjacent
to two vertices in X \ S or to two vertices in Y \ T , then we would have applied RP2 as
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well. If u has exactly one neighbour in X ∪ Y , then we would have applied RP9. If u has
no neighbour in X \ S and no neighbour in Y \ T , then u has no neighbour in X ∪ Y ,
as we already deduced that u has no neighbour in S ∪ T . However, then we would have
applied RP8 (and returned a no-answer).

3.3.3 Reduction to 2-SAT

We now prove a lemma that is the cornerstone for our polynomial-time results for Perfect
Matching Cut.

Lemma 3.3.7 ([50]). Let G be a connected graph with a final 4-tuple (S, T,X, Y ). Then
it is possible to find in polynomial time a monochromatic perfect red-blue (S, T,X, Y )-
colouring of G or conclude that such a colouring does not exist.

Proof. Let Z = V \ (X ∪ Y ). Let E∗ ⊆ E be the set of edges consisting of all edges with
one endvertex in (X ∪ Y ) \ (S ∪ T ) and the other endvertex in Z. By Lemma 3.3.6 v), we
find that |E∗| = 2|Z|. By Lemma 3.3.6 iii) and iv), we find that |E∗| ≥ 2|(X∪Y )\(S∪T )|.
Hence, |Z| ≥ |(X ∪ Y ) \ (S ∪ T )|, and |Z| = |(X ∪ Y ) \ (S ∪ T )| if and only if each vertex
in (X ∪ Y ) \ (S ∪ T ) has exactly two neighbours in Z.

Every vertex u ∈ Z still needs their matching neighbour v. In order for G to have a
monochromatic perfect red-blue (S, T,X, Y )-colouring, v must be outside S ∪ T ,
so v belongs to X ∪ Y . By Lemma 3.3.6 v), we find that v ∈ (X ∪ Y ) \ (S ∪ T ).
As matching neighbours are “private”, |Z| ≤ |(X ∪ Y ) \ (S ∪ T )|. We conclude that
|(X ∪ Y ) \ (S ∪ T )| = |Z|. Our algorithm checks this in polynomial time and returns a
no-answer if |(X ∪ Y ) \ (S ∪ T )| ̸= |Z|.

From now on, assume |(X ∪Y )\ (S∪T )| = |Z|. Hence, each vertex in (X ∪Y )\ (S∪T )
has exactly two neighbours in Z. Just like [39], we now construct an instance ϕ of the
2-SAT problem. Our 2-SAT formula differs from the one in [39] due to the perfectness
requirement. For each connected component C of G[Z], we do as follows. We define
two variables xC and yC , and we add the clause (xC ∨ yC) ∧ (¬xC ∨ ¬yC) to ϕ. For
each u ∈ (X ∪ Y ) \ (S ∪ T ), we do as follows. From the above we known that u has
exactly two neighbours v and w in Z. Let C be the connected component of G[Z] that
contains v and D be the connected component of G[Z] that contains w. We add the clause
(xC ∨ xD) ∧ (yC ∨ yD) to ϕ. This finishes the construction of ϕ.

We claim that G has a monochromatic perfect red-blue (S, T,X, Y )-colouring if and
only if ϕ has a satisfying truth assignment. It is readily seen and well known that 2-SAT
is polynomial-time solvable, meaning we are done once we have proven this claim.

First suppose that G has a monochromatic perfect red-blue (S, T,X, Y )-colouring c.
By definition, the vertices in each connected component C of G[Z] are coloured alike. We
define a truth assignment τ as follows. We let xC be true if and only if the vertices of C
are coloured red. We let yC be true if and only if the vertices of C are coloured blue. As
exactly one of these options holds, the clause (xC ∨ yC) ∧ (¬xC ∨ ¬yC) is satisfied.

Now consider a clause (xC∨xD)∧(yC∨yD) corresponding to a vertex u ∈ (X∪Y )\(S∪T )
that has a neighbour in each of the connected components C and D of G[Z]. Then, by
Lemma 3.3.6 iii) and iv), C and D are different connected components of G[Z]. First
assume that u ∈ X \ S. By Lemma 3.3.6 iii), we find that u has no neighbour in Y and
thus its blue neighbour must either be in C or in D. If it is in C, then the neighbour of u
in D is coloured blue, and vice versa. As c is monochromatic, this means that either all
vertices of C are coloured red and all vertices of D are coloured blue, or the other way
around. Hence, the clause (xC ∨ xD) ∧ (yC ∨ yD) is satisfied. If u ∈ Y \ T , we can use
exactly the same arguments. We conclude that τ is a satisfying truth assignment.

Now suppose that ϕ has a satisfying truth assignment τ . For every connected compo-
nent C of G[Z], we colour the vertices of C red if xC is true and we colour the vertices
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of C blue if yC is true. As τ satisfies (xC ∨ yC) ∧ (¬xC ∨ ¬yC), exactly one of xC or yC is
true. Hence, the colouring of the vertices of Z is well defined.

We also colour all vertices of X red and all vertices of Y blue. We let c be the resulting
colouring. By construction, it is monochromatic. Hence, it remains to show that c is a
perfect red-blue (S, T,X, Y )-colouring. We will do this below.

First, it follows from the definition of a core (S′′, T ′′) that S′′ and T ′′ are non-empty.
Moreover, before applying the reduction rules, we first do an initiation, from which it
follows that S′′ ⊆ S and T ′′ ⊆ T . Hence, at least one vertex of G is coloured red and at
least one vertex of G is coloured blue. By Lemma 3.3.6 i), every vertex in S has exactly
one neighbour in Y . By Lemma 3.3.6 ii), every vertex in T has exactly one neighbour in
X. By Lemma 3.3.6 v), no vertex of S∪T is adjacent to a vertex of Z. Hence, the vertices
in S ∪ T have exactly one neighbour of the opposite colour.

By Lemma 3.3.6 v), every vertex z ∈ Z has exactly one neighbour in X \ S, which is
coloured red, and exactly one neighbour in Y \ T , which is coloured blue; moreover, z is
not adjacent to any vertex in S ∪ T . Let C be the connected component of G[Z] that
contains z. As c is monochromatic, all vertices of C receive the same colour. Hence, the
vertices in Z have each exactly one neighbour of opposite colour.

Finally, we must verify the vertices in (X ∪ Y ) \ (S ∪ T ). Let u ∈ (X ∪ Y ) \ (S ∪ T ).
First assume that u ∈ X \ S, so u is coloured red. We recall that u has exactly two
neighbours v and w in Z. Let C be the connected component of G[Z] that contains u,
and let D be the connected component of G[Z] that contains w. Hence, τ contains the
clause (xC ∨ xD)∧ (yC ∨ yD). By Lemma 3.3.6 iii), we find that C and D are two distinct
connected components of G[Z]. As τ satisfies (xC ∨ xD) ∧ (yC ∨ yD), the vertices of one
of C and D are coloured red, while the vertices of the other one are coloured blue. By
Lemma 3.3.6 iii), we find that u has no (blue) neighbour in Y . Hence, u has exactly one
blue neighbour. If u ∈ Y \ T , we can apply the same arguments. We conclude that also
the vertices in (X ∪ Y ) \ (S ∪ T ) have exactly one neighbour of the opposite colour.

From the above we conclude that c is monochromatic and perfect.



Chapter 4

Polynomial-Time Algorithms Using
Colour Propagation

In this chapter, we present algorithms to solve Matching Cut, Perfect Matching
Cut, Maximum Matching Cut and Maximum Disconnected Perfect Matching
on special graph classes. For Matching Cut we can extend the known results from graphs
of diameter 2 ([7, 39]) to radius 2 (see Theorem 4.1.1) and from P5-free graphs ([20]) to
P6-free graphs (see Theorem 4.1.2). Further, we show that if Matching Cut is solvable in
polynomial time for H-free graphs, then it is solvable in polynomial time for (H +P3)-free
graphs (see Theorem 4.1.3). We give similar results for Perfect Matching Cut, see
Theorem 4.1.4, 4.1.5 and 4.1.6. These results contribute to answering Question 2. We
further show that Perfect Matching Cut is solvable in polynomial time for bipartite
graphs of diameter 3 (see Theorem 4.1.7). For the maximization problems, we give the
polynomial-time results needed to obtain the dichotomies for H-free graphs and (bipartite)
graphs of bounded radius and diameter, see Section 4.2.

The algorithms in this chapter use the results from Chapter 3 on the propagation
of partial colourings. That is, to obtain our results we first choose one or more partial
colourings and propagate them. The resulting colourings have special properties which
allow us to decide whether a valid red-blue colouring exists or not. This final step in the
algorithms, where we determine the existence of a valid red-blue colouring is done using
either 2-SAT, see Section 4.1, or saturating matchings, see Section 4.2.

4.1 Using 2-SAT

4.1.1 Matching Cut

We start with our results for Matching Cut. We show that Matching Cut is solvable
in polynomial time for graphs of radius at most 2 (Theorem 4.1.1) and P6-free graphs
(Theorem 4.1.2), extending known results from [7, 20, 39]. The first result for graphs
of radius 2 is helpful to show the result for P6-free graphs. The proof is different from
the two already known proofs for graphs of diameter 2 in [7, 39]. Further, we show that
if Matching Cut is solvable in polynomial time for H-free graphs, then it is solvable
in polynomial time for (H + P3)-free graphs (Theorem 4.1.3). The proofs are rather
straightforward. We first choose a suitable partial colouring. We show that after its
propagation, the connected components of the uncoloured part of the graph have to be
monochromatic. This allows us to apply Lemma 3.2.2. Note that the use of 2-SAT is
hidden in Lemma 3.2.2.

Theorem 4.1.1 ([49]). Matching Cut is polynomial-time solvable for graphs of radius
at most 2.

31
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Figure 4.1: An illustration of the colouring procedure in a graph with radius 2. The
neighbours of the blue vertex v1 are all blue, except for u (left). In the figure on the right
we can see that if a component is bichromatic, then there would be a blue vertex with two
red neighbours.

Proof. Let G be a graph of radius at most r ≤ 2. If r = 1, then G has a vertex that is
adjacent to all other vertices. In this case G has a matching cut if and only if G has a
vertex of degree 1; we can check the latter condition in polynomial time. From now on,
assume that r = 2. Then G has a dominating star H, say H has centre u and leaves
v1, . . . , vs for some s ≥ 1, see Figure 4.1. Note that H can be found in polynomial time
by checking for each vertex if its neighbourhood is dominating. By Observation 3.1.1 it
suffices to check if G has a valid red-blue colouring.

We first check if G has a valid red-blue colouring in which V (H) is monochromatic.
By Lemma 3.1.6 this can be done in polynomial time. Suppose we find no such red-blue
colouring. Then we may assume without loss of generality that a valid red-blue colouring
of G (if it exists) colours u red and exactly one of v1, . . . , vs blue, see again Figure 4.1. That
is, G has a valid red-blue colouring if and only if G has a valid red-blue ({u}, {vi}, {u}, {vi})-
colouring for some i ∈ {1, . . . , s}. We consider all O(n) options of choosing which vi is
coloured blue.

For each option we do as follows. Let vi be the vertex of v1, . . . , vs that we coloured
blue. We define the starting pair (S′′, T ′′) with core (S∗, T ∗), where S′′ = S∗ = {u} and
T ′′ = T ∗ = {vi} and apply rules R1 and R2 exhaustively. The latter takes polynomial time
by Lemma 3.2.1. If this exhaustive application leads to a no-answer, then by Lemma 3.2.1
we may discard the option. Suppose we obtain an intermediate tuple (S′, T ′, X ′, Y ′). By
again applying Lemma 3.2.1, we find that G has a valid red-blue (S∗, T ∗, S′′, T ′′)-colouring
if and only if G has a valid red-blue (S′, T ′, X ′, Y ′)-colouring. By R2(i) and the fact that
u ∈ S′′ ⊆ S′ we find that {v1, . . . , vs} \ {vi} belongs to X ′.

Suppose that G has a valid red-blue (S′, T ′, X ′, Y ′)-colouring c such that G− (X ′ ∪ Y ′)
has a connected component D that is not monochromatic. Then D must contain an
edge vw, where v is coloured blue and w is coloured red. Note that v cannot be adjacent
to vi, as otherwise v would have been in Y ′ by R2(ii) (since vi ∈ T ′′ ⊆ T ′). As H is dominat-
ing, this means that v must be adjacent to a vertex w′ ∈ V (H)\{vi} = {u, v1, . . . , vs}\{vi}.
As u ∈ S′′ ⊆ S′ ⊆ X ′ and {v1, . . . , vs} \ {vi} ⊆ X ′, we find that w′ ∈ X ′ by R2(i) and thus
will be coloured red. However, now v being coloured blue is adjacent to two red vertices
(namely w and w′), contradicting the validity of c, see Figure 4.1 (right).

From the above we conclude that for any valid (S′, T ′, X ′, Y ′)-colouring (if it ex-
ists), every connected component G − (X ′ ∪ Y ′) is monochromatic. Hence, we can apply
Lemma 3.2.2 to find in polynomial time whether or not G has a valid red-blue (S′, T ′, X ′, Y ′)-
colouring, or equivalently, if G has a valid red-blue (S∗, T ∗, S′′, T ′′)-colouring.

The correctness of our algorithm follows from the above arguments. As we branch
O(n) times and each branch takes polynomial time to process, the total running time of
our algorithm is polynomial.

Our next Theorem generalizes a result from Feghali, who showed that Matching Cut is
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C6 r ≥ 2, s ≥ 3 r = 2, s = 2 r = 1, s ≥ 2

Figure 4.2: The different types of dominating sets in a P6-free graph considered in the
proof of Theorem 4.1.2.

solvable in polynomial time for P5-free graphs. Feghali uses the fact that a P5-free graph
either has a small dominating set or a dominating clique, see for example [4]. For P6-free
graphs, using Theorem 2.1.7, we can also find dominating sets with helpful properties. We
will see that the dominating set which we obtain from Theorem 2.1.7 is in most cases either
small or monochromatic. This allows us to apply Lemma 3.1.3 and 3.1.6. However, we
need to use Theorem 4.1.1, for the non-trivial case of a dominating star.

Theorem 4.1.2 ([49]). Matching Cut is polynomial-time solvable for P6-free graphs.

Proof. Let G be a connected P6-free graph. By Theorem 2.1.7, we find that G has a domi-
nating induced C6 or a dominating (not necessarily induced) complete bipartite graph Kr,s,
see Figure 4.2 for all cases that may occur. By Observation 3.1.1 it suffices to check if G
has a valid red-blue colouring.

If G has a dominating induced C6, then G has domination number at most 6. In
that case we apply Lemma 3.1.3 to find in polynomial time if G has a valid red-blue
colouring. Suppose that G has a dominating complete bipartite graph H with partition
classes {u1, . . . , ur} and {v1, . . . , vs}. We may assume without loss of generality that r ≤ s.

If r ≥ 2 and s ≥ 3, then by using Observation 3.1.2 it can be seen that applying
rules R1 and R2 on any starting pair ({ui}, {vj}) yields a no-answer. Hence, V (H) is
monochromatic for any valid red-blue colouring of G. This means that we can check in
polynomial time by Lemma 3.1.6 if G has a valid red-blue colouring.

Now assume that r = 1 or s ≤ 2. In the first case, G has a (not necessarily induced)
dominating star and thus G has radius 2, and we apply Theorem 4.1.1. In the second case,
r ≤ s ≤ 2, and thus G has domination number at most 4, and we apply Lemma 3.1.3.
Hence, in both cases, we find in polynomial time whether or not G has a valid red-blue
colouring.

Our last algorithm for Matching Cut uses again the idea of colouring the graph partially
to end in a situation where the uncoloured components have to be monochromatic. For
this result, the arguments are slightly more involved.

Theorem 4.1.3 ([49]). Let H be a graph. If Matching Cut is polynomial-time solvable
for H-free graphs, then it is so for (H + P3)-free graphs.

Proof. Assume that Matching Cut is polynomial-time solvable for H-free graphs. Let G
be a connected (H + P3)-free graph with n vertices and m edges. We first check if G has
a matching cut of size at most 2. We can do this in polynomial time by considering all
O(m2) options of choosing two edges. From now on we assume that G has no matching
cut of size at most 2; in particular this implies that G has no vertex of degree 1.

We may also assume that G has an induced subgraph G′ that is isomorphic to H;
else we are done by our assumption that Matching Cut is solvable in polynomial time
for H-free graphs. Let G∗ be the graph obtained from G after removing every vertex of
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G′

N(G′)

G∗

Figure 4.3: The decomposition of a graph G into the graphs G′, which is isomorphic to H,
the neighbourhood graph N(G′) of G′, which is induced by all vertices not in G′ but that
have one or more neighbours in G′, and the graph G∗ induced by the remaining vertices
of G. Note that since G∗ is P3-free it only consists of cliques.

V (G′) ∪ N(V (G′)). As G′ is isomorphic to H and G is (H + P3)-free, G∗ is P3-free, see
Figure 4.3 for an example.

We continue as follows. We first consider all O(m) options of choosing an edge
from E(G), one of whose endvertices we colour red and the other one blue. Afterwards, for
each (uncoloured) vertex in G′ we consider all options of colouring it either red or blue. As
G′ is isomorphic to H, there are 2|V (H)| options of doing this. As H is a fixed graph, this is
a constant number. Now, for every red vertex u of G′ with no blue neighbour, we consider
all O(n) options of colouring at most one of its neighbours blue (and thus all other not yet
coloured neighbours of u will be coloured red). Similarly, for every blue vertex v of G′ with
no red neighbour, we consider all O(n) options of colouring at most one of its neighbours
red (and thus all other neighbours of v will be coloured blue). Note that afterwards each
vertex of V (G′) ∪N(V (G′)) is either coloured red or blue.

There are O(m2|V (H)|n|V (H)|) options in total of colouring the endvertices of an edge
in G and the vertices of G′. In each option, we have at least one red vertex and at least
one blue vertex. We now consider the options one by one.

Consider an option as described above. In particular, let e = uv be the chosen edge
whose endvertices we coloured differently, say we coloured u red and v blue. We first
check in polynomial time if every red vertex in this option has at most one blue neighbour
and if every blue vertex has at most one red neighbour. If one of these two conditions
does not hold, we discard the option. Now let S′′ consist of u and all red vertices of
V (G′) ∪ N(V (G′)), and let T ′′ consists of v and all blue vertices of V (G′) ∪ N(V (G′)).
We let S∗ ⊆ S′′ consist of all red vertices that have (exactly) one blue neighbour, and
we let T ∗ ⊆ T ′′ consist of all blue vertices that have (exactly) one red neighbour. By
construction (recall that we started with picking an edge whose endvertices we coloured
differently), |S∗| = |T ∗| ≥ 1. Hence, we can consider (S′′, T ′′) as a starting pair with core
(S∗, T ∗).

Our algorithm will now check if G has a valid (S∗, T ∗, S′′, T ′′) red-blue colouring by
applying rules R1 and R2 exhaustively. If we find a no-answer, then we can discard the
option by Lemma 3.2.1. Otherwise, we found in polynomial time, again by Lemma 3.2.1,
an intermediate tuple (S′, T ′, X ′, Y ′), for which the following holds:

(i) S∗ ⊆ S′ ⊆ X ′; S′′ ⊆ X ′; T ∗ ⊆ T ′ ⊆ Y ′; T ′′ ⊆ Y ′; and X ′ ∩ Y ′ = ∅,
(ii) G has a valid red-blue (S∗, T ∗, S′′, T ′′)-colouring if and only if G has valid red-blue

(S′, T ′, X ′, Y ′)-colouring, and
(iii) every vertex in V \ (X ′ ∪ Y ′) has no neighbour in S′ ∪ T ′; at most one neighbour in

X ′ \ S′ and at most one neighbour in Y ′ \ T ′.

We now prove the following claim.
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Claim. All connected components of G−(X ′∪Y ′) are monochromatic in every valid red-blue
(S′, T ′, X ′, Y ′)-colouring of G.

Proof. For a contradiction, assume G has a valid red-blue (S′, T ′, X ′, Y ′)-colouring, for
which at least one connected component F of G − (X ′ ∪ Y ′) is not monochromatic. As
V (G′) ∪ N(V (G′)) ⊆ S′′ ∪ T ′′ and S′′ ⊆ X ′ and T ′′ ⊆ Y ′, we find that V (F ) belongs
to G∗ (recall that G∗ is the P3-free graph obtained from G after deleting the vertices of
V (G′)∪N(V (G′))). Hence, F is P3-free and thus as F is connected, F must be a complete
graph. If F consists of one vertex or at least three vertices, then F must be monochromatic.
Hence, F consists of exactly two vertices x and y.

By statement (iii), both x and y have no neighbour in S′ ∪ T ′; at most one neighbour
in X ′ \S′ and at most one neighbour in Y ′ \T ′. If x and y have a common neighbour, then
F must be monochromatic. If one of them, say x, has a neighbour in both X ′ \ S′ and a
neighbour in Y ′ \ T ′, then y must be coloured with the same colour as x and thus again F
must be monochromatic. As G has minimum degree 2, this means that x and y each have
exactly one neighbour in X ′ ∪ Y ′, and these two vertices in X ′ ∪ Y ′ must be different.

Let x′ be the unique neighbour of x in X ′ ∪Y ′, and let y′ be the unique neighbour of y
in X ′ ∪ Y ′, so x′ ̸= y′. However, now we find that G has a matching cut of size 2, namely
the set {xx′, yy′}, a contradiction. This completes the proof of the claim. ◁

Due to the above claim, we can now check in polynomial time, by using Lemma 3.2.2,
whether G has a valid red-blue (S′, T ′, X ′, Y ′)-colouring in which every connected compo-
nent in G− (X ′ ∪ Y ′) is monochromatic. If so, then we are done, and else we discard the
option.

The correctness of our algorithm follows from its description. As the total number of
branches is O(m2|V (H)|n|V (H)|) and we can process each branch in polynomial time, the
total running time of our algorithm is polynomial. Hence, we have proven the theorem.

4.1.2 Perfect Matching Cut

In the following, we present our results for Perfect Matching Cut. First, we show in
Theorem 4.1.4 that Perfect Matching Cut is solvable in polynomial time for graphs
of radius at most 2. Then, we apply this result to show the same for P6-free graphs (see
Theorem 4.1.5). The next result, Theorem 4.1.6, shows that if Perfect Matching Cut
is solvable in polynomial time for H-free graphs, then this is also the case for (H + P4)-
free graphs. The two latter results contribute to answering Question 2. Recall that in
Question 2, Le and Le asked to determine the complexity of Perfect Matching Cut
for H-free graphs, where H is a forest of maximum degree 3. Even though these results are
similar to the results for Matching Cut, the proofs, especially the proof of Theorem 4.1.6,
are much more involved. Afterwards, one last result follows, where we show that Perfect
Matching Cut is solvable in polynomial time for bipartite graphs of diameter 3 (see
Theorem 4.1.7).

Theorem 4.1.4 ([50]). Perfect Matching Cut is polynomial-time solvable for graphs
of radius at most 2.

Proof. Let G be a graph of radius r at most 2. If r = 1, then G has a vertex that is
adjacent to all other vertices. In this case G has a perfect matching cut if and only if G
consists of two vertices with an edge between them. From now on, assume that r = 2.
Then G has a dominating star H as a subgraph, say H has centre u and leaves v1, . . . , vs
for some s ≥ 1. We can find H in polynomial time, as finding a dominating star in a
graph is equivalent to finding a vertex u with the property that every non-neighbour of u
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is adjacent to a neighbour of u. By Observation 3.1.1 it suffices to check if G has a perfect
red-blue colouring.

We first check if G has a perfect red-blue colouring in which V (H) is monochromatic.
By Lemma 3.1.8 this can be done in polynomial time. Suppose we find no such red-blue
colouring. Then we may assume without loss of generality that a perfect red-blue colouring
of G (if it exists) colours u red and exactly one of v1, . . . , vs blue. That is, G has a perfect
red-blue colouring if and only if G has a perfect red-blue ({u}, {vi}, {u}, {vi})-colouring
for some i ∈ {1, . . . , s}. We consider all O(n) options of choosing which vi is coloured blue.

For each option we do as follows. Let vi be the vertex of v1, . . . , vs that we coloured
blue. We define the starting pair (S′′, T ′′) with core (S∗, T ∗), where S′′ = S∗ = {u}
and T ′′ = T ∗ = {vi}. We now apply rules RP1–RP7 exhaustively. The latter takes
polynomial time by Lemma 3.3.2. If this exhaustive application leads to a no-answer,
then by Lemma 3.3.3 we may discard the option. Suppose we obtain an intermediate
tuple (S′, T ′, X ′, Y ′). By again applying Lemma 3.3.3, we find that G has a perfect red-
blue ({u}, {vi}, {u}, {vi})-colouring if and only if G has a perfect red-blue (S′, T ′, X ′, Y ′)-
colouring. By RP2-(i) and the fact that u ∈ S′′ ⊆ S′ we find that {v1, . . . , vs}\{vi} belongs
to X ′.

Suppose that G has a perfect red-blue (S′, T ′, X ′, Y ′)-colouring c such that G[V (G) \
(X ′ ∪ Y ′)] has a connected component D that is not monochromatic. Then D must
contain an edge vw, where v is coloured blue and w is coloured red. Note that v cannot
be adjacent to vi, as otherwise v would have been in Y ′ by RP3 (since vi ∈ T ′′ ⊆ T ′).
As H is dominating, this means that v must be adjacent to a vertex w′ ∈ V (H) \ {vi} =
{u, v1, . . . , vs} \ {vi}. As u ∈ S′′ ⊆ S′ ⊆ X ′ and {v1, . . . , vs} \ {vi} ⊆ X ′, we find that
w′ ∈ X ′ by RP2-(i) and thus will be coloured red. However, now v being coloured blue is
adjacent to two red vertices (namely w and w′), contradicting the validity of c.

From the above we conclude that every perfect red-blue (S′, T ′, X ′, Y ′)-colouring of G
is monochromatic. We now apply rules RP1–RP11 exhaustively. The latter takes polyno-
mial time by Lemma 3.3.5. If this exhaustive application leads to a no-answer, then by
Lemma 3.3.6 we may discard the option. Suppose we obtain a final 4-tuple (S, T,X, Y ).
By again applying Lemma 3.3.6, we find that G has a monochromatic perfect red-blue
(S′, T ′, X ′, Y ′)-colouring if and only if G has a monochromatic perfect red-blue (S, T,X, Y )-
colouring. We can now apply Lemma 3.3.7 to find in polynomial time whether or not G
has a monochromatic perfect red-blue (S, T,X, Y )-colouring. The correctness of our algo-
rithm follows from the above arguments. As we branch O(n) times and each branch takes
polynomial time to process, the total running time of our algorithm is polynomial.

We now consider P6-free graphs. The proof is similar to the proof of Theorem 4.1.2. As
a consequence of Theorem 2.1.7, a P6-free graph either has a small dominating set, in
which case we use Lemma 3.1.5, or a monochromatic dominating set, in which case we use
Lemma 3.1.8, or it has radius at most 2, in which case we use Theorem 4.1.4.

Theorem 4.1.5 ([50]). Perfect Matching Cut is polynomial-time solvable for P6-free
graphs.

Proof. Let G be a connected P6-free graph. By Theorem 2.1.7, we find that G has a domi-
nating induced C6 or a dominating (not necessarily induced) complete bipartite graph Kr,s.
By Observation 3.1.1 it suffices to check if G has a perfect red-blue colouring.

If G has a dominating induced C6, then G has domination number at most 6. In
that case we apply Lemma 3.1.5 to find in polynomial time if G has a perfect red-blue
colouring. Suppose that G has a dominating complete bipartite graph D with partition
classes {u1, . . . , ur} and {v1, . . . , vs}. We may assume without loss of generality that r ≤ s.

If r ≥ 2 and s ≥ 3, then by Observation 3.1.2 any starting pair of the form ({ui}, {vj}),
({ui}, {uj}) (if ui and uj are adjacent) or ({vi}, {vj}) (if vi and vj are adjacent) yields a
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no-answer. Hence, V (D) is monochromatic for any perfect red-blue colouring of G. This
means that we can check in polynomial time by Lemma 3.1.8 if G has a perfect red-blue
colouring.

Now assume that r = 1 or s ≤ 2. In the first case, G has a (not necessarily induced)
dominating star and thus G has radius at most 2, and we apply Theorem 4.1.4. In the
second case, r ≤ s ≤ 2, and thus G has domination number at most 4, and we apply
Lemma 3.1.5. Hence, in both cases, we find in polynomial time whether or not G has a
perfect red-blue colouring.

For our next result for Perfect Matching Cut, we again apply the approach of choosing
a suitable partial colouring, propagating this colouring and to reduce the problem to a
2-SAT instance. The restriction that for a perfect matching cut every vertex needs a
neighbour of the other colour, allows us to prove a stronger result than for Matching
Cut.

Theorem 4.1.6 ([50]). Let H be a graph. If Perfect Matching Cut is polynomial-time
solvable for H-free graphs, then it is so for (H + P4)-free graphs.

Proof. Assume that Perfect Matching Cut can be solved in polynomial time for H-
free graphs. Let G be a connected (H+P4)-free graph. Say, G has an induced subgraph G′

that is isomorphic to H; else we are done by our assumption. Let G∗ be the graph obtained
from G after removing every vertex that belongs to G′ or that has a neighbour in G′. As
G′ is isomorphic to H and G is (H +P4)-free, G∗ is P4-free. See Figure 4.4 for an example
of this decomposition of G, where we have chosen H = S1,2,2.

G′

N(G′)

G∗

Figure 4.4: The decomposition of a graph G into the graphs G′, which is isomorphic to H,
the neighbourhood graph N(G′) of G′, which is induced by all vertices not in G′ but that
have one or more neighbours in G′, and the graph G∗ induced by the remaining vertices
of G.

We use Observation 3.1.1 and search for a perfect red-blue colouring. We define n = |V (G)|
and m = |E(G)|. Following our approach, we need a starting pair (S′′, T ′′) with core
(S∗, T ∗). By definition, |S∗| = |T ∗| ≥ 1. Hence, we consider all O(m) options of choosing
an edge uv from E(G), one of whose endvertices we colour red, say u (so u ∈ S∗) and
the other one, v, blue (so v ∈ T ∗). Afterwards, for each (uncoloured) vertex in G′ we
consider all options of colouring it either red or blue. As G′ is isomorphic to H, the
number of distinct options is a constant, namely 2|V (H)|. Now, for every red (blue) vertex
of G′ with no blue (red) neighbour, we consider all O(n) options of colouring exactly one
of its neighbours blue (red). Hence, afterwards each vertex of V (G′) ∪N(V (G′)) is either
coloured red or blue. This leads to O(m2|V (H)|n|V (H)|) options (branches), which we handle
one by one.

Consider an option as described above. Let S′′ consist of u and all red vertices of
V (G′) ∪N(V (G′)), and let T ′′ consist of v and all blue vertices of V (G′) ∪N(V (G′)). In
this way we obtain a starting pair (S′′, T ′′) with core (S∗, T ∗). We apply rules RP1–RP7
exhaustively. If we find a no-answer, then we can discard the option by Lemma 3.3.3. Else
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we found in polynomial time an intermediate tuple (S′, T ′, X ′, Y ′), such that G has a perfect
red-blue (S∗, T ∗, S′′, T ′′)-colouring if and only if G has a perfect red-blue (S′, T ′, X ′, Y ′)-
colouring.
Consider a connected component F of G− (X ′ ∪ Y ′), for which the following holds:

1. F contains two adjacent vertices u and v, each with no neighbours in X ′ ∪ Y ′ and
moreover, v is dominating F ; and

2. every vertex in F − {u, v} has both a neighbour in X ′ and a neighbour in Y ′.

uv

F
S

T

X

Y

Figure 4.5: An example of a reducible connected component F of a graph G with an
intermediate tuple (S′, T ′, X ′, Y ′). For readability only edges with at least one endvertex
in F are drawn. Note that F − {u, v} consists of three single-vertex components and that
F − {u, v} becomes a K3 after our algorithm has processed F .

We say that F is a reducible connected component of G− (X ′ ∪ Y ′), as after processing F
in the way described below we either found that G has no perfect red-blue (S′, T ′, X ′, Y ′)-
colouring, or we have reduced the size of G. See Figure 4.5 for an example.

We will now describe how we process a reducible component F . As G is connected,
the fact that u and v have no neighbours in X ′ ∪ Y ′ implies that F − {u, v} is non-empty.
As every vertex in F − {u, v} has both a neighbour in X ′ and a neighbour in Y ′, their
matching neighbour is not in F in every perfect red-blue (S′, T ′, X ′, Y ′)-colouring of G.
As v dominates F , all vertices of F − {u, v} are adjacent to v. Hence, we find that in
every perfect red-blue (S′, T ′, X ′, Y ′)-colouring of G, all vertices of F − {u, v} have the
same colour as v, that is, all vertices of F − {u} are coloured alike. If u is adjacent to a
vertex in F − {u, v}, this means that u will receive the same colour as every other vertex
in F including v and hence, u will not have a matching neighbour. So, in this case, G has
no perfect red-blue (S′, T ′, X ′, Y ′)-colouring.

Now suppose that u is not adjacent to any vertex of F −{u, v}. Then u is only adjacent
to v in G. We now remove u and v and we add any missing edge between two vertices of
F − {u, v} such that in the end F − {u, v} has become a complete graph.

The above operation is safe to do, as in any perfect red-blue (S′, T ′, X ′, Y ′)-colouring of
the new graph (if it exists) the vertices of F − {u, v} will all be coloured alike. This is
because the matching neighbour of every vertex of F − {u, v} belongs to X ′ ∪ Y ′ and we
have modified F − {u, v} into a complete graph. We can now give v the same colour as
the vertices of F − {u, v} and u the opposite colour. In this way we obtain a perfect
red-blue (S′, T ′, X ′, Y ′)-colouring of G. Similarly, as we argued above, a perfect red-blue
(S′, T ′, X ′, Y ′)-colouring of G gives all the vertices of F − {u} the same colour and makes
u the matching neighbour of v. Hence, such a colouring (if it exists) will correspond to a
perfect red-blue (S′, T ′, X ′, Y ′)-colouring of the new graph.

We will also process any other reducible connected components of G − (X ′ ∪ Y ′) in
the same way. Then either we found that the original graph G has no perfect red-blue
(S′, T ′, X ′, Y ′)-colouring and we discard the option, or we found a new graph that has a per-
fect red-blue (S′, T ′, X ′, Y ′)-colouring if and only if G has a perfect red-blue (S′, T ′, X ′, Y ′)-
colouring. Assume that we are in the latter situation. We continue with the new graph
and denote it by G again (note that the new graph is the same graph as G if G had no
reducible connected components). We now prove the following claim.
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Claim 4.1.6.1. Every connected component of G − (X ′ ∪ Y ′) in every perfect red-blue
(S′, T ′, X ′, Y ′)-colouring of G is monochromatic.

Proof. In order to see this claim, let F be a connected component of G − (X ′ ∪ Y ′). If
F corresponds to some reducible connected component in the original graph then, as we
argued above, F will be monochromatic in any perfect red-blue (S′, T ′, X ′, Y ′)-colouring
of G.

Now suppose that F was not obtained from some reducible connected component. By
construction, F is not reducible. If |V (F )| = 1, then F will be monochromatic. Assume
|V (F )| ≥ 2. As V (G′) ∪ N(V (G′)) ⊆ S′′ ∪ T ′′ and S′′ ⊆ X ′ and T ′′ ⊆ Y ′, we find that
V (F ) belongs to G∗. Since G∗ is P4-free, F is P4-free. It is well-known (see e.g. Lemma 2
in [34]) that every connected P4-free graph has a spanning complete bipartite subgraph
Kk,ℓ for some integers 1 ≤ k ≤ ℓ.

If k ≥ 2 and ℓ ≥ 3, then F must be monochromatic. Now suppose that k = ℓ = 2, so F
contains a C4 as a spanning subgraph. If F contains a vertex u that has both a neighbour
in X ′ and a neighbour in Y ′, then the matching neighbour of u will be in X ′ ∪ Y ′, so it
is not in F . Hence, the two neighbours u′ and u′′ of u on the C4 in F must receive the
same colour as u. The latter means that the fourth vertex u∗ of F must also receive the
same colour as u (if u∗ is not adjacent to u, then u∗ will be adjacent to u′ and u′′, as the
vertices u, u′, u′′, u∗ form a spanning C4 of F ). So F is monochromatic.

We conclude that every vertex of F is adjacent to at most one vertex of X ′ ∪Y ′. As G
is connected, F has at least one vertex v with a neighbour w in X ′ ∪ Y ′, say without loss
of generality that w ∈ X ′. Then the other three vertices of F must also have a neighbour
in X ′ (and thus no neighbour in Y ), else we would have applied RP6. The only way we
can extend the red-blue (S′, T ′, X ′, Y ′)-colouring to a perfect red-blue colouring of G is by
colouring each vertex of F blue, so F is monochromatic.

It remains to consider the case where k = 1 and ℓ ≥ 1. In this case F contains a
vertex v such that {v} dominates F . Then every vertex in F − v has either no neighbours
in X ′ ∪ Y ′, or it has both a neighbour in X ′ and a neighbour in Y ′; else we would have
applied RP7. Let U be the set of vertices in F − v with no neighbour in X ′ ∪ Y ′. As
{v} dominates F , every connected component of F − v is monochromatic. So, v is the
matching neighbour of every vertex of U . Hence, if |U | ≥ 2, then G has no perfect red-blue
(S′, T ′, X ′, Y ′)-colouring so the claim is true. If |U | = 0, then the vertices in F −v all have
a neighbour both in X ′ and Y ′. So, they do not have their matching neighbour in F and
thus will receive the same colour as v. Hence, F is monochromatic. Assume that |U | = 1,
say U = {u} for some vertex u of G. As v is the matching neighbour of u, we find that v
is adjacent to at most one vertex of X ′ ∪ Y ′.

We now have that F contains two adjacent vertices u and v, where u has no neighbours
in X ′ ∪ Y ′ and moreover, v is dominating F , and every vertex in F − {u, v} has both a
neighbour in X ′ and a neighbour in Y ′. Recall that F is not reducible. Hence, v is adjacent
to exactly one vertex w of X ′ ∪ Y ′. Then u has at least one neighbour in F − v; else we
would have applied RP5. Let u′ be an arbitrary neighbour of u in F − v. As both u and
u′ are adjacent to v, it follows that u, u′, v are coloured alike. Hence, u has no matching
neighbour. This means that G has no perfect red-blue (S′, T ′, X ′, Y ′)-colouring and the
claim is true. ◁

We now apply rules RP1–RP11 exhaustively. This takes polynomial time by Lemma 3.3.5.
If this leads to a no-answer, then by Lemma 3.3.6 we may discard the option. Suppose
we obtain a final 4-tuple (S, T,X, Y ). By Lemma 3.3.5, G has a monochromatic perfect
red-blue (S′, T ′, X ′, Y ′)-colouring if and only if G has a monochromatic perfect red-blue
(S, T,X, Y )-colouring. We apply Lemma 3.3.7 to find in polynomial time if the latter
holds. If so, we are done by the Claim, else we discard the option.
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Figure 4.6: An illustration of the colouring in Phase 1 (left) and the colouring in Phase 2
(middle, right) in the proof of Theorem 4.1.7. Note that for Phase 2 the colouring in the
middle leads to a contradiction to the fact that Phase 1 failed.

The correctness of our algorithm follows from its description. As the total number of
branches is O(m2|V (H)|n|V (H)|) and we can process each branch in polynomial time, the
total running time of our algorithm is polynomial. Hence, we have proven the theorem.

The proof of our last result in this section is based on a known result. In [39], Le and
Le showed that Matching Cut is solvable in polynomial time for bipartite graphs of
diameter 3. We adapt their proof to show that Perfect Matching Cut is solvable in
polynomial time for bipartite graphs of diameter 3.

Theorem 4.1.7. Perfect Matching Cut is polynomial-time solvable for bipartite
graphs of diameter at most 3.

Proof. Let G = (V,E) be a connected bipartite graph of diameter at most 3 with partition
classes V1 and V2. We may assume that |V1|, |V2| ≥ 2, since otherwise it is trivial to decide
if G has a perfect matching cut or not. This implies that any perfect matching cut in G
has at least 2 edges, since it has size |V |/2. The proof consists of two phases. In Phase 1
we only search for perfect matching cuts with a special structure. In Phase 2 we consider
the case where no perfect matching cut was found in Phase 1.

Phase 1: We branch over all O(n4) options of choosing two edges u1v1, u2v2 ∈ E, with
u1, u2 ∈ V1 and v1, v2 ∈ V2, and we colour u1 and v2 red and v1 and u2 blue. We construct
a starting pair (S′′, T ′′) with core (S∗, T ∗). Let S′′ = S∗ = {u1, v2} and let T ′′ = T ∗ =
{v1, u2}. We apply rules RP1–RP7 exhaustively. If we find a no-answer, then we can
discard the option by Lemma 3.3.3. Else we found in polynomial time an intermediate
tuple (S′, T ′, X ′, Y ′), such that G has a perfect red-blue (S∗, T ∗, S′′, T ′′)-colouring if and
only if G has a perfect red-blue (S′, T ′, X ′, Y ′)-colouring. Let Z = V \ (X ′ ∪ Y ′).

Claim 4.1.7.1. Every connected component of G[Z] in every perfect red-blue (S′, T ′, X ′, Y ′)-
colouring of G is monochromatic.

Proof. Let z ∈ Z. Assume first that z ∈ V1. By Observation 2.1.1 we know that z and u1
have a common neighbour. Further, since u1 ∈ S∗, we get from Rule RP2 that the common
neighbour of z and u1 is red. Similarly, z and u2 have a common neighbour which is blue.
So every uncoloured vertex in V1 has both a red and a blue neighbour, see Figure 4.6 (left).
Note that by symmetry the same follows if z ∈ V2. Thus, every vertex z ∈ Z has at least
one red and one blue neighbour. Let zz′ be an edge of G[Z]. If we colour z blue and z′ red,
then z has two red neighbours but is blue, a contradiction. We conclude that the claim is
true. ◁
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We now apply rules RP1–RP11 exhaustively. This takes polynomial time by Lemma 3.3.5.
If this leads to a no-answer, then by Lemma 3.3.6 we may discard the option. Sup-
pose we obtain a final 4-tuple (S, T,X, Y ). By Lemma 3.3.5, G has a monochromatic
perfect (S′, T ′, X ′, Y ′)-colouring if and only if G has a monochromatic perfect (S, T,X, Y )-
colouring. We apply Lemma 3.3.7 to find in polynomial time if the latter holds. If so, we
are done by the claim, else we discard the option and proceed with the next branch.

If one of the considered branches lead to a perfect red-blue colouring, we are done. Other-
wise we may assume that there does not exist a perfect red-blue colouring of G with two
edges u1v1, u2v2 ∈ E, with u1, u2 ∈ V1 and v1, v2 ∈ V2, such that u1 and v2 are coloured
red and v1 and u2 are coloured blue. That is, Phase 1 failed and we start Phase 2.

Phase 2: We branch over all options of choosing an edge uv ∈ E, with u ∈ V1 and v ∈ V2.
We colour u red and v blue. We construct a starting pair (S′′, T ′′) with core (S∗, T ∗). Let
S′′ = S∗ = {u} and let T ′′ = T ∗ = {v}. We apply rules RP1–RP7 exhaustively. If
we find a no-answer, then we can discard the option by Lemma 3.3.3. Else we found in
polynomial time an intermediate tuple (S′, T ′, X ′, Y ′), such that G has a perfect red-blue
(S∗, T ∗, S′′, T ′′)-colouring if and only if G has a perfect red-blue (S′, T ′, X ′, Y ′)-colouring.

Consider an uncoloured vertex z ∈ V1. By Observation 2.1.1, we know that z has a
common neighbour z′ with u. Note that z′ was coloured red by propagation. If we colour z
blue, then the existence of a perfect red-blue colouring of G where we have coloured the two
edges zz′ and uv as described above would contradict the assumption that Phase 1 failed,
see Figure 4.6 (middle). Thus, z has to be red and similarly, if we consider an uncoloured
vertex z ∈ V2 we can conclude that z has to be blue, see Figure 4.6 (right). Hence, we
can colour all remaining vertices of G and check in polynomial time if this colouring is a
perfect red-blue colouring. If this is the case, we are done, otherwise we discard the branch
and consider the next.

If, after considering all branches in Phase 2, we did not find a perfect red-blue colouring,
then G does not have a perfect red-blue colouring and thus no perfect matching cut. The
correctness of our algorithm follows from its description. As the total number of branches
is O(n4) and we can process each branch in polynomial time, the total running time of our
algorithm is polynomial. Hence, we have proven the theorem.

4.2 Using Saturating Matchings

In this section, we prove polynomial-time results for Maximum Matching Cut and Max-
imum Disconnected Perfect Matching which are based on finding special matchings.
Our results imply that both problems are solvable in polynomial time for (sP2 + P6)-free
graphs, which gives the polynomial part of the dichotomies for H-free graphs. See The-
orem 4.2.2, Theorem 4.2.3, Theorem 4.2.8 and Theorem 4.2.10 for the corresponding re-
sults. Since Theorem 4.2.8 implies Corollary 4.2.9, we get that Disconnected Perfect
Matching is solvable in polynomial time for P6-free graphs and thus, answer partially
Question 3. We further show that Maximum Matching Cut and Maximum Discon-
nected Perfect Matching are solvable in polynomial time for graphs of diameter at
most 2, bipartite graphs of radius at most 2 and bipartite graphs of diameter at most 3.
These results give the polynomial part of the dichotomies for (bipartite) graphs of bounded
radius and diameter.

In the proofs, we use again the approach of choosing a partial colouring that we prop-
agate. In all cases, we can show that the vertices which remain uncoloured after the
preprocessing form an independent set. Thus, the final step will be to consider saturating
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matchings. The Lemmas 4.2.1 and 4.2.7 are the key lemmas of the section since they show
how maximum valid red-blue colourings and saturating matchings are related.

4.2.1 Maximum Matching Cut

X

Y
U

Z

X

Y
U

Z

Figure 4.7: A U -saturating matching (left) and the corresponding valid red-blue colouring
(right). Note that not every vertex in X ∪ Y belongs to N(Z).

The following lemma, which is an application of Theorem 2.2.1 from Plesník, will be the
final step in each of the polynomial-time results for Maximum Matching Cut.

Lemma 4.2.1 ([51]). Let G = (V,E) be a connected graph with a monochromatic inter-
mediate tuple (S′, T ′, X ′, Y ′) and a final tuple (S, T,X, Y ). If V \ (X ∪ Y ) is an inde-
pendent set, then it is possible to find in polynomial time either a maximum valid red-blue
(S, T,X, Y )-colouring of G, or conclude that G has no valid red-blue (S, T,X, Y )-colouring.

Proof. Let Z = V \ (X ∪ Y ). Let W = N(Z). Recall that Z is independent. Hence, by
Lemma 3.2.4 iii), every vertex of W belongs to (X \ S) ∪ (Y \ T ). Let U ⊆ Z consist
of all vertices of Z that have a neighbour in both X \ S and Y \ T . We claim that the
set of bichromatic edges of every valid red-blue (S, T,X, Y )-colouring is the union of a
U -saturating matching in G[W ∪ Z] (if it exists) and the set of edges with one endvertex
in S and the other one in T .

First suppose that G[W ∪ Z] has a U -saturating matching M . We colour every vertex
in X red and every vertex in Y blue. Let z ∈ Z. First assume that z is incident to an edge
zw ∈ M . If w ∈ X \ S, then colour z blue. If w ∈ Y \ T , then colour z red. Now suppose
z is not incident to an edge in M . Then z /∈ U , as M is U -saturating. Hence, either every
neighbour of z belongs to X \S and is coloured red, in which case we colour z red, or every
neighbour of z belongs to Y \ T and is coloured blue, in which case we colour z blue. This
gives us a valid red-blue (S, T,X, Y )-colouring of G. See also Figure 4.7.

Now suppose that G has a valid red-blue (S, T,X, Y )-colouring. By definition, every
vertex of X is coloured red, and every vertex of Y is coloured blue. By Lemma 3.2.4 iii),
every edge with an endvertex in S and the other one in T is bichromatic, and there are no
other bichromatic edges in G[X ∪ Y ]. Let M be the set of other bichromatic edges in G.
Then, every vertex of M has one vertex in Z and the other one in W . Moreover, if z ∈ U ,
then z has a red neighbour (its neighbour in X \ S) and a blue neighbour (its neighbour
in Y \ T ). Hence, no matter what colour z has itself, z is incident to a bichromatic edge
of M . We conclude that M is U -saturating, and the claim is proven.

From the above claim, it follows that all we have to do is to find a maximum U -
saturating matching in G[W ∪ Z]. By Theorem 2.2.1, this takes polynomial time.

We are now ready to give a first application of Lemma 4.2.1. Note that Theorem 4.2.2 is
a stronger version of Theorem 4.1.2. Its proof uses more involved arguments.



4.2. USING SATURATING MATCHINGS 43

Theorem 4.2.2 ([51]). Maximum Matching Cut is solvable in polynomial time for
P6-free graphs.

Proof. Let G = (V,E) be a connected P6-free graph. By Observation 3.1.1 it suffices to
find a maximum valid red-blue colouring of G. By Theorem 2.1.7, we find in polynomial
time either a dominating induced C6 or a dominating (not necessarily induced) complete
bipartite graph Kr,s in G.

If G has a dominating induced C6, then G has domination number at most 6, and we
apply Lemma 3.1.3. Suppose that G has a dominating complete bipartite graph F with
partition classes {u1, . . . , ur} and {v1, . . . , vs}. We may assume without loss of generality
that r ≤ s. If s ≤ 2, then G has domination number at most 4, and we apply Lemma 3.1.3
again. So we assume that s ≥ 3.

If r ≥ 2, then V (F ) must be monochromatic in any valid red-blue colouring of G by
Observation 3.1.2. In this case we colour every vertex of V (F ) blue. If r = 1, then we
may assume without loss of generality that N(u1) = {v1, . . . , vs}. In this case we colour
u1 blue, and we branch over all O(n) options of colouring at most one vertex of N(u1) red.

So, now we consider a red-blue colouring of F . It might be that F is monochromatic
(in particular, this will be the case if r ≥ 2). If F is monochromatic, then every vertex of F
is blue. In order to get a starting pair with a non-empty core, we branch over all O(n2)
options of choosing a bichromatic edge (one endvertex of which may belong to F ). Let D
be the set of all coloured vertices, that is, D contains V (F ) and possibly one or two other
vertices. By construction, exactly one vertex of D is coloured red, and all other vertices
of D are blue.

Let S∗ = S′′ be the set containing the red vertex of D. Let T ∗ be the singleton set
containing the blue neighbour of the vertex in S∗. Let T ′′ be the set of blue vertices,
so T ∗ ⊆ T ′′. We exhaustively apply rules R1 and R2 on the starting pair (S′′, T ′′). By
Lemma 3.2.1 we either find in polynomial time that G has no valid red-blue (S∗, T ∗, S′′, T ′′)-
colouring, and we discard the branch, or we obtain an intermediate tuple (S′, T ′, X ′, Y ′)
of G. Suppose the latter case holds. We prove the following two claims for the set Z ′ =
V \ (X ′ ∪ Y ′) of uncoloured vertices.

Claim 4.2.2.1. Every vertex z ∈ Z ′ has a neighbour in Y ′ \ T ′ that belongs to F .

Proof. As F is dominating, z has a neighbour in F . Since D ⊇ V (F ) contains exactly one
red vertex x, which has a blue neighbour in D, all neighbours of x in G−D are coloured
red, that is, belong to X. As z ∈ G − D belongs to Z ′, this means that x and z are
non-adjacent. So, the neighbour of z in F must belong to Y ′ \ T ′ (as else we could have
applied R2). ◁

Claim 4.2.2.2. The intermediate tuple (S′, T ′, X ′, Y ′) is monochromatic.

Proof. Suppose for a contradiction that there is an edge uv ∈ E(G[Z ′]) such that u is
blue and v is red. Then, by Claim 4.2.2.1, v has two blue neighbours, u and some vertex
w ∈ Y ′ \ T ′, a contradiction. ◁

Since Claim 4.2.2.2 holds, we may now exhaustively apply R1–R3 to the intermediate tuple
(S′, T ′, X ′, Y ′). By Lemma 3.2.4 we either find in polynomial time that G has no valid
red-blue (S′, T ′, X ′, Y ′)-colouring, and thus no valid red-blue (S∗, T ∗, S′, T ′)-colouring, and
we discard the branch, or we obtain a final tuple (S, T,X, Y ) of G. Again, we let Z = V \
(X ∪Y ). By the same lemma and Claim 4.2.2.1, the following holds for every (uncoloured)
vertex w ∈ Z:

• w has at most one neighbour in X \ S,
• w has exactly one neighbour in Y \ T , which belongs to F , and
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w3

w1 w2

z′1 z1

Z1

z2 z′2

Z2

w3

w1 w2

z′1 z1

Z1

z2 z′2

Z2

Figure 4.8: The situation in Claim 4.2.2.3 where two connected components Z1, Z2 of G[Z],
each with at least two vertices, are both coloured red. This will always yield an induced
path on at least six vertices, even if w1 and w2 are not adjacent, as at most one of z′1, z′2
is adjacent to w3.

• if w′ is in the same connected component of G[Z] as w, then w and w′ do not share
a neighbour in G− Z.

Claim 4.2.2.3. In any valid red-blue (S, T,X, Y )-colouring at most one red component
of G[Z] may have more than one vertex.

Proof. For a contradiction, assume that Z1 and Z2 are connected components of size at
least 2 that are both coloured red. For i = 1, 2, let zi and z′i be two adjacent vertices
in Zi, and let wi be the blue neighbour of zi in F (which exists due to Claim 4.2.2.1).
Note that w1 is not adjacent to any vertex of {z′1, z2, z′2}, and w2 is not adjacent to any
vertex of {z1, z′1, z′2}. Moreover, w1 and w2 are distinct vertices, and do not have any other
neighbours in Z1 ∪Z2. If w1 and w2 are adjacent, then z′1z1w1w2z2z

′
2 is an induced P6. As

G is P6-free, this is not possible. Hence, w1 and w2 are not adjacent, see Figure 4.8 (left).
We now use the fact that w1 and w2 both belong to F and that F is a complete

bipartite graph. As w1w2 /∈ E, the latter means that there exists a vertex w3 ∈ V (F ) that
is adjacent to both w1 and w2, so w3 is blue as well. As z′1 and z′2 are both coloured red, at
most one of z′1, z′2 can be adjacent to w3. Hence, we may assume without loss of generality
that w3 is not adjacent to z′1. As z1 and z2 have w1 and w2, respectively, as their matching
partner, w3 is adjacent neither to z1 nor to z2. Now, z′1z1w1w3w2z2 is an induced P6, a
contradiction. See also Figure 4.8 (right). ◁

Due to Claim 4.2.2.3, we can now branch over all O(n) options to colour at most one
connected component of G[Z] of size at least 2 red, and all other components of size at
least 2 blue. We then exhaustively apply rules R1-R3 again. This takes polynomial time.
In essence, we merely pre-coloured some more vertices red. So, in the end we either find a
new tuple of G with the same properties as those listed in Lemma 3.2.4, or we find that G
has not such a tuple, in which case we discard the branch. Suppose we have not discarded
the branch. Now the set of uncoloured vertices form an independent set. Hence, we can
apply Lemma 4.2.1 to find in polynomial time a red-blue colouring of G that is a maximum
red-blue (S∗, T ∗, S′′, T ′′)-colouring due to Lemmas 3.2.1 ii) and 3.2.4 ii).

If somewhere in the above process we discarded a branch, that is, if G has no valid
red-blue (S∗, T ∗, S′′, T ′′)-colouring, we consider the next one. If we did not discard the
branch, then we remember the value of the maximum red-blue (S∗, T ∗, S′′, T ′′)-colouring
that we found. Afterwards, we pick one with the largest value to obtain a maximum valid
red-blue colouring of G.

The correctness of our branching algorithm follows from its description. The running
time is polynomial: each branch takes polynomial time to process, and the number of
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branches is O(n3). This completes our proof.

The proof of our second result combines Lemma 4.2.1 with arguments used in the proof
of Theorem 4.1.3. Recall that for Matching Cut, we could get the same result with
P3 instead of P2 and for Perfect Matching Cut even P4 was possible. However,
while it is not known if the results for Matching Cut and Perfect Matching Cut
can be improved, P2 is best possible for Maximum Matching Cut, as we will see in
Theorem 5.3.8.

Theorem 4.2.3 ([51]). Let H be a graph. If Maximum Matching Cut is polynomial-
time solvable for H-free graphs, then it is so for (H + P2)-free graphs.

Proof. Assume that Maximum Matching Cut is polynomial-time solvable for H-free
graphs. Let G = (V,E) be a connected (H + P2)-free graph on n vertices. If G is H-free,
we are done by assumption. Suppose G has an induced subgraph G′ isomorphic to H.
Let G∗ be the graph obtained from G after removing the vertices of V (G′) ∪ N(V (G′)).
Since G′ is isomorphic to H and G is (H + P2)-free, G∗ is P2-free. Hence, V (G∗) is
an independent set. By Observation 3.1.1 it suffices to find a maximum valid red-blue
colouring of G. Below we explain how to do this.

We first branch over all options of colouring every u ∈ V (G′) red or blue, and colouring
at most one neighbour of every u ∈ V (G′) with a different colour than u. If in a branch
we only used one colour, we branch over all O(n2) options of choosing a bichromatic edge.
In this way we obtain, for each branch, a starting pair with a non-empty core.

Consider a branch with a starting pair (S′′, T ′′) and core (S∗, T ∗). We apply rules
R1 and R2 exhaustively. If we obtain a no-answer, we may discard the branch due to
Lemma 3.2.1. Else, we obtain an intermediate tuple (S, T,X, Y ). Note that every vertex
in Z = V \ (X ∪ Y ) belongs to G∗. Hence, Z is an independent set, and thus (S, T,X, Y )
is a final tuple. This means that we may apply Lemma 4.2.1. Then, in polynomial time,
we either find that G has no valid red-blue (S, T,X, Y )-colouring, in which case we may
discard the branch due to Lemma 3.2.1, or we find a maximum valid red-blue (S, T,X, Y )-
colouring. The latter is also a maximum valid red-blue (S∗, T ∗, S′′, T ′′)-colouring, again
due to Lemma 3.2.1. We remember its value. In the end, after the last branch, we output
a colouring with largest value as a maximum valid red-blue colouring of G.

The correctness of our branching algorithm follows from its description. The running
time is polynomial: each branch takes polynomial time to process, and the number of
branches is O(2|V (H)|n|V (H|) +O(n2). This completes our proof.

We now show our third polynomial-time result. Again, the idea is to branch over a
polynomial number of options, each of which reduces to the setting where we can ap-
ply Lemma 4.2.1. After Theorem 4.1.1, this is a second non-trivial generalization of the
results in [7, 39] who both show that Matching Cut is solvable in polynomial-time for
graphs of diameter at most 2.

Theorem 4.2.4 ([51]). Maximum Matching Cut is solvable in polynomial time for
graphs of diameter at most 2.

Proof. Let G = (V,E) be a graph of diameter at most 2 on n vertices. If G has diameter 1,
then G is a complete graph and the problem is trivial to solve. Assume that G has
diameter 2. By Observation 3.1.1 it suffices to find a maximum valid red-blue colouring
of G. By definition, such a colouring has at least one bichromatic edge (has value at
least 1). We branch over all O(n2) options of choosing the bichromatic edge.

Consider a branch, where e = uv is the bichromatic edge, say u is blue and v is red.
Now all other neighbours of u must be coloured blue. We let D = {u} ∪ N(u) and note
that D dominates G, as G has diameter 2.
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We set S∗ = {u}, T ∗ = {v}, S′′ = {u} and T ′′ = N(u). This gives us a starting
pair (S′′, T ′′) with core (S∗, T ∗). We exhaustively apply rules R1 and R2 on (S′′, T ′′). By
Lemma 3.2.1 we either find in polynomial time that G has no valid red-blue (S∗, T ∗, S′′, T ′′)-
colouring, and we discard the branch, or we obtain an intermediate tuple (S′, T ′, X ′, Y ′)
of G. Suppose the latter case holds. We prove the following two claims for the set Z ′ =
V \ (X ′ ∪ Y ′) of uncoloured vertices.

Claim 4.2.4.1. Every vertex z ∈ Z ′ has a neighbour in Y ′ \ T ′ that belongs to D.

Proof. As z ∈ Z ′, we have that z /∈ D. As D is dominating, z has a neighbour b in D. As
every neighbour of u belongs to D and z is not in D, we find that b ̸= u. Since D contains
exactly one red vertex v, which has a blue neighbour in D (namely u), all neighbours of
v in G − D are coloured red, that is, belong to X. As z belongs to G − D and z is not
coloured red, this means that v and z are non-adjacent, and thus b ̸= v. So, b must belong
to T ′′ \ {u}, and thus to Y ′ \ T ′, as else we could have applied R2. ◁

Claim 4.2.4.2. The intermediate tuple (S′, T ′, X ′, Y ′) is monochromatic.

Proof. Suppose for a contradiction that there is an edge uv ∈ E(G[Z ′]) such that u is
blue and v is red. Then, by Claim 4.2.4.1, v has two blue neighbours, u and some vertex
w ∈ Y ′ \ T ′, a contradiction. ◁

Since Claim 4.2.4.2 holds, we may exhaustively apply R1–R3 to the intermediate tuple
(S′, T ′, X ′, Y ′). By Lemma 3.2.4 we either find in polynomial time that G has no valid
red-blue (S′, T ′, X ′, Y ′)-colouring, and thus no valid red-blue (S∗, T ∗, S′, T ′)-colouring, and
we discard the branch, or we obtain a final tuple (S, T,X, Y ) of G. Again, we let Z = V \
(X ∪Y ). By the same lemma and Claim 4.2.4.1, the following holds for every (uncoloured)
vertex w ∈ Z:

(i) w has at most one neighbour in X \ S,
(ii) w has exactly one neighbour in Y \ T , which belongs to D, and
(iii) if w′ is a vertex in the same connected component of G[Z] as w, then w and w′ do

not share a neighbour in G− Z.

We strengthen (i) by proving the following claim.

Claim 4.2.4.3. Every vertex w ∈ Z has exactly one neighbour in X \ S.

Proof. By (i), we find that w has at most one neighbour in X \ S. For a contradiction,
suppose that w has no neighbours in X \S. We also know that w has no neighbours in S,
as else we could have applied R1 or R2. Recall that v was the only red vertex of D. As v
has a blue neighbour, namely u, all the other neighbours of v are coloured red due to R2.
Hence, w is adjacent neither to v nor to any vertex in N(v) \ {u}. As all neighbours of u
that are not equal to v are coloured blue and w ∈ Z is uncoloured, we find that w is not
adjacent to u either. Hence, the distance between v and w is at least 3, contradicting our
assumption that G has diameter 2. ◁

We continue by proving the following claim.

Claim 4.2.4.4. If G[Z] contains two connected components F1 and F2 of size at least 2,
then G[Z] = F1 + F2.

Proof. Let F1 contain u1 and u2. Let F2 contain v1 and v2. By combining Claim 4.2.4.3
with (ii) and (iii), we find that the vertices u1 and u2 have each a different red (respectively,
blue) neighbour and the same holds for v1 and v2. However, as G has diameter 2, it holds
that u1 and u2 each have a common neighbour with both v1 and v2. Thus, without loss of
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Figure 4.9: The unique way (up to symmetry) to connect two components F1 and F2 of
G[Z] of size 2 (a) and the two options to connect a vertex w in a third component F3 to
the coloured part of the graph (b) and (c). We can see that there is always an uncoloured
vertex without a common neighbour with w, in the figure this vertex is highlighted black.

generality, u1 and v1 have a red common neighbour, u1 and v2 a blue one, while u2 and v1
have a blue common neighbour, u2 and v2 a red one. See also Figure 4.9 (a).

For a contradiction, assume that G[Z] contains a third connected component F3. Let
w be a vertex in F3. Then w has a common neighbour with each of u1, u2, v1 and v2. Fur-
thermore, w has exactly one red and one blue neighbour. As can be seen in Figures 4.9 (b)
and (c), there do not exist vertices x ∈ X and y ∈ Y such that {u1, u2, v1, v2} ⊆ NG({x, y}).
Hence, w has no common neighbour with some vertex of {u1, u2, v1, v2}, contradicting our
assumption that G has diameter 2. ◁

From Claim 4.2.4.4, it follows that G[Z] has at most two components with more than one
vertex, which are both monochromatic in every valid red-blue (S, T,X, Y )-colouring of G
(if such a colouring exists) due to Claim 4.2.4.2. Hence, we can branch over all possible
colourings of these connected components (there are at most four branches).

For each branch, we propagate the obtained partial red-blue colouring by exhaustively
applying rules R1–R3. This takes polynomial time. In essence, we merely pre-coloured
some more vertices red or blue. So, in the end we either find a new tuple of G with the
same properties as those listed in Lemma 3.2.4, or we find that G has not such a tuple, in
which case we discard the branch. Suppose we have not discarded the branch. Now the set
of uncoloured vertices form an independent set. Hence, we can apply Lemma 4.2.1 to find
in polynomial time a red-blue colouring of G that is a maximum red-blue (S∗, T ∗, S′′, T ′′)-
colouring due to Lemmas 3.2.1 ii) and 3.2.4 ii).

If somewhere in the above process we discarded a branch, that is, if G has no valid
red-blue (S∗, T ∗, S′′, T ′′)-colouring, we consider the next one. If we did not discard the
branch, then we remember the value of the maximum red-blue (S∗, T ∗, S′′, T ′′)-colouring
that we found. Afterwards, we pick one with the largest value to obtain a maximum valid
red-blue colouring of G.

The correctness of our branching algorithm follows from its description. The running
time is polynomial: each branch takes polynomial time to process, and the number of
branches is O(n2). This completes our proof.

The last theorem, where we showed that Maximum Matching Cut is solvable in poly-
nomial time for graphs of diameter at most 2 is best possible, see Theorem 5.3.8 and [39],
since Matching Cut and Maximum Matching Cut are NP-hard for graphs of diam-
eter 3. If we add the restriction that we consider bipartite graphs, then we can give a
polynomial-time algorithm for radius at most 2. This is best possible for bipartite graphs,
see Theorem 5.3.9.
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Theorem 4.2.5. Maximum Matching Cut is solvable in polynomial time for bipartite
graphs of radius at most 2.

Proof. Let G = (V,E) be a bipartite graph of radius at most 2 on n vertices. If G has
radius 1, then G is a star and the problem is trivial to solve. Assume that G has radius 2.
By Observation 3.1.1, it suffices to find a maximum valid red-blue colouring of G. Since G
has radius 2 there is a dominating star D with center vertex v and leafs {u1, . . . , uk}, for
some integer k ≥ 1. Moreover, since G is bipartite, this star is induced. Without loss of
generality, we may colour v blue. At most one neighbour of v can be blue in any maximum
valid red-blue colouring of G, and thus, we branch over all O(n) possible colourings of
N(v) ⊆ V (D).

Consider first the case where D is monochromatic, say all vertices in D are coloured
blue. By definition, a maximum valid red-blue colouring of G has to contain at least one
red vertex. So we branch over all O(n) options of choosing a vertex w in V − D to be
coloured red. Recall that D is dominating so w has at least one neighbour in D. If w has
more than one neighbour in D, we immediately get that the colouring is not valid, since
then w, which is red, has two blue neighbours in D. So we discard the branch. Otherwise
we may assume that u1 is the unique neighbour of w in D. We set S∗ = {w}, T ∗ = {u1},
S′′ = {w} and T ′′ = V (D).

In the other case, where D is not monochromatic, there is a vertex in D which is red,
say this is u1. We set S∗ = {u1}, T ∗ = {v}, S′′ = {u1} and T ′′ = V (D) \ {u1}.

In both cases, we get a starting pair (S′′, T ′′) with core (S∗, T ∗). We exhaustively apply
rules R1 and R2 on (S′′, T ′′). By Lemma 3.2.1 we either find in polynomial time that G has
no valid red-blue (S∗, T ∗, S′′, T ′′)-colouring, and we discard the branch, or we obtain an
intermediate tuple (S′, T ′, X ′, Y ′) of G. Suppose the latter case holds. Since G is bipartite,
we have that N(V (D)) is an independent set. So it clearly holds that every component of
V \(X ′∪Y ′) is monochromatic in every maximum valid red-blue colouring. Hence, we may
exhaustively apply rules R1–R3 to the intermediate tuple (S′, T ′, X ′, Y ′). By Lemma 3.2.4
we either find in polynomial time that G has no valid red-blue (S′, T ′, X ′, Y ′)-colouring, and
thus no valid red-blue (S∗, T ∗, S′′, T ′′)-colouring, and we discard the branch, or we obtain
a final tuple (S, T,X, Y ) of G. Note that V \ (X ∪ Y ) ⊆ N(V (D)) is an independent
set. This allows us to apply Lemma 4.2.1 and we either find in polynomial time a red-
blue colouring of G that is a maximum red-blue (S∗, T ∗, S′′, T ′′)-colouring or that no such
colouring exists. In the latter case, we discard the branch.

If somewhere in the above process we discarded a branch, we consider the next one.
If we did not discard the branch, then we remember the value of the maximum red-blue
(S∗, T ∗, S′′, T ′′)-colouring that we found. Afterwards, we pick one with the largest value
to obtain a maximum valid red-blue colouring of G.

The correctness of our branching algorithm follows from its description. The running
time is polynomial: each branch takes polynomial time to process, and the number of
branches is O(n). This completes our proof.

We can also extend Theorem 4.2.4 to bipartite graphs of diameter 3, generalizing [39]. To
obtain this result we use a proof which differs from the proof for Matching Cut in [39]
and the proof for Perfect Matching Cut in Theorem 4.1.7. Note that Theorem 4.2.6
implies both Theorem 4.1.7 and the same result for Matching Cut. Our proof for
Maximum Matching Cut is very similar to the proof of the same result for d-Cut. We
refer to Theorem 6.2.2 for the details. To adjust the proof for Maximum Matching Cut
we only have to make the following small change. We consider the proof for d = 1 and
remember the value of every valid red-blue colouring that we got. In the end, we pick
the valid red-blue colouring with the largest value to obtain a maximum valid red-blue
colouring of G. This leads to the following Theorem.
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X YZ X YZ

Figure 4.10: A maximum matching and the corresponding red-blue colouring. Note that
this matching is not perfect and thus the colouring is not a perfect red-blue colouring.

Theorem 4.2.6. Maximum Matching Cut is solvable in polynomial time for bipartite
graphs of diameter at most 3.

4.2.2 (Maximum) Disconnected Perfect Matching

For Maximum Disconnected Perfect Matching, we present first Lemma 4.2.7 which
is proven by similar but simpler arguments as in the proof of Lemma 4.2.1. The proofs of
the following Theorems follow immediately after replacing Lemmas for Matching Cut by
Lemmas for Disconnected Perfect Matching. The following theorems also lead to
results for Disconnected Perfect Matching which where unknown before. Especially,
we get a partial answer to Question 3 from Corollary 4.2.9.

Lemma 4.2.7 ([51]). Let G = (V,E) be a connected graph with a final tuple (S, T,X, Y ).
If V \ (X ∪ Y ) is an independent set, then it is possible to find in polynomial time either
a maximum perfect-extendable red-blue (S, T,X, Y )-colouring of G, or conclude that G has
no perfect-extendable red-blue (S, T,X, Y )-colouring.

Proof. Let Z = V \ (X ∪ Y ). Let W = N(Z). Recall that Z is independent. Hence,
by Lemma 3.2.6 iii), every vertex of W belongs to (X \ S) ∪ (Y \ T ). By combining this
observation with Lemma 3.2.6 iii), we find that every bichromatic edge of any perfect-
extendable red-blue (S, T,X, Y )-colouring (if it exists) is

(i) either an edge with one endvertex in S and the other one in T , or
(ii) an edge with one endvertex in Z and the other one in either X \ S or Y \ T .

By Lemma 3.2.6 iii), the subgraph of G induced by S ∪ T has a perfect matching that
consist of every edge with one endvertex in S and the other one in T . Hence, a maximum
perfect-extendable red-blue (S, T,X, Y )-colouring (if it exists) is the union of

(i) the set of edges with one endvertex in S and the other one in T ; and
(ii) a perfect matching in G \ (S ∪ T ) that contains as many edges with one endvertex

in Z (and the other one in either X \ S or Y \ T ) as possible.

We first check in polynomial time if G\(S∪T ) has a perfect matching (for example, by using
the Blossom algorithm [18]). If not, then G has no perfect-extendable red-blue (S, T,X, Y )-
colouring, and we stop. Otherwise, we found a perfect matching M of G \ (S ∪T ), and we
continue as follows, see Figure 4.10 for an illustration.

We colour every vertex in X red and every vertex in Y blue. By Lemma 3.2.6 iii),
every vertex in Z has at most one neighbour in X, which belongs to X \ S, and at most
one neighbour in Y , which belongs to Y \ T . As Z is independent, we can do as follows
for every u ∈ Z. If u has degree 1 in G and a neighbour x ∈ X, then ux must belong
to M , and we colour u blue. If u has degree 1 in G and a neighbour y ∈ Y , then uy
must belong to M , and we colour u red. If u has degree 2 in G, and a neighbour x ∈ X
and a neighbour y ∈ Y , then we colour u blue if ux ∈ M and red if uy ∈ M . This takes
polynomial time. As every edge of M with one endvertex in Z and the other one in either
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X \S or Y \T is bichromatic, we found, in polynomial time, a maximum perfect-extendable
red-blue (S, T,X, Y )-colouring of G.

The following result is proven in exactly the same way as Theorem 4.2.2 after replacing
in its proof Lemma 3.1.3 by Lemma 3.1.4; Lemma 3.2.1 by Lemma 3.2.5; Lemma 3.2.4 by
Lemma 3.2.6; and Lemma 4.2.1 by Lemma 4.2.7.

Theorem 4.2.8 ([51]). Maximum Disconnected Perfect Matching is solvable in
polynomial time for P6-free graphs.

Corollary 4.2.9 follows immediately. Recall that in Question 3 Bouquet and Picouleau
asked for the complexity of Disconnected Perfect Matching for Pk-free graphs,
when k ≥ 6. Here we solve one of the cases. In Theorem 5.3.5 we contribute further to
answering this question.

Corollary 4.2.9 ([51]). Disconnected Perfect Matching is solvable in polynomial
time for P6-free graphs.

Our following result can be proven in the same way as Theorem 4.2.3 after replacing
Lemma 3.2.4 by Lemma 3.2.6; and Lemma 4.2.1 by Lemma 4.2.7. Note that it also holds
for Disconnected Perfect Matching, for which this was unknown before.

Theorem 4.2.10 ([51]). Let H be a graph. If (Maximum) Disconnected Perfect
Matching is polynomial-time solvable for H-free graphs, then it is so for (H + P2)-free
graphs.

The following result is proven in exactly the same way as the proof of Theorem 4.2.4 after
replacing Lemma 3.2.1 by Lemma 3.2.5; Lemma 3.2.4 by Lemma 3.2.6; and Lemma 4.2.1 by
Lemma 4.2.7. It generalises a result from [8], who showed that Disconnected Perfect
Matching is solvable in polynomial time for graphs of diameter at most 2.

Theorem 4.2.11 ([51]). Maximum Disconnected Perfect Matching is solvable in
polynomial time for graphs of diameter at most 2.

The following result is proven in exactly the same way as the proof of Theorem 4.2.5 after
replacing Lemma 3.2.1 by Lemma 3.2.5; Lemma 3.2.4 by Lemma 3.2.6; and Lemma 4.2.1
by Lemma 4.2.7.

Theorem 4.2.12. Maximum Disconnected Perfect Matching is solvable in poly-
nomial time for bipartite graphs of radius at most 2.

This implies that the same result holds for Disconnected Perfect Matching.

Corollary 4.2.13. Disconnected Perfect Matching is solvable in polynomial time
for bipartite graphs of radius at most 2.

Similar to Theorem 4.2.6, our last result in this section follows again from a result for
d-Cut. We only make the following change to the proof of Theorem 6.2.2. Consider
the proof for d = 1 and check for every valid red-blue colouring which we obtained, if
it is also a perfect extendable red-blue colouring. Remember the value of every perfect
extendable red-blue colouring which we get. In the end, we pick the perfect extendable
red-blue colouring with the largest value to obtain a maximum perfect extendable red-blue
colouring. This leads to the following Theorem.

Theorem 4.2.14. Maximum Disconnected Perfect Matching is solvable in poly-
nomial time for bipartite graphs of diameter at most 3.



Chapter 5

Hardness Results

In this chapter, we prove hardness results for Matching Cut, Disconnected Perfect
Matching and the corresponding maximisation problems. We reduce from different prob-
lems like Max Cut and Exact 3-Cover but also from Matching Cut, which is already
known to be NP-complete. Our first result shows that Matching Cut is NP-complete
for graphs of high girth. This problem was open for 20 years. We give the same result for
Disconnected Perfect Matching and show further the hardness of Matching Cut
and Disconnected Perfect Matching for H∗

i -free graphs, for i ≥ 1 and for graphs
with forbidden induced paths. This contributes to answering Question 3. Moreover, we
give the hardness results needed to complete the complexity dichotomies for Maximum
Matching Cut and Maximum Disconnected Perfect Matching. That is, we show
that Maximum Matching Cut and Maximum Disconnected Perfect Matching
are NP-hard for 2P3-free graphs and (bipartite) graphs of bounded radius and diameter
(Section 5.3.2) and line graphs (Section 5.4).

5.1 Graphs of High Girth

In this section, we show that Matching Cut and Disconnected Perfect Matching
remain NP-complete even for bipartite graphs of high girth and bounded maximum degree.
Recall that previously both problems were known to be NP-complete for (planar) graphs
of girth at least g, only for g ≤ 5 [6, 8]. The complexity of Matching Cut for graphs
of high girth was a 20-year old open problem, which was given regularly in the literature,
see [11, 39, 44, 49]. We also briefly discuss how an implicit observation of Le and Telle [44]
gives a simple, alternative proof for showing NP-completeness for Perfect Matching
Cut (Section 5.1.3) for graphs of high girth. Further, we explain how to use this observation
for Maximum Matching Cut and Maximum Disconnected Perfect Matching.

5.1.1 Matching Cut

In order to prove our hardness result for Matching Cut for bipartite graphs of high girth
and bounded maximum degree, we use known results on expander graphs and number
theory. We first prove a number theoretical lemma which turns out to be helpful for the
construction of an immune graph with high girth.

Lemma 5.1.1 ([21]). There are infinitely many primes q, such that

i) q > 13,
ii) q ≡ 1 mod 4, and
iii) the Legendre symbol

( q
13

)
= −1.

51
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Proof. We apply Theorem 2.1.2 by Dirichlet for a = 5 and b = 52 = 4 × 13, which are
coprime. This yields that the sequence 5+52k, for k ∈ N, contains infinitely many primes,
and consequently, infinitely many primes satisfying i). Since for any k ∈ N, we have
5 + 52k ≡ 1 mod 4, condition ii) is also satisfied.

Finally, we will show that the Legendre symbol
(
5+52k
13

)
= −1. First we note that

if a ≡ b mod p, then
(
a
p

)
=

(
b
p

)
(see [57]). Hence, since 5 ≡ 5 + 52k mod 13, we have(

5
13

)
=

(
5+52k
13

)
. We now deduce that

(
5
13

)
≡ 5

13−1
2 mod 13 ≡ 12 mod 13 ≡ −1 mod 13.

This proves condition iii).

Recall that h(G) is the edge expansion of a graph. Lemma 5.1.2 uses known results from
the theory of expander graphs. We need the fact that the graph in the statement of
Lemma 5.1.2 has a perfect matching only in Section 5.1.2.

Lemma 5.1.2 ([21]). For every g ≥ 3, there is an immune 14-regular bipartite graph with
girth at least g that contains a perfect matching.

Proof. It follows from a construction of Lubotzky, Phillips and Sarnak [47] based on Caley
graphs that for every two primes p and q with the following four properties

• q > p,
• p ≡ 1 mod 4,
• q ≡ 1 mod 4, and

•
(
p
q

)
= −1,

there exists a (p + 1)-regular bipartite graph G with λ2(G) ≤ 2
√
p and girth at least

4 logp q− logp 4; here, λ2(G) denotes the second largest eigenvalue of the adjacency matrix
of G.

We set p = 13, so p ≡ 1 mod 4. We now combine the above with Lemma 5.1.1 to
find that there exist infinitely many primes q, such that there exists a 14-regular bipartite
graph Gq with λ2(Gq) ≤ 2

√
13 and girth at least 4 log13 q− log13 4. Moreover, Dodziuk [17]

and, independently, Alon and Milman [1] showed that for every integer ℓ ≥ 1, every ℓ-
regular graph G satisfies h(G) ≥ 1

2(ℓ− λ2(G)). This means that

h(Gq) ≥
1

2
(14− λ2(Gq)) ≥

1

2
(14− 2

√
13) ≈ 3.39 > 1.

Hence, by applying Observation 2.2.2, we find that Gq is immune.
By taking q sufficiently large, we conclude that for any g ≥ 3, there exists an immune

14-regular bipartite graph G with girth at least g. Finally, as G is bipartite and regular,
we find that G has a perfect matching (due to Hall’s Marriage Theorem [31]).

Remark 5.1.3. The arguments that we used to prove Lemma 5.1.2 do not allow us to
set p = 13 to a smaller value. We need p to be prime, and moreover, it must hold that
p ≡ 1 mod 4. Hence, the only alternative value for p that is smaller than 13 would be
p = 5. However, p = 5 yields h(Gq) ≥ 1

2(6− 2
√
5) ≈ 0.76, so we cannot conclude from this

that Gq is immune.

We use Lemma 5.1.2 to prove the theorem which answers Question 1.

Theorem 5.1.4 ([21]). For every integer g ≥ 3, Matching Cut is NP-complete for
bipartite graphs of girth at least g and maximum degree at most 60.
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Proof. Let g ≥ 3. As the class of graphs of girth at least g + 1 is a subclass of the class
of graphs of girth at least g, we may assume without loss of generality that g is divisible
by 2 but not by 4, so g

2 is odd. We reduce from Matching Cut. Recall that Matching
Cut is NP-complete for graphs of degree at most 4 [12]. Let G be a connected graph of
maximum degree at most 4. From G we construct a graph G′ with the required properties,
but first we define an auxiliary graph F ′.

By Lemma 5.1.2 there exists an immune 14-regular bipartite graph F with girth at
least g. Note that F has constant size, so we can find F in constant time.

x y

F

x1 y1

x2 y2

F ′

Figure 5.1: The graph F with designated vertices x and y at distance at least g (left) and
the graph F ′ (right) from the proof of Theorem 5.1.4.

Let x and y be two vertices of distance g
2 in F . As g

2 is odd, x and y belong to opposite
bipartition classes of F . We take two copies F1 and F2 of F , and we add an edge between
the two copies x1 and x2 of x and an edge between the two copies y1 and y2 of y. This
yields a graph F ′. As F is bipartite and has girth at least g, we find that F ′ is bipartite
and has girth at least g as well. The construction also gives us that x1 and y2 belong to
the same bipartition class of F ′. See also Figure 5.1.

Now consider an edge uv in G. The F ′-replacement of uv is obtained from the graphs G
and F ′ by identifying u with x1 and v with y2. We do an F ′-replacement on every edge
of G. This yields the graph G′. Since F ′ is bipartite such that the distance between x1
and y2 is even, we find that G′ is bipartite as well. By construction, G′ has girth at least g
and maximum degree at most 4 · (14 + 1) = 60.

We claim that G has a matching cut if and only if G′ has a matching cut. We prove
this below, using Observation 3.1.1(i) implicitly.

First suppose that G has a matching cut, so G has a valid red-blue colouring c. For
every edge uv in G we do as follows. Let F ′ with copies F1 and F2 of F be the corresponding
F ′-replacement applied on uv. If u and v have the same colour, then we colour every vertex
of V (F ′) \ {u, v} with that colour. If u and v are coloured differently, say u is red and v
is blue, then we colour every vertex in V (F1) red and every vertex in V (F2) blue. This
yields a valid red-blue colouring of G′. Hence, G′ has a matching cut.

Now suppose that G′ has a matching cut, so G′ has a valid red-blue colouring c′. As F
is immune, every copy of it in G′ is monochromatic. Thus, for two vertices x1, y2 ∈ V (F ′)
in some graph F ′ in G′, it holds that x1 and y2 each have a neighbour in F ′ of the opposite
colour if and only if x1 and y2 have different colours in G′. Hence, the restriction of c′ to
V (G) is a valid red-blue colouring of G. Hence, G has a matching cut.

5.1.2 Disconnected Perfect Matching

We now show that Disconnected Perfect Matching is NP-complete for bipartite
graphs of arbitrarily large fixed girth and bounded maximum degree. We are aware of two
proofs leading to this result, with slightly different degree bounds. However for both of
them we need a more involved gadget than in Section 5.1.1.

We first define some useful auxiliary graphs. Fix g ≥ 3 such that g is divisible by 6
and g

6 is odd. Let F be a 14-regular immune bipartite graph with girth at least 2(g + 1)
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a)
s tx y

F (s, t)

s tx y

F

s = s1 t1 = s2 t2 = s3 t3 = t

H(s, t)

b)
s t s t

Figure 5.2: a) Illustration of the graphs F (left), F (s, t) (middle) and H(s, t) (right).
b) Illustration of how the edges in the perfect matching of H(s, t) (left) resp. H(s, t)−{s, t}
(right) are chosen (these edges are represented as red, thick edges).

containing a perfect matching. We note that F exists by Lemma 5.1.2, and as F has
constant size, F can be found in constant time.

Let s and t be two designated vertices in F at distance at least g+ 1. We fix a perfect
matching M of F . Let x ∈ NF (s) and y ∈ NF (t) be the (unique) neighbours of s and t
in M . Then, since s and t are at distance at least g + 1, x and y are at distance at least
g−1. We add the edge xy and denote the resulting graph by F (s, t); see also Figure 5.2 a).
We make the following observation.

Lemma 5.1.5 ([21]). The graph F (s, t) is immune, bipartite and has girth at least g.
Moreover, both F (s, t) and F (s, t)− {s, t} contain a perfect matching.

Proof. As F is immune, F (s, t) is immune. By our choice of x and y, we find that F (s, t)
is bipartite and has girth at least g. The fixed perfect matching M of F is of course also
a perfect matching of F (s, t). The new edge xy ensures that F (s, t) − {s, t} contains a
perfect matching as well; indeed, we can take (M \ {sx, ty}) ∪ {xy}.

We now take k = g
6 copies F (s1, t1), . . . , F (sk, tk) of F (s, t) and identify si+1 with ti for

all i ∈ {1, . . . , k − 1}. We set s = s1 and t = tk and call the resulting graph H(s, t); see
also Figure 5.2 a).
In the following lemma, we show some useful properties of H(s, t) and H(s, t)− {s, t}.

Lemma 5.1.6 ([21]). The graph H(s, t) is immune, bipartite, and has girth at least g.
Moreover, dist(s, t) ≥ g

2 , and both H(s, t) and H(s, t)− {s, t} contain a perfect matching.

Proof. By taking two immune graphs and identifying two of their vertices (one from each
graph), we obtain another immune graph. The graph H(s, t) is obtained by repeatedly
applying this operation on copies of F (s, t), which is immune by Lemma 5.1.5. Hence, we
conclude that H(s, t) is immune.

By Lemma 5.1.5, every graph F (si, ti) for i ∈ {1, . . . , k} is bipartite and has girth at
least g. By constructing H(s, t) from these graphs F (si, ti), we do not create any new
cycles. Thus, H(s, t) also is bipartite and has girth at least g. In every graph F (si, ti) we
have dist(si, ti) = 3, thus dist(s, t) = 3× g

6 = g
2 .

To see that H(s, t) and H(s, t)−{s, t} contain both a perfect matching, we will use the
fact that both F (si, ti) and F (si, ti)−{si, ti} contain a perfect matching by Lemma 5.1.5.
For H(s, t), we take a perfect matching of F (s1, t1), F (s2, t2) − {s2, t2}, F (s3, t3) and
continue this alternation until F (sk, tk), see Figure 5.2 b) (left). For H(s, t) − {s, t} we
alternate as well but we start and end with F (s1, t1)−{s1, t1} and F (sk, tk)−{sk, tk}, see
Figure 5.2 b) (right).

The first option to prove Theorem 5.1.7 is to use a similar approach as in the proof of
Theorem 5.1.4. We take two copies of the graph H(s, t) from Lemma 5.1.6, add two extra
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vertices and connect them as shown in Figure 5.3. The resulting graph F ′′ has girth at
least g, a perfect matching containing x1 and y2 and a perfect matching, not containing
x1 and y2. Thus, we can use the proof of Theorem 5.1.4 with the new gadget F ′′ instead
of F ′, leading to a maximum degree of 75.

There is a second proof, using new ideas, which improves the bound of 75 to 74 and
which we do give below.

s t
H(s, t)

x1 y1

x2 y2

F ′′

Figure 5.3: The graph H(s, t) with designated vertices s and t at distance at least g (left)
and the graph F ′′ (right).

Theorem 5.1.7 ([21]). For every integer g ≥ 3, Disconnected Perfect Matching
is NP-complete for bipartite graphs of girth at least g and maximum degree at most 74.

Proof. Let g ≥ 3. We reduce from Matching Cut for bipartite graphs of girth at least g
and maximum degree at most 60, which is NP-complete by Theorem 5.1.4. Similar to
Theorem 5.1.4, we may assume without loss of generality that g is divisible by 12. Let G
be a bipartite graph of girth at least g and maximum degree 60. We construct a graph G′

by taking two copies G1 and G2 of G, where we connect every vertex v ∈ V (G1) and its
copy v′ ∈ V (G2) using the graph H(v, v′).

To see that G′ has girth at least g, we consider first G1 and G2, which both have girth
at least g. Any cycle containing vertices from both copies has to pass twice through a
graph H(s, t). Thus, it will always have length at least g, and so G′ has girth g. Every
vertex inside H(s, t) has degree at most 28, whereas s and t only have degree 14. The
degree of a vertex v ∈ V (G1) ∪ V (G2) is the degree of the vertex in the original graph G
plus the degree in the graph H(v, v′). Thus, the degree of v is at most 74.

We also claim that G′ is bipartite. For a contradiction, assume that G′ has an odd
cycle C. As G1 and G2 are both bipartite, C ′ must contain vertices from G1 and G2.
Note that C passes through an even number of graphs H(v, v′), where v ∈ V (G1) and
v′ ∈ V (G2). Hence, the number of edges in E(G) \ (E(G1) ∪ E(G2)) is even. Since the
graph H(v, v′) always connects a vertex v in G1 and its copy v′ in G2 we can find an odd
cycle C ′ in G1, consisting of the edges in C ∩E(G1) and the edges in E(G1) corresponding
to the edges from C ∩ E(G2), a contradiction.

Finally, we show that G admits a matching cut if and only if G′ admits a disconnected
perfect matching. Consider some vertex v ∈ V (G1) and its copy v′ ∈ V (G2). Since v
and v′ are connected by the graph H(v, v′), which is immune, v and v′ will always have
the same colour in any valid red-blue colouring of G′. Thus, G1 and G2 will be coloured
the same in any valid red-blue colouring. Now, if G′ admits a perfect-extendable red-blue
colouring, then G admits a valid red-blue colouring, as it suffices to colour G the same
as G1 (or G2).

Conversely, if G admits a valid red-blue colouring, then we obtain a perfect-extendable
colouring of G′ as follows. We colour G1 and G2 the same as G. Notice that we colour the
immune graphs connecting two copies of the same vertex such that they are monochromatic.
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This gives us a valid red-blue colouring of G′, i.e. a matching cut M in G′. It remains to
show that the matching cut is contained in a perfect matching of G′. Since the colourings
of G1 and G2 are the same, we have that whenever a blue vertex v ∈ V (G1) is matched
with a red vertex u ∈ V (G1), i.e. vu ∈ M , then their copies v′ ∈ V (G2) and u′ ∈ V (G2)
are matched as well, i.e. v′u′ ∈ M . By Lemma 5.1.6, we know that H(v, v′)− {v, v′} and
H(u, u′) − {u, u′} contain both a perfect matching which we may add to M . For every
v ∈ V (G1) with no neighbour of the other colour, we know that its copy v′ ∈ V (G2)
has no neighbour of the other colour either. Thus, we can use that H(v, v′) contains a
perfect matching by Lemma 5.1.6 and add it to M . Repeatedly doing this yields a perfect
matching of G′ containing M .

5.1.3 Perfect and Maximum Matching Cut

It is known from [44] that Perfect Matching Cut is NP-complete for graphs of high
girth. The high girth in their construction is based on a simple lemma, which was implicit in
their paper. The lemma is based on the observation that in any perfect red-blue colouring
of a connected graph G = (V,E), a vertex v ∈ V of degree 2 has exactly one neighbour
coloured the same as itself and exactly one neighbour coloured differently than itself. The
proof of the lemma is short, and we include it for completeness.

Lemma 5.1.8 ([21, 44]). Let G = (V ′, E′) be the graph obtained from a connected graph G
by 4-subdividing an edge e of G. Now, G has a perfect matching cut if and only if G′ has
a perfect matching cut.

Proof. Let e = uv and denote the resulting path in G′ by uu1u2u3u4v. First suppose G
has a perfect matching cut, so G has a perfect red-blue colouring c. If u and v are coloured
alike, say u and v are red, then we colour u1 red, u2 blue, u3 blue and u4 red. Else we may
assume that u is red and v is blue. In that case we colour u1 blue, u2 blue, u3 red and
u4 red. In both cases we obtain a perfect red-blue colouring c′ of G′. So G′ has a perfect
matching cut. See Figure 5.4 for an illustration.

Now suppose that G′ has a perfect matching cut, so G′ has a perfect red-blue colour-
ing c′. If u and v are coloured alike, say u and v are red, then u1 must be red, u2 blue, u3
blue and u4 red. Hence, the restriction of c′ to V is a perfect red-blue colouring of G. Else
we may assume that u is red and v is blue. In that case u1 must be blue, u2 blue, u3 red
and u4 red. Again, the restriction of c′ to V is a perfect red-blue colouring of G. Hence,
in both cases we find that G has a perfect matching cut.

From this lemma we can obtain a simple proof for showing that Perfect Matching
Cut is NP-complete for graphs of girth at least g. Apply Lemma 5.1.8, say, g times on
each edge of the input graph. Combining this observation with the NP-completeness of
Perfect Matching Cut for 3-connected cubic planar bipartite graphs ([5]) leads to the
NP-completeness of Perfect Matching Cut for cubic planar bipartite graphs of girth
at least g.

Theorem 5.1.9 ([5, 44]). Perfect Matching Cut is NP-complete for cubic planar
bipartite graphs of girth at least g.

This method can also be applied to Maximum Matching Cut and Maximum Discon-
nected Perfect Matching. For Maximum Matching Cut we obtain the following.

Lemma 5.1.10. Let G = (V ′, E′) be the graph obtained from a connected graph G by
4-subdividing an edge e of G. Now, G has a matching cut of size ν if and only if G′ has a
matching cut of size ν + 2.
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u v u u1 u2 u3 u4 v

u v u u1 u2 u3 u4 v

Figure 5.4: A monochromatic edge (top) and a bichromatic edge (bottom) together with
the corresponding colouring of their 4-subdivision.

For Maximum Disconnected Perfect Matching we obtain the same result. We give
a proof for completeness.

Lemma 5.1.11. Let G = (V ′, E′) be the graph obtained from a connected graph G by
4-subdividing an edge e of G. Now, G has a disconnected perfect matching of size ν if and
only if G′ has a disconnected perfect matching of size ν + 2.

Proof. Let e = uv and denote the resulting path in G′ by uu1u2u3u4v. First suppose
G has a disconnected perfect matching of size ν, so G has a perfect extendable red-blue
colouring c of value ν. If u and v are coloured alike, say u and v are red, then we colour u1
red, u2 blue, u3 blue and u4 red. Else we may assume that u is red and v is blue. In that
case we colour u1 blue, u2 blue, u3 red and u4 red. In both cases we obtain two additional
bichromatic edges and a perfect extendable red-blue colouring c′ of G′ of value ν + 2. So
G′ has a disconnected perfect matching of size ν + 2. See Figure 5.4 for an illustration.

Now suppose that G′ has a disconnected perfect matching of size ν + 2, so G′ has a
perfect extendable red-blue colouring c′ of value ν + 2. If u and v are coloured alike, say
u and v are red, then, for a maximum colouring, u1 must be red, u2 blue, u3 blue and u4
red. Hence, the restriction of c′ to V is an extendable red-blue colouring of G of value ν.
Else we may assume that u is red and v is blue. In that case u1 must be blue, u2 blue, u3
red and u4 red. Again, the restriction of c′ to V is a perfect extendable red-blue colouring
of G of value ν. Hence, in both cases we find that G has a disconnected perfect matching
of size ν.

We can apply these two lemmas to obtain NP-hardness results for Maximum Matching
Cut and Maximum Disconnected Perfect Matching for graphs of high girth with
much better degree bounds than the bounds for Matching Cut and Disconnected
Perfect Matching. For Maximum Matching Cut, we use the hardness result for
Perfect Matching Cut of [5] for cubic planar bipartite graphs.

Theorem 5.1.12. For every g ≥ 3, Maximum Matching Cut is NP-hard for cubic
planar bipartite graphs of girth at least g.

By applying Lemma 5.1.11, we get the following Theorem. Recall that the NP-completeness
of Disconnected Perfect Matching on planar graphs of maximum degree 4 implies
that Maximum Disconnected Perfect Matching is NP-hard for this graph class ([8]).

Theorem 5.1.13. For every g ≥ 3, Maximum Disconnected Perfect Matching is
NP-hard for planar graphs of girth at least g and maximum degree at most 4.

Proof. Let G be planar graph of maximum degree 4. By [8] we know that Maximum Dis-
connected Perfect Matching is NP-hard for this graph class. We apply Lemma 5.1.11
g times on each edge and obtain a bipartite graph G′ with girth at least g and maximum
degree 4 and the theorem follows.

Note that to obtain these girth results, it is not necessary to use the lemmas, since the
NP-completeness for Perfect Matching Cut for some graph class immediately leads to
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the NP-hardness of Maximum Matching Cut and Maximum Disconnected Perfect
Matching for that same graph class. So for Maximum Matching Cut and Maximum
Disconnected Perfect Matching on cubic planar bipartite graphs of girth at least g
the NP-hardness already follows from the observation made above for Perfect Matching
Cut. Still, the lemmas might also be helpful to obtain other results.

5.2 Graphs without Induced H∗
i

In the following, we show that Matching Cut and Disconnected Perfect Matching
are NP-hard in H∗

i -free graphs, for an integer i ≥ 1. We also point out that it follows from
Lemma 5.1.8, which was implicit in [44], that the same holds for Perfect Matching
Cut.

Let G be an H∗
i -free graph, for some integer i ≥ 1. Let uv be an edge of G. We define

an edge operation as displayed in Figure 5.5, which when applied on uv will replace uv
in G by the subgraph T i

uv. Note that in the new graph, the only vertices from T i
uv that

may have neighbours outside T i
uv are u and v.

u v

v2i−1 v2i−3 v3 v1

v2i
v2i−2 v4 v2

v

u

u2 u4 u2i−2

u2i

u1 u3 u2i−3 u2i−1

Figure 5.5: The edge uv (left) which we replace by the subgraph T i
uv, for i ≥ 1 (right).

Theorem 5.2.1 ([21]). For all i ≥ 1, Matching Cut is NP-complete for (H∗
1 , . . . ,H

∗
i )-

free graphs.

Proof. Fix i ≥ 1. Reduce from Matching Cut. Let G = (V,E) be a connected graph. Re-
place every uv ∈ E by the graph T i

uv (see Figure 5.5). This yields the graph G′ = (V ′, E′).
We claim that G′ is (H∗

1 , . . . ,H
∗
i )-free. For a contradiction, assume that G′ contains an

induced H∗
i′ for some 1 ≤ i′ ≤ i. Then G′ contains two vertices x and y that are centers of

an induced claw, as well as an induced path from x to y of length i′. All vertices in V ′ \ V
are not centers of any induced claw. Hence, x and y belong to V . By construction, any
shortest path between two vertices of V has length at least i+ 1 in G′, a contradiction.

We claim that G′ has a matching cut if and only if G has a matching cut. First suppose
G′ has a matching cut M ′, so G′ has a valid red-blue colouring c′. We prove a claim for G′:

Claim 5.2.1.1. For every edge uv ∈ E(G) it holds that

(a) either c′(u) = c′(v), and then T i
uv is monochromatic, or

(b) c′(u) ̸= c′(v), and then c′ colours u1, . . . , u2i with the same colour as u, while c′

colours all vertices of T i
uv−{u, u1, . . . , u2i} with the same colour as v, and moreover,

uv2i, vu2i ∈ M ′.

Proof. First assume c′(u) = c′(v), say c′ colours u and v red. As any clique of size at
least 3 is monochromatic, all vertices in T i

uv are coloured red, so T i
uv is monochromatic.
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Now assume c′(u) ̸= c′(v), say u is red and v blue. As before, we find that all vertices
u1, . . . , u2i have the same colour as u, so are red, while all vertices v1, . . . , v2i have the same
colour as v, so are blue. By definition, every edge xy with c′(x) ̸= c′(y) belongs to M ′, so
uv2i, vu2i ∈ M ′. ◁

We construct a subset M ⊆ E in G as follows. We add an edge uv ∈ E to M if and
only if c′(u) ̸= c′(v) in G′. We now show that M is a matching in G. Let u ∈ V . For a
contradiction, suppose that M contains edges uv and uw for v ̸= w. Then c′(u) ̸= c′(v)
and c′(u) ̸= c′(w). By Claim 5.2.1.1, we find that M ′ matches u in G′ to vertices in T i

uv and
T i
uw, contradicting our assumption that M ′ is a matching (cut). Hence, M is a matching.

Now let c be the restriction of c′ to V . If c colours every vertex of G with one colour,
say red, then c′ would also colour every vertex of G′ red by Claim 5.2.1.1, contradicting
the validity of c′. Hence, c uses both colours. Moreover, for every uv ∈ E, the following
holds: if c(u) ̸= c(v), then c′(u) ̸= c′(v) and thus uv ∈ M . Hence, as M is a matching, c is
valid, and thus M is a matching cut of G.

Conversely, assume that G admits a matching cut, so V has a valid red-blue colouring c.
We construct a red-blue colouring c′ of V ′ as follows.

• For every edge uv ∈ E with c(u) = c(v), we let c′(x) = c(u) for every x ∈ V (T i
uv).

• For every edge uv ∈ E with c(u) ̸= c(v), we let c′(u) = c′(u1) = · · · = c′(u2i) = c(u)
and c′(v) = c′(v1) = · · · = c′(v2i) = c(v).

As c is valid, c uses both colours and thus by construction, c′ uses both colours. Let u ∈ V .
Again as c is valid, c(u) ̸= c(v) holds for at most one neighbour v of u in G. Hence, by
construction, u belongs to at most one non-monochromatic gadget T i

uv. Thus, c′ colours
in G′ at most one neighbour of u with a different colour than u. Let u ∈ V ′ \ V . By
construction, we find again that c′ colours at most one neighbour of u with a different
colour than u. Hence, c′ is valid, and so G′ has a matching cut. This completes the proof
of Theorem 5.2.1.

u v

u

u′

vi+1

v2i+2

vi

v2i+1

vi−1

v2i

v2

vi+3

v1

vi+2

v′

v

i+ 1 diamonds

Figure 5.6: The edge uv (left) which we replace by the subgraph Gi
uv (right).

We show the corresponding result for Disconnected Perfect Matching in a similar
way as Theorem 5.2.1. First we define the edge operation displayed in Figure 5.6. This
operation replaces an edge uv in a graph G by the subgraph Gi

uv for some integer i ≥ 1.
Note that in the resulting graph, the only vertices from Gi

uv that may have neighbours
outside Gi

uv are u and v.

Theorem 5.2.2 ([21]). For every i ≥ 1, Disconnected Perfect Matching is NP-
complete for (H∗

1 , . . . ,H
∗
i )-free graphs.

Proof. Fix an integer i ≥ 1. As the class of (H∗
1 , . . . ,H

∗
i )-free graphs is contained in the

class of (H∗
1 , . . . ,H

∗
i−1)-free graphs if i ≥ 2, we may assume without loss of generality

that i is even (we need this assumption at a later place in our proof). We reduce from
Disconnected Perfect Matching itself. Let G = (V,E) be a connected graph.
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Let uv be an edge of G. We recall the edge operation displayed in Figure 5.6, which
when applied on uv replaces uv by the subgraph Gi

uv. Recall that in the resulting graph,
u and v are the only vertices from Gi

uv that may have neighbours outside Gi
uv.

In G we now replace every edge uv ∈ E by the graph Gi
uv. Let G′ = (V ′, E′) be the

resulting graph.
We claim that G′ is (H∗

1 , . . . ,H
∗
i )-free. For a contradiction, assume that G′ contains

an induced H∗
i′ for some 1 ≤ i′ ≤ i. Then G′ contains two vertices x and y that are centers

of an induced claw, as well as an induced path from x to y of length i′. The only vertices
in V ′ \ V that are the center of an induced claw are the vertices v2i+2 (see Figure 5.6).
Suppose for a contradiction that x = v2i+2. Since the graph G[{u, u′, v2i+2, v2i+1, vi+1}]
contains an induced C4, the induced path from x to y may not contain u. Thus, either
y = v or the path from x to y passes through v. Since a shortest path from v2i+2 to v has
length i + 1, we get a contradiction. Hence, x and y belong to V . By construction, any
shortest path between two vertices of V has length at least i+ 3 in G′, a contradiction.

We claim that G′ has a disconnected perfect matching if and only if G has a discon-
nected perfect matching. First assume that G′ has a disconnected perfect matching M ′,
so G′ has a perfect-extendable red-blue colouring c′. We prove the following claim for G′:

Claim 5.2.2.1. For every edge uv ∈ E(G), it holds that

(a) either c′(u) = c′(v), and then Gi
uv is monochromatic, or

(b) c′(u) ̸= c′(v), and then c′ colours u′ and all neighbours of u in G− v with the same
colour as u, while c′ colours all vertices of Gi

uv − {u′, u} with the same colour as v,
and moreover, uvi+1 ∈ M ′ and either vv′ ∈ M ′ or vvi+2 ∈ M ′.

Proof. First assume c′(u) = c′(v), say c′ colours u and v red. As any clique of size at
least 3 is monochromatic, all vertices v′, v1, . . . , v2i+2 are coloured the same as v, so they
are red. Now u′ has two red neighbours, and thus u′ must be red as well. Hence, Gi

uv is
monochromatic.

Now assume c′(u) ̸= c′(v), say u is red and v blue. As before, we find that v′, v1, . . . , v2i+2

are all coloured the same as v, so they are blue. Now u, which is red, has one blue neigh-
bour, namely vi+1, and thus, u′ must be red. So u and u′ have the same colour. By
definition, every bichromatic edge belongs to M ′. Hence, uvi+1 ∈ M ′. Recall that M ′ is
perfect and observe that |V (Gi

uv)| is even. As the vertices of Gi
uv − {u, v} have no neigh-

bours outside Gi
uv − {u, v}, these two facts imply that either vv′ ∈ M ′ or vvi+2 ∈ M ′. If

c′(u) ̸= c′(w) for some neighbour w of u in G − v then, as we just argued, M ′ matches u
with a vertex of Gi

uw, a contradiction, as M ′ is a matching in G′. This proves Claim 5.2.2.1.
◁

We now construct a subset M ⊆ E in G by the following rule: add an edge uv ∈ E to M
if and only if in G′, either c′(u) = c′(v) and M ′ matches both u and v with vertices from
Gi

uv, or c′(u) ̸= c′(v).
We now show that M is a perfect matching in G. Let u ∈ V . First suppose u belongs

in G′ to a non-monochromatic graph Gi
uv. By Claim 5.2.2.1, we have c′(u) ̸= c′(v) and

c′(u) = c′(w) for every neighbour w of u in G−v, and moreover, M ′ matches both u and v
with vertices from Gi

uv. Hence, M matches u to v. As c′(u) = c′(w) for every neighbour w
of u in G − v, each Gi

uw is monochromatic. However, as M ′ already matched u to some
vertex from Gi

uv, we find that M ′ (being a matching) does not match u to any vertices of
any Gi

uw with w ̸= v. Hence, our rule does not add any edges uw with w ̸= v to M . So M
matches u only to v.

Now suppose that u only belongs to monochromatic graphs Gi
uv. By Claim 5.2.2.1, we

have c′(u) = c′(v) for every neighbour v of u in G. As M ′ is a perfect matching, u has
exactly one neighbour v in G, such that M ′ matches u with a vertex of Gi

uv. As |V (Gi
uv)|
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u

u′

vi+1

v2i+2
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v2i+1

v1

vi+2

v′

v

(a) u and v have the same
colour and uv ∈ M .

u

u′

vi+1

v2i+2

vi

v2i+1

v1

vi+2

v′

v

(b) u and v have the same
colour and uv ̸∈ M .

u

u′

vi+1

v2i+2

vi

v2i+1

v1

vi+2

v′

v

(c) u and v have different
colours.

Figure 5.7: The different colourings and matchings in the graph Gi
uv.

is even and the vertices of Gi
uv−{u, v} have no neighbours outside Gi

uv−{u, v}, this means
that M ′ also matches v with a vertex from Gi

uv. Hence, M matches u to v and to no other
vertex of G. We conclude that M is indeed a perfect matching in G.

Finally, let c be the restriction of c′ to V . If c colours every vertex of G with one colour,
say red, then c′ would also colour every vertex of G′ red by Claim 5.2.2.1, contradicting
the perfect-extendability (and thus validity) of c′. Hence, c uses both colours. For every
uv ∈ E, the following holds: if c(u) ̸= c(v), then c′(u) ̸= c′(v) and thus uv ∈ M . Hence,
as M is a (perfect) matching, c is perfect-extendable. Thus M is a disconnected perfect
matching of G.

Now, assume that G has a disconnected perfect matching M , so V has a perfect-extendable
red-blue colouring c. We construct a red-blue colouring c′ of V ′ and a matching M ′ in G′

as follows:

• For every edge uv ∈ E with c(u) = c(v), we let c′(x) = c(u) for every x ∈ V (Gi
uv).

– If uv ∈ M , then we add vv′, v1vi+2, . . . , vi+1v2i+2, uu
′ to M ′; see also Fig-

ure 5.7 a).
– If uv ̸∈ M , then we add v′v1, v2v3, . . . , v2iv2i+1, v2i+2u

′ to M ′ (recall that i is
even, so this is possible); see also Figure 5.7 b).

• For every edge uv ∈ E with c(u) ̸= c(v), we let c′(u) = c′(u′) = c(u) and c′(x) = c(v)
for every x ∈ V (Gi

uv) \ {u, u′}. We add the edges uvi+1, u
′v2i+2 to M ′ as well as

vv′, v1vi+2, . . . , viv2i+1; see also Figure 5.7 c).

As c is valid, c uses both colours and thus by construction, c′ uses both colours. Let
u ∈ V . Again as c is valid, c(u) ̸= c(v) holds for at most one neighbour v of u in G.
Hence, by construction, u belongs to at most one non-monochromatic gadget Gi

uv. Thus,
c′ colours in G′ at most one neighbour of u with a different colour than u. Let u ∈ V ′\V . By
construction, we find again that c′ colours at most one neighbour of u with a different colour
than u. Hence, c′ is valid. Again by construction, M ′ is a perfect matching containing all
edges xy of G′ with c′(x) ̸= c′(y), and thus, M ′ is a disconnected perfect matching of G′.
This completes the proof of Theorem 5.2.2.

To get the same result for Perfect Matching Cut, we apply Lemma 5.1.8 (implicit
in [44]) sufficiently times on every edge of a cubic planar bipartite graph of girth at least g
and combine this with the NP-completeness of Perfect Matching Cut for the class
of cubic planar bipartite graphs of girth at least g see Theorem 5.1.9 and [5]. Note that
applying Lemma 5.1.8 does not change the degree of a graph. Hence, we immediately get
the following:

Theorem 5.2.3 ([44, 5]). For every i ≥ 1 and g ≥ 3, Perfect Matching Cut is
NP-complete for (H∗

1 , . . . ,H
∗
i )-free subcubic bipartite graphs of girth at least g.
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5.3 Graphs without Induced Paths

In this section we consider graphs without induced long paths. Our result for Matching
Cut improved the current bound given by Feghali [20], while the result for Discon-
nected Perfect Matching was the first to show that there is a constant r, such that
Disconnected Perfect Matching is NP-complete for Pr-free graphs. We also consider
Maximum Matching Cut and Maximum Disconnected Perfect Matching where
we can show that both are NP-hard for 2P3-free graphs and with a variant of that proof
also that they are NP-hard for bipartite graphs of radius 3 and diameter 4.

5.3.1 Matching Cut and Disconnected Perfect Matching

For Matching Cut and Disconnected Perfect Matching, it was known before that
they are solvable in polynomial time on P5-free graphs (see [8, 20]) which we improved to
P6-free graphs in Theorem 4.1.2 and Corollary 4.2.9. We now present the corresponding
hardness proofs. The first one, for Matching Cut, improves the result of Feghali [20],
by showing that Matching Cut is NP-complete for P15-free graphs, while the second,
for Disconnected Perfect Matching, was the first result to show that there is some
constant r such that Disconnected Perfect Matching is NP-complete for Pr-free
graphs. We prove the two NP-completeness results in this section by reducing from Exact
Positive 1-in-3 SAT.

The proof of Theorem 5.3.1 follows from Feghali’s construction [20] after making some
minor modifications to it. We use the modified construction as a basis for the proof of
Theorem 5.3.5. Recall that Feghali [20] showed that Matching Cut is NP-complete
for Pr-free graphs, for some unspecified constant r. We show that r = 27 in [20]; see
Remark 5.3.3 below.

Theorem 5.3.1 ([50]). Matching Cut is NP-complete for (3P5, P15)-free graphs.

Proof. To prove NP-hardness, we will use a reduction from Exact Positive 1-in-3 SAT,
which is NP-complete by Theorem 2.1.9. Let I be an instance of Exact Positive 1-in-3
SAT with variable set X and clause set C. We will build a graph GI (see also Figures 5.8
and 5.9):

v1xi
v2xi

v3xi
vsxi

u2xi
u1xi

usxi
u3xi

si1 si2

S′
1 S2

Figure 5.8: The cliques S′
1 and S2 together with the variable gadget of xi. For readability,

the edges inside S′
1 and S2 have been omitted. Note that S′

1 consists of all vertices of S1

and all clause vertices.

• for every xi ∈ X, construct a variable gadget consisting of two disjoint cliques of
size 4, Uxi and Vxi , with vertex set

{
usxi

, u1xi
, u2xi

, u3xi

}
and

{
vsxi

, v1xi
, v2xi

, v3xi

}
, respec-

tively;



5.3. GRAPHS WITHOUT INDUCED PATHS 63

• add two cliques S1 and S2 with vertex set {s11, . . . , s
|X|
1 } and {s12, . . . , s

|X|
2 }, respec-

tively;
• for every i ∈ {1, . . . , |X|}, add the edges si1u

s
xi
, si1v

s
xi
, si2u

s
xi
, si2v

s
xi

;
• for every cj ∈ C, construct a clause gadget on clause vertices vcj , u

1
cj , u

2
cj , and auxil-

iary vertices a1cj , . . . , a
6
cj .

• Add edges between all clause vertices of all clause gadgets to obtain a clique and add
all edges between S1 and this clique. We call the resulting clique S′

1.
• for every j ∈ {1, . . . , |C|}, add the edges u1cja

ℓ
cj , for ℓ = 1, 2, 3 and the edges u2cja

ℓ
cj ,

for ℓ = 4, 5, 6;
• for every xi ∈ X occurring in clauses cj1 , cj2 and cj3 , add the edges vkxi

vcjk , for
k = 1, 2, 3; and

• for every cj ∈ C such that cj = xi1 ∨ xi2 ∨ xi3 , add the edges ukxik
akcj and ukxik

ak+3
cj ,

for k = 1, 2, 3.

vcj

Vxi1

Vxi2

Vxi3

u1
cj

u2
cj

a1
cj

a4
cj

a3
cj

a6
cj

a5
cj

a2
cj

Uxi1

Uxi2

Uxi3

Figure 5.9: The clause gadget for clause cj = xi1 ∨ xi2 ∨ xi3 .

We claim that I admits a truth assignment such that each clause contains exactly one true
literal if and only if GI admits a valid red-blue-colouring.

First suppose that GI admits a valid red-blue-colouring. We start with some useful claims.

Claim 5.3.1.1. For any variable xi ∈ X, i = 1, . . . , |X|, both Vxi and Uxi are monochro-
matic. Furthermore, S′

1 and S2 are each monochromatic.

Proof. This immediately follows from the fact these sets are cliques of size at least 3 and
Observation 3.1.2. ◁

Claim 5.3.1.2. It holds that S′
1 and S2 have different colours.

Proof. Suppose for a contradiction that S′
1 and S2 have the same colour. We may assume

without loss of generality that S′
1 and S2 are both coloured blue. Since for every variable

xi ∈ X, i = 1, . . . , |X|, there exist vertices usxi
and vsxi

having each a neighbour in both
S′
1 and S2, it follows that every variable gadget is coloured blue. Thus, both neighbours

of each auxiliary vertex are blue, which forces the auxiliary vertices to be blue themselves.
It follows that all vertices in GI are coloured blue. Hence, the colouring is not valid, a
contradiction. ◁

Claim 5.3.1.3. For every variable xi ∈ X, i ∈ {1, . . . , |X|}, Uxi and Vxi have different
colours.
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Proof. Suppose for a contradiction that for some variable xi ∈ X, i ∈ {1, . . . , |X|}, Uxi

and Vxi have the same colour. We may assume without loss of generality that they are
both coloured blue. Since si1 and si2 are both adjacent to usxi

and to vsxi
, it follows that

they are both coloured blue. Now it follows from Claim 5.3.1.1, that S′
1 and S2 must both

be coloured blue, a contradiction to Claim 5.3.1.2. ◁

Claim 5.3.1.4. For every clause cj ∈ C, exactly two neighbours of vcj outside of S′
1 have

the same colour as vcj .

Proof. We may assume without loss of generality that vcj is coloured blue. Let cj = (xi1 ∨
xi2∨xi3). Without loss of generality, let v1xi1

, v2xi2
, v3xi3

be the three neighbours of vcj outside
of S′

1 and let u1xi1
, u2xi2

and u3xi3
be the neighbours of the auxiliary vertices akcj , k = 1, . . . , 6.

By definition of a valid red-blue-colouring, vcj has at least two neighbours outside of S′
1

that are coloured blue. Suppose for a contradiction that the vertices v1xi1
, v2xi2

, v3xi3
are all

coloured blue. Then, it follows from Claim 5.3.1.1, that Vxi1
, Vxi2

, Vxi3
must be coloured

blue. Since vcj is coloured blue, Claim 5.3.1.1 also implies that all vertices in S′
1, and

in particular u1cj and u2cj , are coloured blue. Let A1 (resp. A2) be the set of auxiliary
vertices which are adjacent to u1cj (resp. u2cj ). Then, at least two vertices in A1 and two
vertices in A2 are coloured blue. Since u1xi1

, u2xi2
and u3xi3

have each one neighbour in A1

and one neighbour in A2, it follows that one of them has two blue neighbours in A1 ∪A2,
and is therefore coloured blue. We may assume without loss of generality that this vertex
is u1xi1

. Using Claim 5.3.1.1 again, we get that Uxi1
is coloured blue, a contradiction to

Claim 5.3.1.3. ◁

We continue as follows. By Claim 5.3.1.1, we may assume without loss of generality that
S′
1 is coloured blue. Then, we set every variable xi ∈ X, i ∈ {1, . . . , |X|}, to true for which

Vxi has been coloured red. We set all other variables to false. By Claim 5.3.1.4, we know
that for each clause cj ∈ C, j ∈ {1, . . . , |C|}, there exists exactly one red neighbour of vcj .
Hence, in every clause, exactly one literal is set to true. Since by Claim 5.3.1.1, every Vxi ,
i ∈ {1, . . . , |X|}, is monochromatic, it follows that no variable gets both values true and
false. Thus, I admits a truth assignment such that each clause contains exactly one true
literal.

vcj

u1
cj

u2
cj

Figure 5.10: The given valid red-blue-colouring of the clause gadget for cj .

Now suppose that I admits a truth assignment such that each clause contains exactly
one true literal. For every variable xi ∈ X, i ∈ {1, . . . , |X|}, that is set to true, we
colour Vxi red and Uxi blue; for every other variable xi ∈ X, we colour Vxi blue and
Uxi red. It follows that every vertex vcj , for cj ∈ C and j ∈ {1, . . . , |C|}, has exactly one
red and two blue neighbours outside of S′

1, since the truth assignment is such that each
clause contains exactly one true literal. Thus, we colour S′

1 blue. If we consider a clause
cj = (xi1 ∨ xi2 ∨ xi3), we know that exactly one of Uxi1

, Uxi2
, Uxi3

is blue and the other
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ones are red. Assume without loss of generality that Uxi1
is blue and consider a1cj , a

4
cj ,

the neighbours of u1xi1
∈ Uxi1

. We then colour a1cj , a
4
cj blue, since they have two blue

neighbours (u1xi1
and u1cj resp. u2cj ). To obtain a valid red-blue colouring of GI , we have

to colour one of the vertices a2cj , a
5
cj blue and the other one red, and similarly, one of the

vertices a3cj , a
6
cj blue and the other one red. Since u1cj , u

2
cj are both coloured blue and each

of them can have at most one red neighbour, we colour a2cj , a
6
cj blue and a3cj , a

5
cj red (see

also Figure 5.10). Finally, the only vertices that remain uncoloured are the vertices in S2.
The cliques S′

1 and S2 are coloured differently. Hence, as S′
1 is coloured blue, we must

colour S2 red. This gives us a valid red-blue-colouring of GI .

To complete the proof, it remains to show that GI is (3P5, P15)-free. We first prove that
GI is P15-free. Let P be a longest induced path in GI . Then P can contain at most
two vertices from a same clique, since otherwise P would not be induced. Moreover, if P
contains two vertices from a clique, then these two vertices must be consecutive in P . Let
W1 and W2 be two disjoint cliques in {Uxi , Vxi | xi ∈ X}. By construction, every path from
a vertex in W1 to a vertex in W2 contains at least one vertex from one of the cliques S′

1

or S2. Hence, P can intersect at most three cliques belonging to some variable gadgets.
Moreover, in the case where P intersects three cliques belonging to some variable gadgets,
P intersects each of the cliques S′

1 and S2 as well. Assume that P intersects W1, S′
1 and W2

in this order. Then P may contain at most one auxiliary vertex between intersecting W1

and S′
1 and at most one between intersecting S′

1 and W2; see Figure 5.11 for an example.
Hence, P contains at most 14 vertices. As P was a longest path in GI , we conclude that
GI is P15-free.

S′
1

S2

u1cj u2cj

Figure 5.11: An induced P14+4P4, where the induced P14 is displayed in red and the four
induced P4s are in blue.

We now prove that G is 3P5-free. Let P be an induced P5 in GI . First suppose that
P does not contain any vertex of the cliques S′

1 and S2. Then P only contains vertices
from variable gadgets and auxiliary vertices. By the same arguments as above, P can
contain at most two vertices from a clique, and every path from a vertex in W1 to a vertex
in W2, where W1 and W2 are two distinct cliques in {Uxi , Vxi | xi ∈ X}, contains at least
one vertex from one of the cliques S′

1 or S2. Hence, P can contain at most four vertices, a
contradiction. We conclude that every induced P5 in GI must intersect at least one of the
cliques S′

1 or S2. Hence, GI is 3P5-free.
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Remark 5.3.2. It can be verified that the (3P5, P15)-free graph GI in the proof of The-
orem 5.3.1 is not (P14 + sP4)-free for any s ≥ 1; see also Figure 5.11, which displays an
induced P14 + 4P4.

Remark 5.3.3. In the graph GI from the proof of Theorem 5.3.1, no vertex of Uxi is
adjacent to a vertex of Vxi , for any xi ∈ X. In Feghali’s construction [20], there is an edge
between any two such cliques. This implies that an induced path can use four consecutive
vertices inside the same variable gadget. Via similar arguments as in our proof, one can
show that Feghali’s construction has an induced P26, but no induced P27 (and thus it is
P27-free).

Remark 5.3.4. After [50] appeared, Le and Le improved this result ([40]) and showed
that Matching Cut is NP-complete even for (3P6, 2P7, P14)-free graphs.

We now modify the construction in the proof of Theorem 5.3.1 to obtain Theorem 5.3.5.
This result addresses Question 3 by showing that Disconnected Perfect Matching is
NP-complete for P19-free graphs. Note that before it was not known if there is an integer r
such that Disconnected Perfect Matching is NP-complete for Pr-free graphs.

To obtain this result, it is possible to use the method that we used to adapt the proof
that Matching Cut is NP-hard for graphs of fixed girth to obtain the same result for
Disconnected Perfect Matching. That is, we could take two copies of P15-free graph
and connect the two copies of a vertex using a suitable gadget. The gadget has to ensure
that both copies of the vertex have the same colour in any valid red-blue colouring. But
it should not increase the maximum pathlength too much. In this case, we could for
example connect the vertices by cliques. However this approach increases the maximum
pathlength to 2 ·14 = 28. In the following version of the proof, we modify the construction
of Theorem 5.3.1 and do not duplicate everything and thus, we get a better bound on the
pathlength.

Theorem 5.3.5 ([50]). Disconnected Perfect Matching is NP-complete for (3P7, P19)-
free graphs.

Proof. In order to prove NP-hardness, we reduce from Exact Positive 1-in-3 SAT,
which is NP-complete by Theorem 2.1.9. Let I be an instance of Exact Positive 1-in-3
SAT with variable set X and clause set C. We build a graph GI similarly to the graph in
Theorem 5.3.1 (see also Figures 5.12 and 5.13):

• for every xi ∈ X, construct a variable gadget consisting of two disjoint cliques of
size 7, Uxi and Vxi , with vertex set

{
usxi

, u1xi
, . . . , u6xi

}
and

{
vsxi

, v1xi
, . . . , v6xi

}
, respec-

tively;

• add two cliques S1 and S2 with vertex set {s11, . . . , s
|X|
1 } and {s12, . . . , s

|X|
2 }, respec-

tively;
• for every i ∈ {1, . . . , |X|}, add the edges si1u

s
xi
, si1v

s
xi
, si2u

s
xi
, si2v

s
xi

;
• for every cj ∈ C, construct a clause gadget on clause vertices v1cj , v

2
cj , u

1
cj , u

2
cj , u

3
cj , u

4
cj ,

and auxiliary vertices a1cj , . . . , a
12
cj .

• Add edges between all clause vertices of all clause gadgets to obtain a clique and add
all edges between this clique and S1. We call the resulting clique S1.

• for every j ∈ {1, . . . , |C|}, add the edges u1cja
ℓ
cj , for ℓ = 1, 2, 3, u2cja

ℓ
cj , for ℓ = 4, 5, 6,

u3cja
ℓ
cj , for ℓ = 7, 8, 9 and u4cja

ℓ
cj , for ℓ = 10, 11, 12. Add also the edges aℓcja

ℓ+6
cj , for

ℓ = 1, . . . , 6;
• for every xi ∈ X occurring in clauses cj1 , cj2 and cj3 , add the edges vkxi

v1cjk
and

vk+3
xi

v2cjk
, for k = 1, 2, 3; and
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• for every cj ∈ C such that cj = xi1∨xi2∨xi3 , add the edges ukxik
akcj , u

k
xik

ak+3
cj , uk+3

xik
ak+6
cj

and uk+3
xik

ak+9
cj , for k = 1, 2, 3.

v1xi

v2xi

v3xi

v4xi

v5xi

v6xi

vsxi

u2
xiu1

xi

us
xi

u6
xi

u5
xi

u4
xi

u3
xi

si1 si2

S′
1 S2

Figure 5.12: The cliques S′
1 and S2, together with the variable gadget of xi. For readability,

the edges inside S′
1 and S2 have been omitted. Note that S′

1 consists of all vertices of S1

and all clause vertices.

v1cj v2cj

Vxi1
Vxi2

Vxi3

u1
cj u2

cj

u3
cj u4

cj

a1
cj a4

cj

a3
cj

a6
cj

a2
cj a5

cj

a7
cj a10

cj
a9
cj

a12
cja8

cj

a11
cj

u1
xi1

u3
xi3

u2
xi2

u1
xi1

u3
xi3u2

xi2

Uxi1

Uxi1

Uxi2

Uxi2

Uxi3

Uxi3

Figure 5.13: The clause gadget for the clause cj = xi1 ∨ xi2 ∨ xi3 . The vertices
v1cj , v

2
cj , u

1
cj , . . . , u

4
cj belong to clique S′

1; for readability, we omitted the edges between
v1cj , v

2
cj and u1cj , . . . , u

4
cj . Moreover, coloured edges of the same colour belong to the same

clique Uxij
, for j = 1, 2, 3 (again, for readability).

We claim that I has a truth assignment such that each clause contains exactly one true
literal if and only if GI has a perfect-extendable red-blue-colouring.

First suppose that GI admits a valid perfect-extendable red-blue-colouring. We start
with some useful claims, the first three have the same proof as Claims 5.3.1.1, 5.3.1.2,
5.3.1.3 in the proof of Theorem 5.3.1.

Claim 5.3.5.1. For any variable xi ∈ X, i = 1, . . . , |X|, both Vxi and Uxi are monochro-
matic. Furthermore, S′

1 and S2 are also monochromatic.

Claim 5.3.5.2. It holds that S′
1 and S2 have different colours.
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Claim 5.3.5.3. For every variable xi ∈ X, i ∈ {1, . . . , |X|}, the cliques Uxi and Vxi have
different colours.

Claim 5.3.5.4. For every clause cj ∈ C, j ∈ {1, . . . , |C|}, exactly two neighbours of v1cj
(resp. v2cj ) outside of S′

1 have the same colour as v1cj (resp. v2cj ).

Proof. We may assume without loss of generality that v1cj (resp. v2cj ) is coloured blue. By
symmetry, it is enough to prove the claim for v1cj . Let cj = (xi1 ∨xi2 ∨xi3). Without loss of
generality, let v1xi1

, v2xi2
, v3xi3

be the three neighbours of v1cj outside of S′
1 and let u1xi1

, u2xi2

and u3xi3
be the neighbours of the auxiliary vertices akcj , k = 1, . . . , 6. By definition of a

perfect-extendable red-blue-colouring, v1cj has at least two neighbours outside of S′
1 that are

coloured blue. Suppose for a contradiction that the vertices v1xi1
, v2xi2

, v3xi3
are all coloured

blue. Then, it follows from Claim 5.3.5.1 that Vxi1
, Vxi2

, Vxi3
must be coloured blue. Since

v1cj is coloured blue, Claim 5.3.5.1 also implies that all vertices in S′
1, in particular u1cj

and u2cj are coloured blue. Let A1 (resp. A2) be the set of auxiliary vertices which are a
neighbour of u1cj (resp. u2cj ). Then, at least two vertices in A1 and two vertices in A2 are
coloured blue. Since u1xi1

, u2xi2
and u3xi3

have each one neighbour in A1 and one neighbour
in A2, it follows that one of them has two blue neighbours in A1∪A2, and is thus coloured
blue. We may assume without loss of generality that this vertex is u1xi1

. Using Claim 5.3.5.1
again, we get that Uxi1

is coloured blue, a contradiction to Claim 5.3.5.3.
Since v1cj and v2cj are both in S′

1, using Claim 5.3.5.1 we get that they are both blue.
For each neighbour of v1cj there is a neighbour of v2cj in the same clique and vice versa.
Hence, they have the same number of blue neighbours. ◁

We continue as follows. By Claim 5.3.5.1, we may assume without loss of generality that S′
1

is coloured blue. We set every variable xi ∈ X for which Vxi has been coloured red to true.
We set all other variables to false. By Claim 5.3.5.4, we know that for each clause cj ∈ C,
j ∈ {1, . . . , |C|}, there is exactly one red neighbour of v1cj (resp. v2cj ). Hence, in every
clause, exactly one literal is set to true. Since by Claim 5.3.5.1, every Vxi , i ∈ {1, . . . , |X|},
is monochromatic, it follows that no variable is both true and false. Thus, I admits a
truth assignment such that each clause contains exactly one true literal.

Conversely, assume now that I admits a truth assignment such that each clause contains
exactly one true literal. For every variable xi ∈ X, i ∈ {1, . . . , |X|}, that is set to true,
we colour Vxi red and Uxi blue; for every other variable xi ∈ X, we colour Vxi blue and
Uxi red. It follows that every vertex vkcj , for cj ∈ C, j ∈ {1, . . . , |C|}, and k = 1, 2, has
exactly one red and two blue neighbours outside of S′

1, since the truth assignment is such
that each clause contains exactly one true literal. Thus, we colour S′

1 blue. If we consider
a clause cj = (xi1 ∨ xi2 ∨ xi3), we know that exactly one of Uxi1

, Uxi2
, Uxi3

is blue and
the other ones are red. Assume, without loss of generality, that Uxi1

is blue and consider
a1cj , a

4
cj , the neighbours of u1xi1

∈ Uxi1
and a7cj , a

10
cj , the neighbours of u4xi1

∈ Uxi1
. We then

colour a1cj , a
4
cj , a

7
cj , a

10
cj blue, since they have two blue neighbours ({u1xi1

, u1cj}, {u
1
xi1

, u2cj},
{u4xi1

, u3cj} resp. {u4xi1
, u4cj}). To obtain a perfect-extendable red-blue colouring of GI , we

have to colour one of the vertices a2cj , a
5
cj blue and the other one red, and similarly, one

of the vertices a3cj , a
6
cj blue and the other one red. Since u1cj , u

2
cj are both coloured blue

and each of them can have at most one red neighbour, we colour a2cj , a
6
cj blue and a3cj , a

5
cj

red. With the same arguments we colour a8cj , a
12
cj blue and a9cj , a

11
cj red. Finally, the only

vertices that remain uncoloured are the vertices in S2. The cliques S′
1 and S2 are coloured

differently. Hence, as S′
1 is coloured blue, we must colour S2 red. This gives us a valid

red-blue-colouring of GI .
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v1cj v2cj

u1
cj u2

cj

u3
cj u4

cj

Figure 5.14: A perfect-extendable red-blue-colouring of the clause gadget. Notice that
vertices v1cj , v

2
cj , u

1
cj , . . . , u

4
cj belong to the clique S′

1, but for the sake of readability, we
omitted the edges between vertices v1cj , v

2
cj and vertices u1cj , . . . , u

4
cj .

We must still verify that this valid red-blue-colouring is perfect-extendable. First, consider
the vertices sij , for i ∈ {1, . . . , |X|} and j ∈ {1, 2}. We know that each vertex sij has two
neighbours vsxi

and usxi
outside of S′

1 ∪ S2. Since the red-blue-colouring is valid, it follows
that exactly one of si1, si2 and exactly one of vsxi

and usxi
is blue. So every vertex sij has a

neighbour of the opposite colour and hence, can be matched with it. The same holds for
the vertices vsxi

, usxi
, for all xi ∈ X.

Next, consider a clause cj ∈ C, such that cj = xi1 ∨ xi2 ∨ xi3 . It follows from the
construction of our valid red-blue-colouring that we may assume without loss of generality
that Vxi1

, Uxi2
, Uxi3

are coloured red and Vxi2
, Vxi3

, Uxi1
are coloured blue. Since every

clause vertex is coloured blue and has exactly one red neighbour, it follows that all clause
vertices in the clause gadget of cj can be matched and the same holds for the vertices in
Vxi1

\
{
vsxi1

}
. The auxiliary vertices which are adjacent to vertices in Uxi2

∪ Uxi3
have

exactly one neighbour of the opposite colour and thus, they can be matched with either
clause vertices or vertices in Uxi2

∪ Uxi3
(see also Figure 5.14). The auxiliary vertices

a1cj , a
4
cj , a

7
cj and a10cj , which are neighbours of Uxi1

, are all coloured blue. In this case, we
consider the edges a1cja

7
cj and a4cja

10
cj as matching edges.

The only vertices that remain unmatched are vertices in variable gadgets of variables
xi ∈ X, i ∈ {1, . . . , |X|}, which are set to false. Since all vertices vsxi

and vsui
are already

matched, for all xi ∈ X, i ∈ {1, . . . , |X|}, there remains an even number of unmatched
vertices in each clique of these variable gadgets, all coloured with the same colour. We
can easily find matching edges inside these cliques. We conclude that our valid red-blue-
colouring is indeed perfect-extendable.

To complete the proof, it remains to show that GI is indeed (3P7, P19)-free. To show that
it is P19-free, we follow the same arguments as in the proof of Theorem 5.3.1, where we
showed that the corresponding graph was P15-free. Let P be a longest induced path in GI .
It holds that P can contain at most two vertices from each clique, else P would not be
induced. Also, if P contains two vertices from the same clique, then these two vertices
are necessarily consecutive in P . Let W1,W2 be two disjoint cliques in {Uxi , Vxi | xi ∈ X}.
Every path from a vertex in W1 to a vertex in W2 contains at least one vertex from one of the
cliques S′

1 and S2. Hence, P can intersect at most three cliques belonging to some variable
gadgets. Moreover, in the case where P does intersect three cliques belonging to some
variable gadgets, then P intersects each of the cliques S′

1 and S2 as well. Directly before
intersecting S′

1 the path P may contain up to two auxiliary vertices (see also Figure 5.15).
Similarly, directly after intersecting S′

1, the path P may contain another two auxiliary



70 CHAPTER 5. HARDNESS RESULTS

vertices. Moreover, the first two, respectively the last two, vertices in P may correspond to
auxiliary vertices. Hence, P contains at most 18 vertices, and thus, GI is indeed P19-free.

u1
cj u2

cj

u3
cj u4

cj

Figure 5.15: A path intersecting a clause gadget and containing four auxiliary vertices.

We now prove that GI is 3P7-free. Let G′ = G[V (GI) \ (V (S′
1) ∪ V (S2)]. The graph G′

consists of two types of connected components: (i) every Vxi , for xi ∈ X, corresponds to a
clique of size 7; (ii) every Uxi , for xi ∈ X, together with some auxiliary vertices corresponds
to a connected component as shown in Figure 5.16. Any induced path contains at most
two vertices of the same clique. Also observe that any induced path contains at most six
vertices from a connected component containing a clique Uxi (see Figure 5.16). Hence,
every induced path with length at least 7 has to contain a vertex in one of the cliques S′

1

and S2. It immediately follows that GI is 3P7-free.

Figure 5.16: A connected component of type (ii) obtained from the removal of S′
1 and S2

and a longest path in this connected component in blue.

Remark 5.3.6. Just like we showed in Remark 5.3.2 that the gadget in the proof of
Theorem 5.3.1 is not (P14 + sP4)-free for any integer s ≥ 0, it can be verified that the
(3P7, P19)-free graph GI in the proof of Theorem 5.3.5 is not (P18 + sP6)-free for any
s ≥ 1.

Remark 5.3.7. As for Theorem 5.3.1, after [50] appeared, Le and Le improved this re-
sult ([40]) and showed that Disconnected Perfect Matching is NP-complete even
for (3P6, 2P7, P14)-free graphs.

5.3.2 Maximum Matching Cut

For Maximum Matching Cut and Maximum Disconnected Perfect Matching
much stronger results can be proven. We show in the following that both are NP-hard
even for 2P3-free graphs with radius 2 and diameter 3. We modify the construction to
show that they are NP-hard also for bipartite graphs of radius 3 and diameter 4.
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We start with the result that Maximum Matching Cut is NP-hard for 2P3-free
quadrangulated graphs of diameter 3 and radius 2. We note that the restrictions to radius 2
and diameter 3 are not redundant: consider, for example, the P6, which is 2P3-free but
which has radius 3 and diameter 5. We reduce from Exact 3-Cover.

x0 x1 x2 x3 x4 x5

x0 x1 x3 x1 x3 x4 x2 x4 x5

Figure 5.17: The graph G for variables X = {x0, . . . , x5} and sets S =
{{x0, x1, x3} , {x1, x3, x4} , {x2, x4, x5}}. The vertices in the rectangle form a clique. The
set S ′ = {{x0, x1, x3} , {x2, x4, x5}} is an exact 3-cover of X. The thick red edges in the
graph show the corresponding matching cut of size 3q = 6.

Theorem 5.3.8 ([51]). Maximum Matching Cut is NP-hard for 2P3-free quadrangu-
lated graphs of radius at most 2 and diameter at most 3.

Proof. Let (X,S) be an instance of Exact 3-Cover where X = {x1, . . . , x3q} and S =
{S1, . . . , Sk}, such that each Si contains exactly three elements of X. From (X,S) we
construct a graph G. We first define a clique KX = {x1, . . . , x3q}. For each S ∈ S, we do
as follows. Let S = {xh, xi, xj}. We add a triangle KS on vertices xSh , xSi and xSj . We add
an edge between a vertex xi ∈ KX and a vertex u /∈ KX if and only if u = xSi for some
S ∈ S. This completes the construction of G. See Figure 5.17 for an example.

As every induced P3 must contain at least one vertex from the clique KX , we find that
G is 2P3-free. As G is not only 2P3-free, but also (C5, C6, C7)-free, G is quadrangulated.
Consider some xi ∈ KX . Then every other vertex is of distance at most 2 from xi. Consider
some xSi ∈ KS for some S ∈ S. Then every other vertex is of distance at most 3 from xSi .
Hence, the radius of G is at most 2 and the diameter of G is at most 3.

We claim that S contains an exact 3-cover of X if and only if G has a matching cut of
size 3q. First suppose that S contains an exact 3-cover C of X. We colour every vertex of
KX red. We colour a triangle KS blue if S ∈ C and otherwise we colour it red. This yields
a valid red-blue colouring of value 3q, and thus a matching cut of size 3q.

Now suppose that G has a matching cut M of size 3q. As KX is a clique of size 3q ≥ 3,
the corresponding valid red-blue colouring assigns every vertex of KX the same colour,
say red. As every triangle KS is monochromatic, this means that exactly q triangles must
be coloured blue. Moreover, no two blue triangles have a common red neighbour in KX .
Hence, the blue triangles correspond to an exact 3-cover of X. See again Figure 5.17.

The construction in the proof of Theorem 5.3.8 can be adapted to be bipartite. To do
so, we replace the clique KX and the triangles KS by complete bipartite graphs. This
increases both the radius and the diameter by 1. Also longer paths and cycles become
possible. We give the full proof for completeness.

Theorem 5.3.9. Maximum Matching Cut is NP-hard for bipartite graphs of radius at
most 3 and diameter at most 4.

Proof. Let (X,S) be an instance of Exact 3-Cover where X = {x1, . . . , x3q} and S =
{S1, . . . , Sk}, such that each Si contains exactly three elements of X. From (X,S) we
construct a graph G as follows.



72 CHAPTER 5. HARDNESS RESULTS
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Figure 5.18: The graph G for variables X = {x0, . . . , x5} and sets S =
{{x0, x1, x3} , {x1, x3, x4} , {x2, x4, x5}}. The set S ′ = {{x0, x1, x3} , {x2, x4, x5}} is an
exact 3-cover of X. The thick red edges in the graph show the corresponding matching cut
of size 6q = 12. X1 and X2 are the partition classes of a complete bipartite graph. For
readability the edges between X1 and X2 are not represented.

We first define a complete bipartite graph K3q,3q called KX with partition classes
X1 = {x1, . . . , x3q} and X2 = {y1, . . . , y3q}. For each S ∈ S, we do as follows. Let
S = {xh, xi, xj}. We add a complete bipartite graph K3,3 called KS with partition classes
S1 = {xS1

h , xS
1

i , xS
1

j } and S2 = {xS2

h , xS
2

i , xS
2

j }. We add an edge between a vertex xi ∈ X1

and a vertex u ∈ S1 if and only if u = xS
1

i for some S ∈ S. Similarly, we add an edge
between a vertex yi ∈ X2 and a vertex u ∈ S2 if and only if u = xS

2

i for some S ∈ S. This
completes the construction of G. See Figure 5.18 for an example.

First note that this graph is indeed bipartite. The partition classes are X1∪
⋃

1≤i≤k S
2
i

and X2 ∪
⋃

1≤i≤k S
1
i . To see that G has radius 3 pick a vertex v in X1. All vertices in KX

have distance at most 2 to v. Further, all vertices in some KS are at distance at most 3
to v. To see this note that there is a path using exactly one vertex in each of the following
sets. For u ∈ S2, for some S ∈ S, go from v ∈ X1 to X2, then to u. For u ∈ S1, for some
S ∈ S, go from v ∈ X1 to X2, then to S2 and then u ∈ S1.

To see that G has also diameter 4, it remains to show that the distance between v ∈ S1

to a vertex in KS′ , S′ ∈ S is at most 4. Note that the case where v ∈ S2 follows by
symmetry. Let v ∈ S1, for some S ∈ S. First, note that all vertices in KS have distance
at most 2 to v. Let S′ ∈ S be different from S and let u ∈ S′2. Then there is a path
of length 3 from v to u using first the neighbour of v in X1 and then the neighbour of u
in X2. Note that these two vertices are adjacent. Let now u ∈ S′1, then there is a path of
length 4 from v to u using exactly one vertex of each of X1, X2, S′2. Thus, the diameter
of G is 4.

We claim that S contains an exact 3-cover of X if and only if G has a matching cut
of size 6q. First suppose that S contains an exact 3-cover C of X. We colour every vertex
of KX red. We colour a graph KS blue if S ∈ C and red otherwise. This yields a valid
red-blue colouring of value 6q, and thus a matching cut of size 6q.

Now suppose that G has a matching cut M of size 6q. As KX and KS for all S ∈ S are
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complete bipartite graphs with at least 3 vertices on each side, they are monochromatic,
see Observation 3.1.2. Say KX is coloured red. Thus, exactly q subgraphs KS are coloured
blue. Moreover, no two blue KS have a common red neighbour in KX . Hence, the blue KS

correspond to an exact 3-cover of X.

For Maximum Disconnected Perfect Matching we get the same results by mod-
ifying the proofs given above. To make the proof of Theorem 5.3.8 hold for Maximum
Disconnected Perfect Matching, small modifications to the construction are needed.
Thus, we give the full proof for completeness.

Theorem 5.3.10 ([51]). Maximum Disconnected Perfect Matching is NP-hard
for 2P3-free quadrangulated graphs of radius at most 2 and diameter at most 3.

Proof. Let (X,S) be an instance of Exact 4-Cover where X = {x1, . . . , x4q} and S =
{S1, . . . , Sk}, such that each Si contains exactly four elements of X. From (X,S) we
construct a graph G. We first define a clique KX = {x1, . . . , x4q}. For each S ∈ S, we
do as follows. Let S = {xh, xi, xj , xℓ}. We add a clique KS on four vertices xSh , xSi , xSj
and xSℓ . We add an edge between a vertex xi ∈ KX and a vertex u /∈ KX if and only if
u = xSi for some S ∈ S. This completes the construction of G.

As every induced P3 must contain at least one vertex from the clique KX , we find that
G is 2P3-free. As G is not only 2P3-free, but also (C5, C6, C7)-free, G is quadrangulated.
Consider some xi ∈ KX . Then every other vertex is of distance at most 2 from xi. Consider
some xSi ∈ KS for some S ∈ S. Then every other vertex is of distance at most 3 from xSi .
Hence, the radius of G is at most 2 and the diameter of G is at most 3.

We claim that S contains an exact 4-cover of X if and only if G has a matching cut of
size 4q. First suppose that S contains an exact 4-cover C of X. We colour every vertex of
KX red. We colour a clique KS blue if S ∈ S and otherwise we colour it red. This yields a
valid red-blue colouring of value 4q, and thus a matching cut of size 4q. Further, all vertices
which are not incident to a bichromatic edge are in some clique KS and for a clique KS

either all vertices are matched or none. Since KS contains 4 vertices, these can be matched
and thus the matching cut can be extended to a perfect disconnected matching.

Now suppose that G has a matching cut M of size 4q. As KX is a clique of size 4q ≥ 3,
the corresponding valid red-blue colouring assigns every vertex of KX the same colour, say
red. As every clique KS is monochromatic, this means that exactly q cliques KS must be
coloured blue. Moreover, no two blue cliques KS have a common red neighbour in KX .
Hence, the blue cliques KS correspond to an exact 4-cover of X.

We can also give the analogue result for Maximum Disconnected Perfect Matching
to the result presented in Theorem 5.3.9 for Maximum Matching Cut. Note that in
contrast to Theorem 5.3.10 for this result no changes to the construction are needed to
make the maximum matching cut extendable to a perfect matching. Since we have an
exact 3-cover, if there is a matching cut in the graph, then all vertices in KX are matched.
Further, each KS is either completely matched to KX or no vertex of KS has a matching
partner in this matching cut. In this case, we can match every vertex in KS with another
vertex from the same KS , since KS is a complete bipartite graph with partition classes of
equal size. Thus, after adding the above argument, the proof of Theorem 5.3.9 leads to
the following theorem.

Theorem 5.3.11. Maximum Disconnected Perfect Matching is NP-hard for graphs
of radius at most 3 and diameter at most 4.
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5.4 Line Graphs

In this last section of the chapter we show the NP-hardness of Maximum Matching
Cut and Maximum Disconnected Perfect Matching for line graphs of triangle-
free graphs. Recall that the class of line graphs is contained in the class of claw-free
graphs. Thus, our results for Maximum Matching Cut and Maximum Disconnected
Perfect Matching differ from the known results for Matching Cut, Disconnected
Perfect Matching and Perfect Matching Cut, where we know for all three variants
that they are solvable in polynomial time for claw-free graphs, see [6, 8, 44].

To prove this result, we reduce from Max Cut on subcubic graphs which is NP-hard
by Theorem 2.1.3.

G G′

Figure 5.19: A graph G (left) where the thick red edges form a maximum edge cut, and
the graph G′ (right) from the proof of Theorem 5.4.1, where the thick red edges form a
maximum matching cut.

Theorem 5.4.1 ([51]). Maximum Matching Cut is NP-hard for subcubic line graphs
of triangle-free graphs.

Proof. Let (G, k) be an instance of Maximum Cut, where G is a subcubic graph. From G,
we construct a graph G′ as follows. First replace every vertex v ∈ V (G) by a triangle Cv.
Next, for every edge uv ∈ E(G), add an edge between a vertex in Cv and a vertex in Cu,
such that every vertex in Cv has at most one neighbour outside of Cv. This is possible since
G is subcubic. See Figure 5.19 for an example. The graph G′ is subcubic, as every vertex
in G′ has two neighbours inside a triangle and at most one neighbour outside. Moreover,
G is (K1,3, diamond)-free, or equivalently, the line graph of a triangle-free graph.

We claim that G has an edge cut of size at least k if and only if G′ has a matching cut
of size at least k.

First suppose that G has an edge cut M of size at least k. So, V (G) can be partitioned
into sets R and B, such that for every e ∈ E(G), it holds that e ∈ M if and only if e has
one endvertex in R and the other one in B. We define the edge set

M ′ =
{
u′v′ ∈ E(G′) | u′ ∈ Cu, v

′ ∈ Cv, uv ∈ M
}
.

Note that |M ′| = |M | ≥ k. Moreover, M ′ contains no edge from any triangle Cu, so M ′ is
a matching. For every v ∈ V (G), we put all vertices of Cv in a set B′ if v ∈ B, and else we
put all vertices of Cv in a set R′. We now find that for every edge e ∈ E(G′), it holds that
e belongs to M ′ if and only if e has one endvertex in R′ and the other one in B′. Hence,
M ′ is an edge cut, and thus a matching cut, of G′ with |M ′| ≥ k.

Now suppose that G′ has a matching cut M ′ of size at least k. Let R′ and B′ be the
corresponding sets of red and blue vertices, respectively. We define the edge set

M =
{
uv ∈ E(G) | u′v′ ∈ M ′, u′ ∈ Cu, v

′ ∈ Cv

}
.

Note that |M | = |M ′| ≥ k. Due to Observation 3.1.2, every triangle Cu is monochromatic.
For every u ∈ V (G), we put u in a set R if Cu is coloured red, else we put u in a set B.
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We now find for every edge e ∈ E(G) that e belongs to M if and only if one endvertex of e
belongs to R and the other one to B. Hence, M is an edge cut in G of size at least k.

The result for Maximum Disconnected Perfect Matching follows with a similar
proof. Note that the maximum degree bound is no longer 3 but 6.

Theorem 5.4.2 ([51]). Maximum Disconnected Perfect Matching is NP-hard for
graphs of maximum degree 6 that are line graphs of triangle-free graphs.

Proof. Let (G, k) be an instance of Maximum Cut, where G is a subcubic graph. From G,
we construct a graph G′ as follows. First replace every vertex v ∈ V (G) by a clique Cv

of size 6. Next, for every edge uv ∈ E(G), add two edges between Cu and Cv, such that
every vertex in Cv has at most one neighbour outside Cv. The resulting graph G′ is still
(K1,3, diamond)-free and thus the line graph of a triangle-free graph but has maximum
degree 6.

We claim that G has an edge cut of size at least k if and only if G′ has a disconnected
perfect matching of size at least 2k.

First suppose that G has an edge cut M of size at least k. So, V (G) can be partitioned
into sets R and B, such that for every e ∈ E(G), it holds that e ∈ M if and only if e has
one endvertex in R and the other one in B. We define the edge set

M ′ =
{
u′v′ ∈ E(G′) | u′ ∈ Cu, v

′ ∈ Cv, uv ∈ M
}
.

Note that |M ′| = 2 ∗ |M | ≥ 2k. Moreover, M ′ contains no edge from any clique Cu, so M ′

is a matching. For every v ∈ V (G), we put all vertices of Cv in a set B′ if v ∈ B, and else
we put all vertices of Cv in a set R′. We now find that for every edge e ∈ E(G′), it holds
that e belongs to M ′ if and only if e has one endvertex in R′ and the other one in B′.
Hence, M ′ is an edge cut, and thus a matching cut, of G′ with |M ′| ≥ k. Observe that
for u ∈ Cu with a neighbour v ∈ Cv and u′ ∈ Cu, adjacent to v′ ∈ Cv, either both edges
uv, u′v′ are in M ′ or none of the edges. Thus, the number of vertices in Cu not incident
with an edge of M ′ is even and we can extend M ′ to a perfect matching.

Now suppose that G′ has a disconnected perfect matching M ′ of size at least 2k. Let
R′ and B′ be the corresponding sets of red and blue vertices, respectively. We define the
edge set

M =
{
uv ∈ E(G) | u′v′ ∈ M ′, u′ ∈ Cu, v

′ ∈ Cv

}
.

Note that 2|M | = |M ′| ≥ 2k. Due to Observation 3.1.2, every clique Cu is monochromatic.
For every u ∈ V (G), we put u in a set R if Cu is coloured red, else we put u in a set B.
We now find for every edge e ∈ E(G) that e belongs to M if and only if one endvertex of e
belongs to R and the other one to B. Hence, M is an edge cut in G of size at least k.





Chapter 6

d-Cut

In this chapter, we consider the d-Cut problem, a generalization of Matching Cut.
We give polynomial-time algorithms and hardness results, which show that there exist
graphs H, such that Matching Cut and d-Cut, for d ≥ 2, have different time complex-
ities for the class of H-free graphs. We show that d-Cut is solvable in polynomial time
for graphs of diameter at most 2 and bipartite graphs of diameter at most 3. Further, we
give algorithms for P5-free and (P3 + P4)-free graphs. On the other hand, we show that
d-Cut is NP-complete for graphs of high girth, K1,4-free and H∗

i -free graphs. Moreover,
it is NP-complete for 3P3-free graphs, for d = 2, and even for 3P2-free graphs, for d ≥ 3.
We start with a generalization of valid red-blue colourings.

6.1 Propagation of Partial Colourings

We generalize the colouring terminology from Chapter 3. Recall that a red-blue colouring
of a graph G assigns every vertex of G either the colour red or blue. For d ≥ 1, a red-blue
colouring is a red-blue d-colouring if every blue vertex has at most d red neighbours; every
red vertex has at most d blue neighbours; and both colours red and blue are used at least
once. See Figure 6.1 for examples of a red-blue 1-colouring and a red-blue 3-colouring. We
make the following observation, which is similar to Observation 3.1.1.

Observation 6.1.1. For every d ≥ 1, a connected graph G has a d-cut if and only if it
has a red-blue d-colouring.

Note that a red-blue 1-colouring is a valid red-blue colouring. Recall that a set where all
vertices have the same colour is called monochromatic and that an edge with a blue and a
red endvertex is bichromatic. The next observation resembles Observation 3.1.2 for valid
red-blue colourings.

Observation 6.1.2. For every d ≥ 1, every complete graph Kr with r ≥ 2d+1 and every
complete bipartite graph Kr,s with min{r, s} ≥ 2d and max{r, s} ≥ 2d+1 is monochromatic
in every red-blue d-colouring.

Figure 6.1: An example for a graph with a 1-cut, that is a matching cut, (left) and a 3-cut
(right).
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Observation 6.1.3. For every d ≥ 1, every connected graph with a red-blue d-colouring
contains a bichromatic edge.

Similar to our polynomial-time algorithms for Matching Cut, our polynomial-time al-
gorithms for solving d-Cut on special graph classes are based on guessing a small set S of
red vertices and a small set T of blue vertices in the input graph G. The goal is to extend
S and T to sets R and B of red and blue vertices, respectively, such that R ∪ B = V (G).
However, for d-Cut with d ≥ 2, many arguments that were valid for d = 1 cannot be used,
and different arguments will be needed.

Formally, let d ≥ 1. Let G = (V,E) be a connected graph and S, T ⊆ V be two
disjoint sets. A red-blue (S, T )-d-colouring of G is a red-blue d-colouring of G that colours
all the vertices of S red and all the vertices of T blue. We call (S, T ) a precoloured pair
of (G, d) which is colour-processed if every vertex of V \ (S ∪ T ) is adjacent to at most d
vertices of S and to at most d vertices of T . The next lemma shows that we may assume
without loss of generality that a precoloured pair (S, T ) is always colour-processed. Recall
that we say that a propagation rule is safe if a graph G has a red-blue (S, T )-d-colouring
before the application of the rule if and only if it has a red-blue (S, T )-d-colouring after
the application of the rule.

Lemma 6.1.4 ([48]). Let G be a connected graph with a precoloured pair (S, T ). It is
possible, in polynomial time, to either colour-process (S, T ) or to find that G has no red-
blue (S, T )-d-colouring.

Proof. We apply the following rules on G. Let Z = V \ (S ∪ T ). If v ∈ Z is adjacent to
d+ 1 vertices in S, then move v from Z to S. If v ∈ Z is adjacent to d+ 1 vertices in T ,
then move v from Z to T . Return no if a vertex v ∈ Z at some point becomes adjacent to
d+1 vertices in S as well as to d+1 vertices in T . We apply these three rules exhaustively.
When at some point no rule can be applied, we stop.

It is readily seen that each of these rules is safe, and moreover, can be verified and ap-
plied in polynomial time. After each application of a rule, we either stop or have decreased
the size of Z by at least one vertex. Hence, the procedure is correct and takes polynomial
time.

We now generalize Lemma 3.1.3, which shows that we can decide in polynomial time if a
graph with a small dominating set has a d-cut.

Lemma 6.1.5 ([48]). For d, g ≥ 1, it is possible to find in O(2gnd+2)-time a red-blue
d-colouring (if it exists) of a graph G with n vertices and domination number g.

Proof. Let d, g ≥ 1 and G be a graph on n vertices with domination number g. Let D be
a dominating set D of G that has size at most g.

We consider all 2|D| ≤ 2g options of giving the uncoloured vertices of D either colour
red or blue. For each red-blue colouring of D we do as follows. For every red vertex of D,
we consider all O(nd) options of colouring at most d of its uncoloured neighbours blue, and
we colour all of its other uncoloured neighbours red. Similarly, for every blue vertex of D,
we consider all O(nd) options of colouring at most d of its uncoloured neighbours red, and
we colour all of its other uncoloured neighbours blue. As D dominates G, we obtained a
red-blue colouring c of the whole graph G. We discard the option if c is not a red-blue
d-colouring of G.

We note that any red-blue d-colouring of G, if it exists, will be found by the above
algorithm. As the total number of options is O(2gnd) and checking if a red-blue colouring
is a red-blue d-colouring takes O(n2) time, our algorithm has total running time O(2gnd+2).
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Figure 6.2: Cases 1 (left) and 2 (right) in the proof of Theorem 6.2.1.

6.2 Polynomial-Time Results

In the following, we give the polynomial-time algorithms for d-Cut. We start with graphs
of bounded diameter. Recall that in Question 4, Gomes and Sau asked for the complexity
of d-Cut for graphs of diameter at most 2. We answer this question in Theorem 6.2.1.

6.2.1 Graphs with Bounded Diameter

We show that d-Cut is solvable in polynomial time for graphs of diameter at most 2
(Theorem 6.2.1) and bipartite graphs of diameter at most 3 (Theorem 6.2.2). Both proofs
use the same idea. We first guess a pair (S, T ) where we colour S red and T blue. Then,
we consider the connected components of the uncoloured part of the graph. We will see
that if we have more than one of these components, we can colour the remaining part
of the graph. Otherwise we use again that the graph has bounded diameter to colour a
small vertex set which, after some preprocessing, dominates the remaining graph. This
procedure will be repeated a constant number of times, since afterwards every uncoloured
vertex has more than d coloured neighbours of at least one colour and will be coloured by
propagation.

For d = 1 this result is already known from [7, 39] and also Theorem 4.1.1 and 4.2.4,
which both show more general results. Note that these four proofs are all different. The
following proof provides again a new way of how to show this result and also works for
d ≥ 2.

Theorem 6.2.1 ([48]). For d ≥ 1, d-Cut is polynomial-time solvable for graphs of diam-
eter at most 2.

Proof. Let G = (V,E) be a graph of diameter at most 2. Note that this implies that G
is connected. Let v ∈ V . Without loss of generality we may colour v red. Since v has at
most d blue neighbours in any red-blue d-colouring, we can branch over all O(nd) options
to colour the neighbourhood of v. We consider each option separately.

Let R and B be the red and the blue set, respectively. We define a precoloured pair
(S, T ), with S′ = {v} ∪ {u | u ∈ N(v), u ∈ R} and T ′ = {u | u ∈ N(v), u ∈ B}. We use
Lemma 6.1.4 to colour-process (S′, T ′) in polynomial time, resulting in a pair (S, T ). Let
Z = V \ (S ∪ T ) be the set of uncoloured vertices. As (S, T ) is colour-processed, every
vertex in Z has at most d red and d blue neighbours and thus in total at most 2d coloured
neighbours. We distinguish between the following two cases:

Case 1. G[Z] consists of at least two connected components.
Let Z1, . . . , Zr be the connected components of G[Z]. Let v1 ∈ V (Z1) and v2 ∈ V (Z2).
Since G has diameter 2, we know that v1 has a common neighbour with every vertex in
Z2, . . . , Zr. Let N1 be the set of common neighbours of v1 and Z2, . . . , Zr, see Figure 6.2
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(left). Note that N1 ⊆ S∪T . Thus, |N1| ≤ 2d, since v1 has at most 2d coloured neighbours.
Using the same arguments, we can find a set N2 ⊆ S ∪ T , with |N2| ≤ 2d containing the
common neighbours of v2 and Z1. In a red-blue d-colouring, every vertex in N1 ∪N2 has
at most d neighbours of the other colour. Thus, we can try all O(n4d2) options to colour
NG[Z](N1 ∪N2) = Z. If in the resulting colouring any vertex has more than d neighbours
of the other colour we discard the branch, otherwise we found a red-blue d-colouring and
thus a d-cut.

Case 2. G[Z] is connected.
We first assume that radius(G[Z]) > 2. We let z ∈ Z, and we let U = {u ∈ Z :
distG[Z](z, u) > 2}, see Figure 6.2 (right). Note that U ̸= ∅. As G has diameter 2,
we find that z has a common neighbour with every vertex in U . These common neigh-
bours are not contained in Z and thus they are in S ∪ T , the set of coloured vertices.
Vertex z has at most 2d coloured neighbours. Each of them has at most d neighbours of
the other colour. So we can branch over all O(n2d2) options to colour U . If any colouring
of U leads to a vertex having more than d neighbours of the other colour, we discard the
branch. For each remaining colouring, we know that the graph G[Z \ U ] which remains
uncoloured has radius at most 2. Let Z = Z \ U .

So we may assume (possibly after some branching) that radius(G[Z]) ≤ 2. Let z ∈ Z
such that distG[Z](z, u) ≤ 2 for all u ∈ Z. We branch over all O(nd) colourings of {z} ∪
NG[Z](z). Since radius(G[Z]) ≤ 2, we get that {z} ∪NG[Z](z) is a dominating set of G[Z].
Hence, every uncoloured vertex got a new coloured neighbour. We colour-process the pair
of red and blue sets, which takes polynomial time by Lemma 6.1.4. This results in a new
uncoloured set of vertices Z ′. If there is a vertex with d+1 neighbours of the other colour
or an uncoloured vertex with more than d neighbours of each colour we discard the branch.
Otherwise we can proceed by choosing either Case 1 or Case 2.

If at some point we apply Case 1, we are done. Every time we apply Case 2, all vertices
that remain uncoloured get a new coloured neighbour. Hence, we can apply Case 2 at most
2d times, since afterwards every uncoloured vertex has more than 2d coloured neighbours
and thus, they are coloured when we colour-process the sets of red and blue vertices.

The correctness of our algorithm follows from its description. We now discuss its
running time. We always have O(nd) branches in the beginning. Case 1 give O(n4d2)
branches, while Case 2 only gives O(n2d2+d) branches. Since after one application of
Case 1 we are done, in the worst case we apply Case 2 2d−1 times and then apply Case 1.
This leads to

O

(
nd ∗

(
n2d2+d

)2d−1

∗ n4d2
)

= O
(
n4d2(d+1)

)
branches, a polynomial number, to consider in the worst case. Since by Lemma 6.1.4
the colour-processing can be done in polynomial time, the algorithm runs in polynomial
time.

For the next result we apply Observation 2.1.1 on the overlapping neighbourhoods in bi-
partite graphs of diameter 3. We generalize the result from Le and Le [39] that Matching
Cut is solvable in polynomial time for bipartite graphs of diameter 3. Our proof works
for all d ≥ 1 and is different from the proof of [39]. It uses ideas from the proof of
Theorem 6.2.1.

Theorem 6.2.2. For d ≥ 1, d-Cut is polynomial-time solvable for bipartite graphs of
diameter at most 3.

Proof. Let G = (V,E) be a bipartite graph of diameter at most 3. Note that this implies
that G is connected. Let v ∈ V . Without loss of generality, we may colour v red. Since v
has at most d blue neighbours in any red-blue d-colouring, we can branch over all O(nd)
options to colour the neighbourhood of v. We consider each option separately.
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Let R and B be the red and the blue set, respectively. We define a precoloured pair
(S′, T ′), where S′ = {v} ∪ {u | u ∈ N(v), u ∈ R} and T ′ = {u | u ∈ N(v), u ∈ B}. We
use Lemma 6.1.4 to colour-process (S′, T ′) in polynomial time, resulting in a pair (S, T ).
Let Z = V \ (S ∪ T ) be the set of uncoloured vertices. As (S, T ) is colour-processed, every
vertex in Z has at most d red and d blue neighbours and thus in total at most 2d coloured
neighbours. Note further, that G[Z] and every connected component of G[Z] is bipartite.
We distinguish between the following cases:

Case 1. G[Z] consists of at least two connected components.
Let Z1 and Z2 be the partition classes of G[Z]. Let Z1, . . . , Zr be the connected components
of G[Z]. We denote by Z1

i and Z2
i the partition classes of the bipartite component Zi, for

i ∈ {1, . . . , r}. Assume first that each of Z1 and Z2 consists of a single vertex. Then, we
branch over all colourings of these two vertices.

Assume now that one of Z1 and Z2, say Z1, consists of a single vertex. Then, we branch
over all possible colourings of Z1. Since G[Z] consists of at least two connected components
we can choose v1 ∈ Z2

1 and v2 ∈ Z2
2 . Since G is bipartite and has diameter 3, it follows

from Observation 2.1.1 that v1 has a common neighbour with every vertex in Z2
2 , . . . , Z

2
r .

Let N1 be the set of common neighbours of v1 and Z2
2 , . . . , Z

2
r . Then, N1 ⊆ S ∪ T and

thus, |N1| ≤ 2d, since v1 has at most 2d coloured neighbours. Similarly, let N2 be the set
of common neighbours of v2 and Z2

1 . Then, |N2| ≤ 2d as well. Thus, we can try all O(n4d2)
options to colour NG[Z2](N1 ∪N2) = Z2.

Consider next the case where all vertices in one partition class of G[Z], say Z1 are
contained in a single component, say Z1. Hence, the components Z2, . . . , Zr only contain
vertices in Z2 and thus, since G is bipartite, each component except of Z1 consists of exactly
one vertex, which is contained in Z2. We pick a vertex v ∈ Z2

1 . Let N1 ⊆ S ∪ T be the
set of common neighbours of v and the vertices in Z2, . . . , Zr. Using the same arguments
as before, we can colour all vertices in Z2, . . . , Zr. Then, only the component Z1 remains
uncoloured and we can proceed as in Case 2.

If none of the aforementioned cases occurred, we know that we can find two vertices
per partition class which lie in different components of G[Z]. Let v1 ∈ V (Z1

1 ), v2 ∈ V (Z2
1 ),

u1 ∈ V (Z1
2 ) and u2 ∈ V (Z2

2 ). If Z1 or Z2 does not contain enough vertices to choose
v1, v2, u1 and u2, for the missing one, we pick a vertex from another component which is
in the same partition class as the missing one.

We apply the same method as before to colour all components. Since G is bipartite
and has diameter 3, we know by Observation 2.1.1 that v1 has a common neighbour with
every vertex in Z1

2 , . . . , Z
1
r . Similarly, v2 has a common neighbour with every vertex in

Z2
2 , . . . , Z

2
r . Let N1 be the set of common neighbours of v1 and Z1

2 , . . . , Z
1
r and let N2

be the set of common neighbours of v2 and Z2
2 , . . . , Z

2
r . Note that N1 ⊆ S ∪ T and

N2 ⊆ S ∪ T . Thus, |N1| ≤ 2d, since v1 has at most 2d coloured neighbours. Similarly,
|N2| ≤ 2d. Using the same arguments, we can find sets N3 and N4 with |N3| ≤ 2d and
|N4| ≤ 2d containing the common neighbours of u1 and Z1

1 and of u2 and Z2
1 . In a red-blue

d-colouring, every vertex in N1 ∪ N2 ∪ N3 ∪ N4 has at most d neighbours of the other
colour. Thus, we can try all O(n8d2) options to colour NG[Z](N1 ∪ N2 ∪ N3 ∪ N4). Note
that NG[Z](N1∪N2∪N3∪N4) = Z. If in the resulting colouring any vertex has more than
d neighbours of the other colour we discard it, otherwise we found a red-blue d-colouring
and thus a d-cut.

Case 2. G[Z] is connected.
Let Z1 and Z2 be the partition classes of G[Z]. We first assume that there do not exist
vertices u ∈ Z1 and v ∈ Z2 such that distG[Z](u, z) ≤ 2 for all z ∈ Z1 and distG[Z](v, z) ≤ 2
for all z ∈ Z2. Let u ∈ Z1, and we let U1 = {z ∈ Z1 : distG[Z](u, z) > 2}. Note that
U1 ̸= ∅. By Observation 2.1.1 we find that u has a common neighbour with every vertex
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in U1. These common neighbours are not contained in Z and thus they are in S ∪ T ,
the set of coloured vertices. Since it is uncoloured, the vertex u has at most 2d coloured
neighbours. Each of them has at most d neighbours of the other colour. So we can branch
over all O(n2d2) options to colour U1. If any colouring of U1 leads to a vertex having more
than d neighbours of the other colour, we discard the branch. We repeat this procedure for
a vertex v ∈ Z2 with the set U2 = {z ∈ Z2 : distG[Z](u, z) > 2}. Thus, U1 and U2 are both
coloured now. The graph G[Z \ (U1 ∪ U2)] remains uncoloured. Let Z = Z \ (U1 ∪ U2),
that is we update Z such that it contains only uncoloured vertices.

So we may assume (possibly after some branching) that there exist vertices u ∈ Z1 and
v ∈ Z2 such that distG[Z](u, z) ≤ 2 for all z ∈ Z1 and distG[Z](v, z) ≤ 2 for all z ∈ Z2.
We branch over all O(n2d) colourings of {u} ∪ NG[Z](u) and {v} ∪ NG[Z](v). Due to our
assumption on u and v, we get that {u, v} ∪ NG[Z](u) ∪ NG[Z](v) is a dominating set of
G[Z]. Hence, every uncoloured vertex got a new coloured neighbour. We colour-process
the pair of red and blue sets, which takes polynomial time by Lemma 6.1.4. This results in
a new uncoloured set of vertices Z ′. If there is a vertex with d+1 neighbours of the other
colour or an uncoloured vertex with more than d neighbours of each colour we discard the
branch. Otherwise we can proceed by choosing either Case 1 or Case 2.

If at some point we apply Case 1, we are either done or proceed with Case 2. Every
time we apply Case 2, all vertices that remain uncoloured get a new coloured neighbour.
Hence, we can apply Case 1 and Case 2 each at most 2d times, since afterwards every
uncoloured vertex has more than 2d coloured neighbours and thus, they are coloured when
we colour-process the sets of red and blue vertices.

The correctness of our algorithm follows from its description. We now discuss its
running time. We always have O(nd) branches in the beginning. Case 1 gives at most
O(n8d2) branches, while Case 2 gives O(n4d2+2d) branches. In the worst case we apply
Case 1 and Case 2 2d times. This leads to

O

(
nd ·

(
n8d2

)2d

·
(
n4d2+2d

)2d
)

= O
(
n24d3+4d2+d

)
branches, a polynomial number, to consider in the worst case. Since by Lemma 6.1.4
the colour-processing can be done in polynomial time, the algorithm runs in polynomial
time.

Remark 6.2.3. Note that, with minor modifications, this proof also works for Maximum
Matching Cut and Maximum Disconnected Perfect Matching, see Theorem 4.2.6
and 4.2.14.

6.2.2 Graphs without Induced Paths

We now show that d-Cut is solvable in polynomial time for P5-free graphs and (P3 +P4)-
free graphs. First, we show that if d-Cut is solvable in polynomial time for H-free graphs,
then this also holds for (H + P1)-free graphs. Note that in Theorem 6.3.6 we show that
d-Cut is NP-hard for 3P2-free graphs, for d ≥ 3. Thus, this result is best possible.

Theorem 6.2.4 ([48]). For every graph H and every d ≥ 2, if d-Cut is polynomial-time
solvable for H-free graphs, then it is so for (H + P1)-free graphs.

Proof. Suppose that d-Cut is polynomial-time solvable for H-free graphs. Let G be a
connected (H + P1)-free graph. If G is H-free, the result follows by assumption. If G
is not H-free, then V (G) contains a set U such that G[U ] is isomorphic to H. As G is
(H + P1)-free, U dominates G. As H is fixed, |U | = |V (H)| is a constant. Hence, we can
apply Lemma 6.1.5 and the theorem follows.
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Figure 6.3: The graph G in the blue phase (left) and in the red phase: Case 2 (right).

The next result is on P5-free graphs. For d = 1, the same approach is used for P5-free
graphs [20]. We find a dominating set D and branch over all colourings of D. The difference
is that for d = 1, the algorithm and analysis is much shorter: one only has to check, if
there is a component of G − D, whose vertices can all be safely coloured red. Then one
either finds a matching cut, or G has no matching cut.

Theorem 6.2.5 ([48]). For d ≥ 2, d-Cut is polynomial-time solvable for P5-free graphs.

Proof. Let d ≥ 2. Let G = (V,E) be a connected P5-free graph on n vertices. As G is
P5-free and connected, G has a dominating set D, such that either D induces a cycle on
five vertices or D is a clique [45]. Moreover, we find such a dominating set D in O(n3)
time 2.1.7. If |D| ≤ 3d, then we apply Lemma 6.1.5. Now assume that |D| ≥ 3d+ 1 ≥ 7,
and thus D is a clique. If D = V , then G has no d-cut, as |D| ≥ 3d+ 1 and D is a clique.
Assume that D ⊊ V , so G −D has at least one connected component. Below we explain
how to find in polynomial time a d-cut of G, or to conclude that G does not have a d-cut.
By Observation 6.1.1, we need to decide in polynomial time if G has a red-blue d-colouring.

We first enter the blue phase of our algorithm. As |D| ≥ 3d + 1 and D is a clique, D
is monochromatic in any red-blue d-colouring of G. Hence, we may colour, without loss
of generality, all the vertices of D blue, and we may colour all vertices of every connected
component of G − D except one connected component blue as well. We branch over all
O(n) options of choosing the connected component L1 of G − D that will contain a red
vertex. For each option, we are going to repeat the process of colouring vertices blue until
we colour at least one vertex red. We first explain how this process works if we do not do
this last step.

As L1 is connected and P5-free, we find in O(n3) time (using the algorithm of 2.1.7)
a dominating set D1 of L1 that is either a cycle on five vertices or a clique. We colour
the vertices of D1 blue. As we have not used the colour red yet, we colour all vertices
of every connected component of L1 −D1 except one connected component blue. So, we
branch over all O(n) options of choosing the connected component L2 of L1−D1 that will
contain a red vertex. Note that every uncoloured vertex of G, which belongs to L2, has
both a neighbour in D (as D dominates G) and a neighbour in D1 (as D1 dominates L1).
We now find a dominating set D2 of L2 and a connected component L3 of G−D2 with a
dominating set D3, and so on. See also Figure 6.3.

If we repeat the above process more than d times, we have either coloured every vertex
of G blue, or we found d + 1 pairwise disjoint, blue sets D,D1, . . . , Dd, such that every
uncoloured vertex u has a neighbour in each of them. The latter implies that u has d+ 1
blue neighbours, so u must be coloured blue as well. Hence, in each branch, we would
eventually end up with the situation where all vertices of G will be coloured blue. To
prevent this from happening, we must colour, in each branch, at least one vertex of Di red,
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for some 1 ≤ i ≤ d− 1. As soon as we do this, we end the blue phase for the branch under
consideration, and our algorithm enters the red phase.

Each time we have O(n) options to select a connected component Li and, as argued
above, we do this at most d times. Hence, we enter the red phase for O(nd) branches in
total. From now on, we call these branches the main branches of our algorithm. For a
main branch, we say that we quit the blue phase at level i if we colour at least one vertex of
Di red. If we quit the blue phase for a main branch at level i, for some 1 ≤ i ≤ d− 1, then
we have constructed, in polynomial time, pairwise disjoint sets D, D1, . . . , Di and graphs
L1, . . . , Li, such that:

• for every h ∈ {1, . . . , i− 1}, Lh+1 is a connected component of Lh −Dh;
• every vertex of G that does not belong to Li has been coloured blue;
• for every h ∈ {1, . . . , i}, Dh induces a cycle on five vertices or is a clique;
• D dominates G, so, in particular, D dominates Li; and
• for every h ∈ {1, . . . , i}, Dh dominates Lh.

We now prove the following claim, which shows that we branched correctly.

Claim 6.2.5.1. The graph G has a red-blue d-colouring that colours every vertex of D
without loss of generality blue, if and only if we have quit a main branch at level i for some
1 ≤ i ≤ d− 1, such that G has a red-blue d-colouring that colours at least one vertex of Di

red and all vertices not in Li blue.

Proof. Suppose G has a red-blue d-colouring c that colours every vertex of D blue (the
reverse implication is immediate). By definition, c has coloured at least one vertex u in
G −D red. As we branched in every possible way, there is a main branch that quits the
blue phase at level i, such that u belongs to Li for some 1 ≤ i ≤ d − 1. We pick a main
branch with largest possible i, so u is not in Li+1. Hence, u ∈ Di. We also assume that
no vertex u′ that belongs to some Dh with h < i is coloured red by c, as else we could
take u′ instead of u. Hence, c has coloured every vertex in D1 ∪ . . . ∪ Di−1 (if i ≥ 2)
blue. Therefore, we may assume that every vertex v /∈ D ∪ D1 ∪ . . . ∪ Di−1 ∪ V (Li) has
been coloured blue by c. If not, may just recolour all such vertices v blue for the following
reasons: u is still red and no neighbour of v is red, as after a possible recolouring all red
vertices belong to Li, while v belongs to a different component of G− (D∪D1∪· · ·∪Di−1)
than Li. So, we proved the claim. ◁

Claim 6.2.5.1 allows us to do some specific branching once we quit the blue phase for a
certain main branch at level i. Namely, all we have to do is to consider all options to
colour at least one vertex of Di red. We call these additional branches side branches. We
distinguish between the following two cases:

Case 1. |Di| ≤ 2d+ 1.
We consider each of the at most 22d+1 options to colour the vertices of Di either red or
blue, such that at least one vertex of Di is coloured red. Next, for each vertex u ∈ Di,
we consider all O(nd) options to colour at most d of its uncoloured neighbours blue if u is
red, or red if u is blue. Note that the total number of side branches is O(22d+1nd(2d+1)).
As Di dominates Li and the only uncoloured vertices were in Li, we obtained a red-blue
colouring c of G. We check in polynomial time if c is a red-blue d-colouring of G. If so, we
stop and return c. If none of the side branches yields a red-blue d-colouring of G, then by
Claim 6.2.5.1 we can safely discard the main branch under consideration.

Case 2. |Di| ≥ 2d+ 2.
Recall that Di either induces a cycle on five vertices or is a clique. As |Di| ≥ 2d+ 2 ≥ 6,
we find that Di is a clique. As |Di| ≥ 2d+2, this means that Di must be monochromatic,
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and thus every vertex of Di must be coloured red. We check in polynomial time if Di

contains a vertex with more than d neighbours in D (which are all coloured blue), or if D
contains a vertex with more than d neighbours in Di (which are all coloured red). If so,
we may safely discard the main branch under consideration due to Claim 6.2.5.1.

From now on, assume that every vertex in Di has at most d neighbours in D, and vice
versa. By construction, every uncoloured vertex belongs to Li−Di. Hence, if V (Li) = Di,
we have obtained a red-blue colouring c of G. We check, in polynomial time, if c is also a
red-blue d-colouring of G. If so, we stop and return c. Otherwise, we may safely discard
the main branch due to Claim 6.2.5.1.

Now assume V (Li) ⊋ Di. We colour all vertices in Li−Di that are adjacent to at least
d + 1 vertices in D blue; we have no choice as the vertices in D are all coloured blue. If
there are no uncoloured vertices left, we check in polynomial time if the obtained red-blue
colouring is a red-blue d-colouring of G. If so, we stop and return it; else we may safely
discard the main branch due to Claim 6.2.5.1.

Assume that we still have uncoloured vertices left. We recall that these vertices belong
to Li −Di, and that by construction they have at most d neighbours in D. Consider an
uncoloured vertex w1. As Di dominates Li, we find that w1 has a neighbour x1 in Di. As
D dominates G, we find that x1 is adjacent to some vertex y1 ∈ D. We consider all O(n2d)
possible ways to colour the uncoloured neighbours of x1 and y1, such that x1 (which is red)
has at most d blue neighbours, and y1 (which is blue) has at most d red neighbours. If
afterwards there is still an uncoloured vertex w2, then we repeat this process: we choose a
neighbour x2 of w2 in Di and a neighbour y2 of w2 in D, and we branch again by colouring
the uncoloured neighbours of x2 and y2, and so on. We repeat this process until there
are no more uncoloured vertices. This gives us 2p distinct vertices w1, . . . , wp, x1, . . . , xp,
together with vertices y1, . . . , yp (with possibly ya = yb for some 1 ≤ a < b ≤ p) for some
integer p ≥ 1. The total number of side branches for the main branch is O(n2pd).

We claim that p ≤ d. For a contradiction, assume that p ≥ d+ 1 ≥ 3. Let 2 ≤ j ≤ p.
As Di is a clique that contains x1 and xj , we find that x1 and xj are adjacent. Hence, G
contains the 4-vertex path wjxjx1y1. By construction, wj was uncoloured after colouring
the neighbours of x1 and y1, so wj is neither adjacent to x1 nor to y1. This means that
wjxjx1y1 is an induced P4 if and only if xj is not adjacent to y1. Recall that wj and every
vertex of Di, so including x1 and xj , has at most d neighbours in D. As |D| ≥ 3d + 1,
this means that D contains a vertex z that is not adjacent to any of wj , xj , x1. As D is
a clique, z is adjacent to y1. Hence, xj must be adjacent to y1, as otherwise wjxjx1y1z is
an induced P5; see also Figure 6.3. The latter is not possible as G is P5-free. We now find
that y1 is adjacent to x1, . . . , xp, which all belong to Di. As we assumed that p ≥ d + 1
and every vertex of D, including y1, is adjacent to at most d vertices of Di, this yields a
contradiction. We conclude that p ≤ d.

As p ≤ d, the total number of side branches is O(n2d2). Each side branch yields a
red-blue colouring of G. We check in polynomial time if it is a red-blue d-colouring of G.
If so, then we stop and return it; else we can safely discard the side branch, and eventually
the associated main branch, due to Claim 6.2.5.1.

The correctness of our algorithm follows from its description. With regard to its running
time, the total number of main branches is O(nd). For each main branch we have either
O(22d+1nd(2d+1)) side branches (Case 1) or O(n2d2) side branches (Case 2). Hence, the total
number of branches is O(nd22d+1nd(2d+1)). As d is fixed, this is a polynomial number. As
processing each branch takes polynomial time (including the construction of the Di-sets
and Li-graphs), we conclude that our algorithm runs in polynomial time. This completes
the proof.

Remark 6.2.6. We expect that this result can be generalized to P6-free graphs ([58]).
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Figure 6.4: Illustration of the proof of Theorem 6.2.7. The white vertices indicate un-
coloured vertices, while for the black vertices we do not know if they are uncoloured or
which colour they have.

We now show that d-Cut, for d ≥ 2, is solvable in polynomial time for (P3 + P4)-free
graphs. This proof also works for d = 1. Recall that 1-Cut is the same problem as
Matching Cut. Combining Theorem 4.1.2 and 4.1.3, we get the stronger result that
Matching Cut is solvable in polynomial time for (sP3+P6)-free graphs. Let G = (V,E)
be a graph and let S ⊆ V . Recall that we differ between the neighbourhood N(S) and the
closed neighbourhood N [S] = N(S) ∪ S.

Theorem 6.2.7 ([48]). For every d ≥ 2, d-Cut is polynomial-time solvable for (P3+P4)-
free graphs.

Proof. Let G be a connected (P3 + P4)-free graph. We may assume that G contains an
induced P4, else we apply Theorem 6.2.5.

We divide the proof into two cases. First, we decide whether there exists a red-blue d-
colouring of G in which some induced P4 is monochromatic. We then search for a red-blue
d-colouring in which every induced P4 is bichromatic.

Case 1. There exists a monochromatic P4 in some red-blue d-colouring of G.
We branch over all induced P4s of G. Note that there are at most O(n4) induced P4s in G.
Let P be the current induced P4 of G which we assume is monochromatic. Without loss
of generality, every vertex of P is blue. Let N1 = N(P ) and N2 = V (G) \ N [P ]. Since
G is (P3 + P4)-free we get that G[N2] is P3-free and thus every connected component of
G[N2] is a clique. We branch over all O(n4d) possible colourings of N1. If V (P ) ∪ N1 is
monochromatic, that is N1 is blue, then it is enough to decide whether there is a connected
component F of G[N2] such that G[V (P ) ∪ N1 ∪ V (F )] has a red-blue d-colouring. All
other components can safely be coloured blue. Since F is a clique, F is monochromatic if
|V (F )| ≥ 2d+1 and has constant size otherwise. In both cases only a constant number of
possible colourings exist for F and we can try each of them to decide if it gives a red-blue d-
colouring of G[V (P )∪N1∪V (F )]. If we find a red-blue d-colouring we are done, otherwise
we discard the branch and continue with the case where V (P )∪N1 is not monochromatic.

Let S be the set of red vertices in N1. Since we handled the case where all vertices
in N1 are blue, we may assume that S is not empty. We then branch over all O(n4d2)
possible colourings of N(S). Note that every vertex which remains uncoloured belongs
to N2 and that all its neighbours in N1 are blue. Recall that each connected component
of G[N2] is a clique. Therefore each connected component either has size at most 2d or
is monochromatic. This implies that there are a constant number of possible red-blue
colourings for each component. We colour-process the current red-blue colouring.
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Consider a connected component of G[N2] which contains an uncoloured vertex. We
call this component F1. If F1 contains no red vertex with a red neighbour in N1 then all
vertices in F1 have only blue neighbours in N1, since the neighbourhood of S is coloured.
Thus, we may recolour the whole connected component blue.

We now consider the case that there exists a red vertex r ∈ N1 which has red neighbours
in two different connected components of N2 which contain uncoloured vertices. Let F1

and F2 be these connected components and r1 ∈ V (F1) the red neighbour of r in F1 and
u ∈ V (F1) an uncoloured vertex in F1. Similarly let r2 ∈ V (F2) be a red neighbour of r in
F2 and v ∈ V (F2) an uncoloured vertex in F2. Note that neither u nor v is a neighbour of
r since r ∈ S and N(S) is already coloured. Then Q = u − r1 − r − r2 is an induced P4.
By (P3 + P4)-freeness, any induced P3 in G contains a vertex which is adjacent to at least
one vertex of Q. In particular, this implies hat every blue vertex in N1 with uncoloured
neighbours in more than one connected component of G[N2] which is neither F1, nor F2 has
a neighbour on Q. See Figure 6.4 (left). Let T be the set of these vertices, that is the set
of blue vertices in N1 with uncoloured neighbours in at least two connected components,
neither of which is F1 or F2. Since the vertices of Q are either red or uncoloured, they may
have at most d blue neighbours and thus |T | ≤ 4d.

We branch over all O(n4d2) colourings of N(T ) ∪ V (F1) ∪ V (F2). Let F3, . . . , Fk be
the connected components of G[N2] which contain an uncoloured vertex. Let x ∈ V (Fi),
for i ∈ {3, . . . , k}, be a vertex that remains uncoloured. The neighbours of x in N1 have
uncoloured neighbours only in Fi.

Therefore, it is enough to decide whether we can extend the current red-blue colouring
to a red-blue d-colouring of G[V (Fi)∪N1] for each connected component Fi of G[N2] with
i ≥ 3. To see that these colourings are independent, recall that any remaining vertex of
N1 with an uncoloured neighbour has uncoloured neighbours in only one component Fi.
That is, we branch over each of the constant number of possible red-blue colourings of
the uncoloured vertices of Fi and decide whether this leads to a red-blue colouring of
G[V (Fi)∪N1]. If this is the case for every component Fi of G[N2] then G is a yes-instance.
Otherwise we discard the branch.

Next we consider the case where every red vertex r in N1 has red neighbours in at most
one connected component of G[N2] containing uncoloured vertices. Let F1 be a connected
component of G[N2] containing an uncoloured vertex x together with a neighbour r1 of r.
Note that x and r are non-adjacent since r ∈ S and the neighbourhood of S is coloured.
Then J = x − r1 − r is an induced P3 in G and at most 3d blue vertices in G have a
neighbour on this path. Let Γ be the set of such vertices and consider each of O(n3d2)
colourings of N [Γ].

Any remaining blue vertex b ∈ N1 with an uncoloured neighbour has no neighbours
belonging to Γ. If b has uncoloured neighbours u and v in two different components F2

and F3 and a red non-neighbour r2 in one of them, say F2, we obtain an induced P3 + P4

consisting of these four vertices together with J , see Figure 6.4 (right). Therefore, b either
has neighbours in at most one connected component of G[N2] different from F1 or is
adjacent to every red or uncoloured vertex in every connected component different from
F1 in which it has a neighbour.

Note that b has at most d− 1 red neighbours, else its remaining neighbours would be
coloured blue. Since every connected component of G[N2] containing an uncoloured vertex
contains a red vertex, b has uncoloured neighbours in at most d− 1 components.

Let T be the set of blue vertices in N1 with uncoloured neighbours. For t ∈ T , let Mt

be the set of cliques in N2 in which t has uncoloured neighbours. For any two vertices
ti and tj ∈ T , Mti and Mtj are either disjoint or one is contained in the other. Assume
otherwise. Then there exist blue vertices ti, tj ∈ T and distinct integers a, b, c ≥ 2 such
that:
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• x ∈ Fa is adjacent to both ti and tj .
• y ∈ Fb is adjacent to ti but not tj .
• z ∈ Fc is adjacent to tj but not ti.

Then ti and tj are adjacent by (P3 + P4)-freeness. But then y − bi − bj − z is an induced
P4 with no neighbours in J a contradiction.
Hence, we obtain a partition D1 . . . Dl of the cliques of N2 containing uncoloured vertices
such that, for each part D:

• No vertex of T with a neighbour in Di has neighbours in any other part.
• Each part contains at most d− 1 cliques, each of size at most 2d.

Therefore, for each part D in turn, we test all of 22d(d−1) possible colourings of the un-
coloured vertices in G[V (Di)] to decide whether there exists an extension of our red-blue
colouring of N1 to a red-blue d-colouring of G[V (D) ∪N1]. If such a colouring exists, we
have found a d-cut otherwise we discard the branch.

Case 2. In any red-blue d-colouring of G, every induced P4 is bichromatic.
Note that we may assume that both the set B of blue vertices in a red-blue d-colouring
of G and the set R of red vertices induce connected subgraphs of G. Otherwise, assume
that G[B] is disconnected. Then we may recolour all but one connected component of
G[B] red. If then G[R] is disconnected, each of its connected components contains a vertex
with a neighbour in B, else G is disconnected. We obtain a red-blue d-colouring where
both G[R] and G[B] are connected by recolouring all but one connected component of
G[R] blue. Therefore in this case G[B] and G[R] have diameter at most 2, else we have a
monochromatic P4.

Let P be an induced P4 in G. We can find P in time O(n4) and we branch over all 16
colourings of P . Further, we branch over all O(n4d) colourings of its neighbourhood N1.
Let N2 = V (G) \N [P ]. If N2 = ∅ we are done. Otherwise, since G is (P3 +P4)-free, every
connected component of G[N2] is a clique. Let F1, . . . , Fk, for some integer k ≥ 1, be the
connected components of G[N2]. We colour-process the current colouring.

If all components F1, . . . , Fk are coloured we are done, otherwise there is a connected
component, say F1, of G[N2] with an uncoloured vertex x. Then x has at most d red
neighbours and at most d blue neighbours in N1, since otherwise it would have been
coloured by colour-processing. Let Bx ⊆ N1 be the set of blue neighbours of x in N1 and
Rx ⊆ N1 the set of red neighbours. We branch over all O(n2d2) colourings of G[N(Bx ∪
Rx) ∪ V (F1)].

We colour N2 as follows. If x is coloured blue then any blue vertex of N2 not belonging
to F1 must have a neighbour in Bx since G[B] has diameter 2. This implies that any
uncoloured vertex must be red since it has no neighbour in Bx. Similarly, if x is red then
any uncoloured vertex must be blue. We check in polynomial time if the resulting colouring
is a red-blue d-colouring. If yes, we have found a solution, otherwise we discard the branch.

If in any case any branch led to a red-blue d-colouring of G we immediately returned
that G has a red-blue d-colouring and thus a d-cut. Otherwise if no branch led to a red-blue
d-colouring we conclude that G has no d-cut.

The correctness of the algorithm follows from its description. The maximum number
of branches in Case 1 is

O
(
n4 ∗ n4d ∗

(
n2d + n4d2 ∗

(
n4d2 ∗ n2d + n3d2

)))
and in Case 2 there are O(16 ∗ n4 ∗ n4d ∗ n2d2) branches. In total we have at most nO(d3)

branches and each branch can processed in polynomial time. Thus, the running time of
our algorithm is polynomial.
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Remark 6.2.8. We expect that this result can be generalized to 2P4-free graphs ([58]).

6.3 Hardness Results

We now give several hardness results for d-Cut. Among these are results for graphs
with forbidden induced paths, see Section 6.3.2 and graphs with forbidden induced stars,
see Section 6.3.3. The results for graphs with forbidden induced paths complement the
polynomial-time results nicely. We will see that for d ≥ 3 only three cases remain open,
two of which we expect to be settled due to [58]. Further, the graphs constructed for the
hardness results for forbidden induced paths have bounded radius and diameter and thus,
contribute to the corresponding dichotomies. We start with our result for graphs of high
girth.

6.3.1 Graphs of High Girth

Our first result is that d-Cut, for d ≥ 2, is NP-complete for graphs of girth at least g,
with g ≥ 3. Recall that we already showed the same result for Matching Cut, see
Theorem 5.1.4. The following proof is a generalization of the proof for Matching Cut.
This requires us to replace Lemma 5.1.1 by the following lemma.

Lemma 6.3.1 ([21]). There are infinitely many primes p, such that

a) p ≥ 13,
b) p ≡ 1 mod 4, and
c) there exists an infinite set Qp such that the following holds for every q ∈ Qp:

i. q > p

ii. q ≡ 1 mod 4, and

iii. the Legendre symbol
(
q
p

)
= −1.

Proof. We first apply Theorem 2.1.2 to a = 13 and b = 20, which are coprime. In this way
we find that the sequence 13 + 20k1, for k1 ∈ N, contains infinitely many primes p ≥ 13.
Hence, condition a) is satisfied. Since p = 13 + 20k1 for some integer k1 ≥ 0, we find that
p ≡ 1 mod 4. Hence, condition b) is satisfied as well.

We now show condition c). We apply Theorem 2.1.2 to a = 5 and b = 4p. In this way
we find that the sequence 5 + 4pk2, for k2 ∈ N, contains infinitely many primes q, so in
particular an infinite set Qp with q > p for every q ∈ Qp. This shows that condition c)i is
satisfied. For every q ∈ Qp it holds that q = 5+4pk2 for some k2 ≥ 0 and thus q ≡ 1 mod 4.
Hence, condition c)ii is satisfied as well.

Finally, we will show condition c)iii by proving that
(
q
p

)
= −1 holds for every q ∈ Qp.

First, we recall that if a ≡ b mod c, then
(
a
c

)
=

(
b
c

)
(see [57]). We will also use the law of

reciprocity, of which several equivalent versions exist in the literature. We use the following
partial version (which can be found in [57]). For every two primes a > 2 and b > 2, it
holds that (

a

b

)
=

(
b

a

)
if a ≡ 1 mod 4 or b ≡ 1 mod 4.

Combining both properties of the Legendre symbol we can now deduce that(
q

p

)
=

(
5 + 4pk2
13 + 20k1

)
=

(
5 + 4k2(13 + 20k1)

13 + 20k1

)
=

(
5

13 + 20k1

)
=

(
13 + 20k1

5

)
=

(
3

5

)
≡ −1 mod 3.
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Thus, condition c)iii is satisfied as well, and we completed the proof of the lemma.

We are now ready to generalize Theorem 5.1.4. Recall that h(G) is the edge expansion
of G.

Theorem 6.3.2 ([21]). For every integer d ≥ 1 and every integer g ≥ 3, there is a
function f(d) that only depends on d, such that d-Cut is NP-complete for bipartite graphs
of girth at least g and maximum degree at most f(d).

Proof. Let d ≥ 1. By Observation 2.2.2, every graph G with h(G) > d is d-immune.
Hence, we can construct a (p+1)-regular bipartite gadget F using the arguments from the
proof of Lemma 5.1.2, where Lemma 6.3.1 plays the role of Lemma 5.1.1. That is, we can
choose p such that

(i) p is a prime congruent to 1 mod 4, and
(ii) 1

2(p+ 1− λ2(G)) ≥ 1
2(p+ 1− 2

√
p) > d.

We now reduce from d-Cut. Gomes and Sau [29] proved that d-Cut is NP-hard for
graphs of maximum degree at most 2d + 2. Hence, we may assume that the instance G
from d-Cut has maximum degree at most 2d+2. By applying the arguments of the proof
of Theorem 5.1.4, we can use F and G to construct for every integer g ≥ 3, a bipartite
graph G′ of girth at least g and maximum degree at most f(d), such that G has a d-cut if
and only if G′ has a d-cut.

Remark 6.3.3. Since it is not possible to give the smallest prime p satisfying conditions (i)
and (ii) in the proof of Theorem 6.3.2, we can merely state that the maximum degree of G′

is bounded by some function f(d) that only depends on d.

6.3.2 Graphs without Induced Paths

In the following, we consider graphs with forbidden induced paths. Our first result, The-
orem 6.3.4, for 3P3-free graphs of radius 2 and diameter 3 can be modified to hold for
bipartite graphs of radius 3 and diameter 4 (see Theorem 6.3.5.) Further, it can be easily
generalized to hold for d ≥ 2. However, this is not needed, since the last result, Theo-
rem 6.3.6, which only holds for d ≥ 3, is stronger. Note that Theorem 6.3.4 and 6.3.6 show
that there is a difference in complexity for Matching Cut and d-Cut, for d ≥ 2, since
for Matching Cut, Theorem 4.1.3 gives a polynomial-time algorithm for sP3-free graphs.
There also is a difference for graphs of radius 2 and diameter 3. Theorem 6.3.4 and 6.3.6
show the NP-completeness for d-Cut, for d ≥ 2, on these graph classes, while we know
that Matching Cut is solvable in polynomial time on graphs of radius 2 or diameter 3,
see Theorem 4.1.1 and [39].

K K ′

X1 X2 X3

u u′

Figure 6.5: The graph G from the proof of Theorem 6.3.4 with a red-blue d-colouring.

Theorem 6.3.4 ([48]). For d = 2, d-Cut is NP-complete for 3P3-free graphs of radius 2
and diameter 3.
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Proof. We reduce from Not-All-Equal SAT. Let (X, C) be an instance of this problem,
where X = {x1, x2, . . . , xn} and C = {C1, C2, . . . , Cm}. By Theorem 2.1.10 we may assume
that each literal occurs only positively and in at most three different clauses, and each Ci

contains either two or three literals.
From (X, C) we construct a graph G as follows. We introduce a clique K with vertex set

{C11 , C12 , C21 , C22 , . . . , Cm1 , Cm2} and a clique K ′ with vertex set {C ′
11
, C ′

12
, C ′

21
, C ′

22
, . . . ,

C ′
m1

, C ′
m2

}. For every variable xi we add a variable clique Xi of size 5. For xi occurring in
clause Cj choose a vertex vCj of Xi and add edges to Cj1 , Cj2 , C ′

j1
and C ′

j2
, see Figure 6.5

for an example. Ensure that every vertex in Xi is associated to at most one clause. For
every clause Ci consisting of only two literals xj and xk we pick a yet unselected vertex
u in one of the cliques Xj and Xk. If no such vertex exists, we add an additional vertex
to Xj . We then connect u to Ci1 , Ci2 , C

′
i1

and C ′
i2

. We call those vertices of Xi which are
not selected to represent an occurrence of xi auxiliary vertices. For each of these auxiliary
vertices x, we add one new vertex adjacent to x to K and one to K ′. To complete the
construction, we add vertices u to K and u′ to K ′. Finally, we add the edge uu′.

We show that G is 3P3-free, has radius 2 and has diameter 3. The graph G \ (K ∪K ′)
consists of n independent cliques, each of which is P3-free. Thus, every P3 in G contains at
least one vertex of K ∪K ′. Since each of K and K ′ may only contain vertices of one P3, G
is 3P3-free. Consider the vertex u ∈ V (K) connecting K and K ′. Since every vertex in the
variable cliques has a neighbour in K, the distance from u to any vertex of G is at most 2
and thus, G has radius 2. Let v ∈ V (Xi) and v′ ∈ V (Xj) for i, j ∈ {1, . . . , n}. Then, there
is a path from v to v′ of length at most 3 using their neighbours K which are either the
same or adjacent. Similarly for v ∈ V (K) and v′ ∈ V (K ′), the path v − u − u′ − v′ has
length 3. This shows that G has diameter 3.

We claim that (X, C) is a yes-instance of Not-All-Equal SAT if and only if G has
a 2-cut.

First suppose (X, C) is a yes-instance of Not-All-Equal SAT. Then X has a truth
assignment ϕ that sets, in each Ci, at least one literal true and at least one literal false.
We colour a clique Xi red if the corresponding variable is set to true and blue otherwise.
We colour the vertices in K red and those in K ′ blue. Consider a vertex v in Xi, say v is
coloured red. Since v has the same colour as its clique Xi it has at most two neighbours
of the other colour which are either in K or in K ′. Now consider a vertex Cij in K, which
is coloured red. As each clause contains two or three literals and ϕ sets at least one literal
true, we find that Cij is adjacent to at most two blue vertices in the variable cliques.
The other cases follow by symmetry. Hence, we obtain a red-blue 2-colouring of G. By
Observation 6.1.1, this means G has a 2-cut.

Now suppose G has a 2-cut. By Observation 6.1.1, this means that G has a red-blue
2-colouring c. We may assume without loss of generality that m ≥ 2, which implies that
K and K ′ have size at least 5 and are thus, monochromatic. Say c colours every vertex of
K red. For a contradiction, assume c colours every vertex of K ′ red as well. Then, in each
variable clique there is a vertex with 4 red neighbours so this vertex has to be coloured
red. Since the variable cliques have size 5, they are monochromatic and thus, the whole
graph is coloured red, a contradiction. We conclude that c must colour every vertex of K ′

blue.
Assume for another contradiction that there exists a clause such that all its correspond-

ing variable cliques are coloured blue. Then Cij in K, which is coloured red, has three blue
neighbours, a contradiction. By symmetry, we get the same contradiction for C ′

ij
in K ′.

Hence, setting xi to true if Xi is red in G and to false otherwise gives us the desired truth
assignment for X.

We can modify this proof to hold for d-Cut, with d ≥ 2, for bipartite graphs of radius 3
and diameter 4. The idea is to replace every clique by a complete bipartite graph. By
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Observation 6.1.2, complete bipartite graphs have to be monochromatic if each partition
class is large enough. The edges between variable gadgets and clause gadgets exist then
twice – once for every partition class. This assures that the radius and diameter of the
graph only increase by 1. Note that the fact that d ≥ 2 is important in this proof.

Theorem 6.3.5. For d ≥ 2, d-Cut is NP-complete for bipartite graphs of radius 3 and
diameter 4.

Proof. We reduce from Not-All-Equal SAT. Let (X, C) be an instance of this problem,
where X = {x1, x2, . . . , xn} and C = {C1, C2, . . . , Cm}. By Theorem 2.1.10, we may
assume that each literal occurs only positively and in at most three different clauses, and
each Ci contains either two or three literals.

From (X, C) we construct a graph G as follows. We introduce a complete bipar-
tite graph K with partition classes Ka = {Ca

11
, . . . , Ca

1d
, . . . , Ca

m1
, . . . , Ca

md
} and Kb =

{Cb
11
, . . . , Cb

1d
, . . . , Cb

m1
, . . . , Cb

md
} and a complete bipartite graph K ′ with partition classes

K ′
a = {C ′a

11
, . . . , C ′a

1d
, . . . , C ′a

m1
, . . . , C ′a

md
} and K ′

b = {C ′b
11
, . . . , C ′b

1d
, . . . , C ′b

m1
, . . . , C ′b

md
}. For

every variable xi we add a complete bipartite graph Xi with partition classes Xa
i and Xb

i

of size 3d each. For each clause Cj = {xi, xk, xℓ} consisting of three literals we choose

• d− 1 vertices of Xa
i and make them complete to Cb

j1
, . . . , Cb

jd
and C ′b

j1
, . . . , C ′b

jd
;

• d− 1 vertices of Xb
i and make them complete to Ca

j1
, . . . , Ca

jd
and C ′a

j1
, . . . , C ′a

jd
;

• one vertex of Xa
k and add edges to Cb

j1
, . . . , Cb

jd
and C ′b

j1
, . . . , C ′b

jd
;

• one vertex of Xb
k and add edges to Ca

j1
, . . . , Ca

jd
and C ′a

j1
, . . . , C ′a

jd
;

• one vertex of Xa
ℓ and add edges to Cb

j1
, . . . , Cb

jd
and C ′b

j1
, . . . , C ′b

jd
; and

• one vertex of Xb
ℓ and add edges to Ca

j1
, . . . , Ca

jd
and C ′a

j1
, . . . , C ′a

jd
.

For each clause Cj = {xi, xk} consisting of two literals we choose

• d vertices of Xa
i and make them complete to Cb

j1
, . . . , Cb

jd
and C ′b

j1
, . . . , C ′b

jd
;

• d vertices of Xb
i and make them complete to Ca

j1
, . . . , Ca

jd
and C ′a

j1
, . . . , C ′a

jd
;

• one vertex of Xa
k and add edges to Cb

j1
, . . . , Cb

jd
and C ′b

j1
, . . . , C ′b

jd
; and

• one vertex of Xb
k and add edges to Ca

j1
, . . . , Ca

jd
and C ′a

j1
, . . . , C ′a

jd
.

In all cases, ensure that every vertex in every Xi is associated to at most one clause. We
call those vertices of Xi which are not selected to represent an occurrence of xi auxiliary
vertices. For each of these auxiliary vertices x, we add one new vertex adjacent to x to Kb

and one to K ′
b if x ∈ Xa

i and to Ka and to K ′
a if x ∈ Xb

i . To complete the construction,
we add vertices ua to Ka, ub to Kb, u′a to K ′

a and u′b to K ′
b. Finally, we add the edges uau′b

and ubu
′
a.

We show that G has radius 3 and diameter 4. Consider the vertex ua ∈ V (K) connecting
K and K ′. Since every vertex in the variable gadgets has a neighbour in Ka or Kb, the
distance from u to any vertex of G is at most 3 and thus, G has radius 3. Let v ∈ V (Xi)
and v′ ∈ V (Xj) for i, j ∈ {1, . . . , n}. Then, there is a path from v to v′ of length at most 4
using their neighbours in K which are at distance at most 2. Similarly for v ∈ V (K) and
v′ ∈ V (K ′), v is adjacent to either ua or ub and the distance from v′ to u′a and u′b is at
most 2, resulting in a path of length at most 4. This shows that G has diameter 4.
We claim that (X, C) is a yes-instance of Not-All-Equal SAT if and only if G has a
d-cut.
First suppose (X, C) is a yes-instance of Not-All-Equal SAT. Then X has a truth
assignment ϕ that sets, in each clause Ci, at least one literal true and at least one literal
false. We colour a variable gadget Xi red if the corresponding variable is set to true and
blue otherwise. We colour the vertices in K red and those in K ′ blue. Consider a vertex
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K ′

K

I

Figure 6.6: The 3P2-free graph G constructed in the proof of Theorem 6.3.6, where we did
not draw edges inside K and K ′.

v in Xi, say v is coloured red. Since v has the same colour as its variable gadget Xi it has
at most d neighbours of the other colour which are either in K or in K ′. Now consider a
vertex Cij in K, which is coloured red. As each clause contains two or three literals and
ϕ sets at least one literal true, we find that Cij is adjacent to at most d blue vertices in
the variable cliques. The other cases follow by symmetry. Hence, we obtain a red-blue
d-colouring of G. By Observation 6.1.1, this means G has a d-cut.

Now suppose G has a d-cut. By Observation 6.1.1, this means that G has a red-
blue d-colouring c. We may assume without loss of generality that m ≥ 2, which implies
that the partition classes of K and K ′ have size at least 2d + 1 and thus, K and K ′ are
monochromatic. Say c colours every vertex of K red. For a contradiction, assume c colours
every vertex of K ′ red as well. Then, in each variable gadget there is a vertex with 2d red
neighbours so this vertex has to be coloured red. Since the partition classes of the variable
gadgets have size 3d, the variable gadgets are monochromatic and thus, the whole graph
is coloured red, a contradiction. We conclude that c must colour every vertex of K ′ blue.

Assume for another contradiction that there exists a clause Ci, for i ∈ {1, . . . ,m}
such that all its corresponding variable gadgets are coloured blue. Then Ca

ij
in Ka, for

j ∈ {1, . . . , d}, which is coloured red, has d + 1 blue neighbours, a contradiction. By
symmetry, we get the same contradiction for Cb

ij
in Kb and C ′a

ij
and C ′b

ij
in K ′. Hence,

setting xi to true if Xi is red in G and to false otherwise gives us the desired truth
assignment for X.

We now give a stronger result than the result in Theorem 6.3.4 for d ≥ 3. Note that the
construction is a simplified version of the construction of Theorem 6.3.4. This simplified
construction enables us to achieve 3P2-freeness. The assumption that d ≥ 3 is essential in
the proof of Theorem 6.3.6 though. Note that using another variant of 3-SAT, we expect
that we can generalize this result to d = 2 ([58]).

Theorem 6.3.6 ([48]). For d ≥ 3, d-Cut is NP-complete for 3P2-free graphs of radius 2
and diameter 3.

Proof. First, let d = 3. We reduce from Not-All-Equal SAT. Let (X, C) be an instance
of this problem, where X = {x1, x2, ..., xn} and C = {C1, C2, ..., Cm}. By Theorem 2.1.10
we may assume that each literal occurs only positively and appears in two or three different
clauses, and each Ci contains either two or three literals.

From (X, C), we construct a graph G = (V,E) as follows. We introduce a clique
K = {C1, . . . , Cm}; a clique K ′ = {C ′

1, . . . , C
′
m} and an independent set I = {x1, . . . , xn},

such that K, K ′, I are pairwise disjoint and V = K ∪K ′ ∪ I. We modify K and K ′ into
larger cliques by adding a new vertex zi to K and a new vertex z′i to K ′ for each Ci that
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consists of two literals. We add an edge between xh and Ci and an edge between xh and
C ′
i if and only if xh occurs as a literal in Ci. In other words, for every i ∈ {1, . . . ,m}, we

have that C ′
i is a copy of Ci. For every i ∈ {1, . . . ,m}, we also add an edge between Ci

and C ′
i. Finally, we add an edge between Ci and z′i and between C ′

i and zi for each Ci that
consists of two literals. See Figure 6.6 for an example.

As every edge must have at least one endvertex in K or K ′, and K and K ′ are cliques,
we find that G is 3P2-free. Moreover, G has radius 2, as the distance from a vertex in
K ∪K ′ to any other vertex in G is at most 2. In addition, the distance from a vertex in I
to any other vertex in G is at most 3. Hence, G has diameter at most 3.

We claim that (X, C) is a yes-instance of Not-All-Equal SAT if and only if G has
a 3-cut.

First suppose (X, C) is a yes-instance of Not-All-Equal SAT. Then X has a truth
assignment ϕ that sets, in each Ci, at least one literal true and at least one literal false.
In I, we colour the true literals red and the false literals blue. We colour the vertices in
K red and the vertices in K ′ blue. Consider a vertex xh in I, say xh is coloured red.
As each literal appears in at most three clauses, we find that xh has at most three blue
neighbours (which all belong to K ′). Now consider a vertex Ci in K, which is coloured
red. As each clause contains two or three literals and ϕ sets at least one literal true, we
find that Ci is adjacent to at most two blue vertices in I if Ci consists of three literals,
whereas Ci is adjacent to at most one blue literal in I if Ci consists of two literals. By
construction, Ci is adjacent to exactly one other blue vertex, which belongs to K ′, if Ci

contains three literals, while Ci is adjacent to exactly two other blue vertices, which both
belong to K ′, if Ci contains two literals. Hence, every Ci is adjacent to at most three blue
literals. The other cases follow by symmetry. Hence, we obtained a red-blue 3-colouring
of G. By Observation 6.1.1, this means that G has a 3-cut.

Now suppose G has a 3-cut. By Observation 6.1.1, this means that G has a red-blue
3-colouring c. We may assume without loss of generality that m ≥ 2d + 1. This means
that both K and K ′ are monochromatic. Say c colours every vertex of K red. For a
contradiction, assume c colours every vertex of K ′ red as well. As c must colour at least
one vertex of G blue, this means that I contains a blue vertex xi. As each literal is
contained in two or three clauses, we now find that a blue vertex, xi, has at least two red
neighbours in K and at least two red neighbours in K ′, so at least four red neighbours in
total, a contradiction. We conclude that c must colour every vertex of K ′ blue.

For another contradiction, assume there exists a clause Ci whose three literals are
all coloured blue in G. This means that a red vertex in G, namely Ci, has three blue
neighbours in I and one blue neighbour in K ′, namely C ′

i, so at least four blue neighbours
in total, a contradiction. Now assume there exists a clause Ci with two literals that are
both coloured blue in G. This means that a red vertex in G, namely Ci, has two blue
neighbours in I and two blue neighbour in K ′, namely C ′

i and z′i, so at least four blue
neighbours in total, a contradiction. As the vertices in K ′ are copies of the vertices in K,
there is no clause either consisting of two or three literals that are all coloured red in G.
Hence, setting xi to true if xi is red in G and to false if xi is blue in G gives us the desired
truth assignment for X.

Now, we consider the case where d ≥ 3. We adjust G as follows. We first modify K into
a larger clique by adding a set Lh of d − 3 new vertices for each h ∈ {1, . . . ,m}. We also
modify K ′ into a larger clique by adding a set L′

h of d− 3 vertices for each h ∈ {1, . . . ,m}.
For each h ∈ {1, . . . ,m} we make xh complete to Lh and to L′

h. Finally, we add additional
edges between vertices in K ∪ L1 ∪ . . . ∪ Lm and vertices in K ′ ∪ L′

1 ∪ . . . ∪ L′
m, in such

a way that every vertex in K has d − 2 neighbours in K ′, and vice versa. The modified
graph G is still 3P2-free, has radius 2 and diameter 3, and also still has size polynomial in
m and n. The remainder of the proof uses the same arguments as before.
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6.3.3 Graphs without Induced K1,4 and H∗
i

In this last section, we show the hardness of d-Cut for K1,4-free and H∗
i -free graphs. Both

results work for any d ≥ 1 and are generalizations of already known proofs for Matching
Cut. For d ≥ 3, a stronger result is known, namely that d-Cut is NP-complete for line
graphs, see [52]. Recall that the class of line graphs is contained in the class of K1,3-free
graphs.

Figure 6.7: A chain of cliques of length 5 with cliques of size 6.

The first result is a generalization of a result of Chvátal, who showed in [12] that Matching
Cut is NP-complete for K1,4-free graphs. Our proof uses the following gadget. We call
a chain of cliques of length k a set of k cliques of the same size, such that every clique,
except two, has exactly two neighbouring cliques, with each of which it shares exactly one
vertex, see Figure 6.7.

Theorem 6.3.7 ([48]). For d ≥ 2, d-Cut is NP-complete for K1,4-free graphs.

Proof. We reduce from Hypergraph 2-Colourability. Let H be a hypergraph. We
construct a graph G as follows. Figure 6.8 illustrates the construction. Let n = |V (H)| be
the number of vertices of H and let m = |E(H)| be the number of edges of H.

Xs X0
e X1

e Ys Y 0
e Y 1

e Zs Z0
e Z1

e

C0 Cx
0 Cy

0 Cz
0 Ce

0 C1Cx
1 Cy

1 Cz
1 Ce

1

Ae Be

Figure 6.8: The construction of G. In this example there is only one edge e = xyz. Every
cycle represents a clique of size 2d+ 1. The boxes represent independent sets.

Let C0 and C1 each be a chain of n+m cliques of size 2d+1. For every vertex v ∈ V (H)
there are cliques Cv

0 in C0 and Cv
1 in C1 and for every edge e ∈ V (H) there are cliques Ce

0

in C0 and Ce
1 in C1. For every vertex v ∈ V (H) we make a chain of cliques of size 2d+ 1,

containing two cliques per edge in which v appears, and one extra clique. We denote the
two cliques corresponding to v and the edge e as V 0

e and V 1
e . We denote the extra clique

by Vs. For an edge e = (u, v, w) we add two independent sets, each of d vertices, Ae and
Be. We define A =

⋃
e∈E(H)Ae and B =

⋃
e∈E(H)Be.

We add all edges between Ae and d vertices of U0
e , all edges between Ae and d vertices

of V 0
e , all edges between Ae and d vertices s1, . . . , sd of Ce

0 and all edges between s1, . . . , sd
and d vertices of W 0

e . We do the same for Be and the sets U1
e , V 1

e , W 1
e and Ce

1 . For every
vertex v ∈ V (H) we add all edges between d vertices s1, . . . , sd in Vs and d vertices in Cv

0

as well as all edges between s1, . . . , sd and d vertices in Cv
1 .

We claim that H is bicolourable if and only if G has a d-cut. We assume that G has a
d-cut. That is G has a red-blue d-colouring. Consider such a colouring.
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U0
e V 0

e W 0
e

Ce
0

Ae

U0
e V 0

e W 0
e

Ce
0

Ae

U0
e V 0

e W 0
e

Ce
0

Ae

Figure 6.9: The three possible red-blue d-colourings of an edge gadget.

Claim 6.3.7.1. Every chain of cliques is monochromatic.

Proof. Recall that by Observation 6.1.2 every clique of size 2d+1 is monochromatic in any
red-blue d-colouring. Since the cliques of the chain share vertices, they all have the same
colour. ◁

Claim 6.3.7.2. C0 and C1 have different colours.

Proof. Suppose that C0 and C1 are both coloured blue. Then the cliques Vs will all be
coloured blue for every v ∈ V (H), since they have d neighbours in each of C0 and C1.
Thus, by Claim 6.3.7.1 all chains of cliques corresponding to vertices are coloured blue.
The only vertices which remain uncoloured are the vertices in A ∪B. Since any vertex in
A ∪B has 3d blue neighbours, A and B are both coloured blue and thus the whole graph
is coloured blue and the colouring is not a red-blue d-colouring. Hence, C0 and C1 are
coloured differently. ◁

Claim 6.3.7.3. Consider an edge e = (u, v, w) ∈ E(H). The cliques U0
e , V 0

e and W 0
e do

not have all the same colour.

Proof. Suppose that there is an edge e in H, such that U0
e , V 0

e and W 0
e are coloured

the same. Without loss of generality we may assume they are all coloured blue. By
Claim 6.3.7.1 we know that the chains in which U0

e , V 0
e and W 0

e are contained are coloured
blue as well and especially that U1

e , V 1
e and W 1

e are blue. Without loss of generality we
may further assume that U0

e and V 0
e are connected to Ae and similarly that U1

e and V 1
e are

connected to Be. Then every vertex in Ae and Be has 2d blue neighbours (the vertices U0
e

and V 0
e or the vertices in U1

e and V 1
e ). Thus, Ae and Be are both coloured blue. Hence,

the connector vertices in Ce
0 and Ce

1 have each 2d blue neighbours (the vertices in W 0
e and

Ae or the vertices in W 1
e and Be) and are also coloured blue. Due to Claim 6.3.7.1 this

leads to C0 and C1 being both blue, a contradiction to Claim 6.3.7.2. ◁

Since Claim 6.3.7.3 holds for every edge in E(H), we get that if G has a red-blue d-
colouring, then H is bicolourable, by colouring every vertex of H according to the colour
of its corresponding chain in a red-blue d-colouring.

We assume now that H is bicolourable. We consider a bicolouring of the vertices of H.
We colour the vertices of G as follows. For each chain of cliques in G corresponding to
a vertex v ∈ V (H), we colour the chain of cliques according to the colour of v in the
bicolouring of H. Further, we colour C0 red and C1 blue. Every vertex in A or B has
d neighbours in each of its adjacent three cliques. We colour every vertex in A and B
with the colour that at least two of its neighbouring cliques have. This clearly leads to a
red-blue d-colouring of the vertices in A and B. For v ∈ V (H), every vertex in V 0

e , V 1
e ,
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Cv
0 and Cv

1 has at most d neighbours outside of its monochromatic chain. Thus, no matter
how we colour the vertices in Ae and Be, the vertices in V 0

e , V 1
e , Cv

0 and Cv
1 have at most d

neighbours of the other colour. The vertices in Vs which are connected to C0 and C1 have
d neighbours of each colour, so also for them the colouring is a red-blue d-colouring.

Consider an edge e = (u, v, w) ∈ E(H). It remains to show that the vertices in Ce
0

and Ce
1 have at most d neighbours of the other colour. Consider a vertex x ∈ Ce

0 . Note
that the analysis for vertices in Ce

1 works analogously. The vertex x has d neighbours in Ae

and d neighbours in W 0
e . Since we consider a bicolouring of H we know that one or two

of U0
e , V 0

e and W 0
e are blue and one or two are red. We distinguish several cases. First

suppose that U0
e and V 0

e have different colours (see Figure 6.9 (left)). Say without loss of
generality that U0

e is blue and V 0
e is red. Independently of the colour of W 0

e we colour Ae

red, since it has two neighbouring red cliques (Ce
0 and V 0

e ). Thus, x is red and has d red
neighbours in Ae and either 0 or d blue neighbours in W 0

e . Now suppose that U0
e and V 0

e

are both red (see Figure 6.9 (middle)). Then, due to the bicolouring of H, Ae is red and
W 0

e is blue. Thus, x has d blue and d red neighbours. The last case we consider is where
U0
e and V 0

e are both blue (see Figure 6.9 (right)). Then Ae is blue and W 0
e is red. Again,

x has d blue and d red neighbours. We get that the colouring is a red-blue d-colouring and
thus the theorem follows.

Our last result in this section shows the NP-hardness of d-Cut for H∗
i -free graphs. This

result is again mostly relevant for the case of d = 2 since the hardness result for line graphs
in [52] includes the NP-completeness of d-Cut, for d ≥ 3, for H∗

i -free graphs. Note that
the proof is a (very) straightforward generalization of the proof of Theorem 5.2.1 for the
corresponding result for d = 1, and below we just give a full proof for completeness.

Let uv be an edge of a graph G. We define an edge operation as displayed in Figure 5.5,
which when applied on uv will replace uv in G by the subgraph T i

uv. Note that in the new
graph, the only vertices from T i

uv that may have neighbours outside T i
uv are u and v.

u v

U1 U2 U3 U4

V4 V3 V2 V1

u

v

Figure 6.10: The edge uv (left) which we replace by the subgraph T i
uv (right), here in the

case where d = 3 and i = 4. Every cycle represents a clique of size 2d + 1. The vertex u
(v, resp.) has d neighbours in Vi (Ui, resp.).

Theorem 6.3.8 ([48]). For d ≥ 2 and i ≥ 1, d-Cut is NP-complete for (H∗
1 , . . . ,H

∗
i )-free

graphs.

Proof. Fix i ≥ 1. We reduce from Matching Cut. Let G = (V,E) be a connected
graph. Replace every uv ∈ E by the graph T i

uv (see Figure 6.10). This yields the graph
G′ = (V ′, E′).

We claim that G′ is (H∗
1 , . . . ,H

∗
i )-free. For a contradiction, assume that G′ contains an

induced H∗
i′ for some 1 ≤ i′ ≤ i. Then G′ contains two vertices x and y that are centers of

an induced claw, as well as an induced path from x to y of length i′. All vertices in V ′ \ V
are not centers of any induced claw. Hence, x and y belong to V . By construction, any
shortest path between two vertices of V has length at least i+ 1 in G′, a contradiction.

We claim that G′ has a d-cut if and only if G has a matching cut. First suppose G′

has a d-cut M ′, so G′ has a red-blue d-colouring c′. We prove a claim for G′:
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Claim 6.3.8.1. For every edge uv ∈ E(G) it holds that

(a) either c′(u) = c′(v), and then T i
uv is monochromatic, or

(b) c′(u) ̸= c′(v), and then c′ colours U1, . . . , Ui with the same colour as u, while c′

colours all vertices of T i
uv −{u, U1, . . . , Ui} with the same colour as v, and moreover,

the d edges from u to Vi and the d edges from v to Ui are in M ′.

Proof. First assume c′(u) = c′(v), say c′ colours u and v red. As any clique of size at
least 2d+1 is monochromatic, all vertices in T i

uv are coloured red, so T i
uv is monochromatic.

Now assume c′(u) ̸= c′(v), say u is red and v blue. As before, we find that all cliques
U1, . . . , Ui have the same colour as u, so are red, while all cliques V1, . . . , Vi have the same
colour as v, so are blue. By definition, every edge xy with c′(x) ̸= c′(y) belongs to M ′.

◁

We construct a subset M ⊆ E in G as follows. We add an edge uv ∈ E to M if and
only if c′(u) ̸= c′(v) in G′. We now show that M is a matching in G. Let u ∈ V . For a
contradiction, suppose that M contains edges uv and uw for v ̸= w. Then c′(u) ̸= c′(v)
and c′(u) ̸= c′(w). By Claim 6.3.8.1, we find that M ′ matches u in G′ to d vertices in each
of T i

uv and T i
uw, contradicting our assumption that M ′ is a d-cut. Hence, M is a matching.

Now let c be the restriction of c′ to V . If c colours every vertex of G with one colour,
say red, then c′ would also colour every vertex of G′ red by Claim 6.3.8.1, contradicting
that c′ is a red-blue d-colouring. Hence, c uses both colours. Moreover, for every uv ∈ E,
the following holds: if c(u) ̸= c(v), then c′(u) ̸= c′(v) and thus uv ∈ M . Hence, as M is a
matching, c is a red-blue 1-colouring, and thus M is a matching cut of G.

Conversely, assume that G admits a matching cut, so V has a red-blue 1-colouring c.
We construct a red-blue d-colouring c′ of V ′ as follows.

• For every edge uv ∈ E with c(u) = c(v), we let c′(x) = c(u) for every x ∈ V (T i
uv).

• For every edge uv ∈ E with c(u) ̸= c(v), we let c′(u) = c(u) and c′(u′) = c(u), for
every u′ ∈

⋃i
j=1 Uj and similarly, c′(v) = c(v) as well as c′(v′) = c(v), for every

v′ ∈
⋃i

j=1 Vj .

As c is a red-blue 1-colouring, c uses both colours and thus by construction, c′ uses both
colours. Let u ∈ V . Again as c is a red-blue 1-colouring, c(u) ̸= c(v) holds for at
most one neighbour v of u in G. Hence, by construction, u belongs to at most one non-
monochromatic gadget T i

uv. Thus, c′ colours in G′ at most d neighbours of u with a
different colour than u. Let u ∈ V ′ \ V . By construction, we find that c′ colours at most
d neighbours of u with a different colour than u. Hence, c′ is a red-blue d-colouring, and
so G′ has a d-cut. This completes the proof.



Chapter 7

Conclusion

In this thesis we considered the problem Matching Cut together with its two vari-
ants Disconnected Perfect Matching and Perfect Matching Cut. Further,
we presented the first results explicitly proven for the maximisation problems Maximum
Matching Cut and Maximum Disconnected Perfect Matching. Afterwards, in
Chapter 6 we presented results for d-Cut, a generalization of Matching Cut. The results
in this thesis focused on (bipartite) graphs of bounded radius and diameter and on H-free
graphs. They contribute to different dichotomies. In the following we give an overview of
the current state of the dichotomies, some of which are already complete and some are still
incomplete. This overview allows us to detect interesting open problems.

7.1 Radius and Diameter

For all variants of matching cut considered in this thesis, there has been research on their
complexity for graphs of bounded radius and bounded diameter. Most of the dichotomies
are already complete and only two cases are missing. See also Tables 7.1 and 7.2 for an
overview.

For Matching Cut, a result from this thesis completed the dichotomy for the radius,
while the dichotomy for graphs of bounded diameter was already complete before.

Theorem 7.1.1 ([39, 49]). Matching Cut is solvable in polynomial time for graphs of
radius at most 2 and NP-complete on graphs of radius at least 3.

Proof. The first part follows from Theorem 4.1.1, the second follows from [39] since the
class of graphs of radius 3 is contained in the class of graphs of diameter 3.

Theorem 7.1.2 ([7, 39]). Matching Cut is solvable in polynomial time for graphs of
diameter at most 2 and NP-complete on graphs of diameter at least 3.

For Disconnected Perfect Matching the dichotomy for graphs of bounded diameter
was proven in [8].

Theorem 7.1.3 ([8]). Disconnected Perfect Matching is solvable in polynomial
time for graphs of diameter at most 2 and NP-complete on graphs of diameter at least 3.

However, for the radius we only know that Disconnected Perfect Matching is NP-
complete for graphs of radius at least 3 by [40]. Since the case of radius 1 is trivial, we are
left with one open case and thus, a first open problem.

Open Problem 1. What is the complexity of Disconnected Perfect Matching for
graphs with radius 2?

99
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Matching Cut Disconnected Perfect
Perfect Matching Matching Cut

P diameter ≤ 2 ([7]) diameter ≤ 2 ([8]) diameter ≤ 2 (4.1.4)
NP diameter ≥ 3 ([39]) diameter ≥ 3 ([8]) diameter ≥ 4 ([40])

P radius ≤ 2 (4.1.1) radius ≤ 1 radius ≤ 2 (4.1.4)
NP radius ≥ 3 ([39]) radius ≥ 3 ([40]) radius ≥ 3 ([40])

Table 7.1: The complexity of Matching Cut, Disconnected Perfect Matching and
Perfect Matching Cut for graphs of bounded diameter and radius.

On a first glance it might be surprising that this question is still open, since for both
Matching Cut and Perfect Matching Cut we know that they are solvable in poly-
nomial time on graphs with radius 2. However, in the proofs for Matching Cut and Per-
fect Matching Cut, the final step, hidden in Lemma 3.2.2 (respectively Lemma 3.3.7),
includes formulating the colouring problem as a 2-SAT formula, which can be efficiently
solved. Since we can not encode the additional condition “the matching cut has to be con-
tained in a perfect matching” using 2-SAT, solving the problem Disconnected Perfect
Matching on graphs of radius 2 requires new ideas.

For Perfect Matching Cut the dichotomy for the radius is complete, while incom-
plete for the diameter where the case of diameter 3 remains open.

Theorem 7.1.4 ([40, 50]). Perfect Matching Cut is solvable in polynomial time for
graphs of radius at most 2 and NP-complete on graphs of radius at least 3.

Proof. The first part follows from Theorem 4.1.4, the second is due to [40].

From [40] we know that Perfect Matching Cut is NP-hard for graphs of diameter 4
and from Theorem 4.1.4 it follows that it is solvable in polynomial time for graphs of
diameter at most 2. For Perfect Matching Cut there are currently two ways known to
obtain gadgets for NP-hardness proofs. The graphs constructed in the hardness reductions
contain either some (subdivided) cubes or 4-subdivided edges. Both the cube (and thus
all subdivisions) and a 4-subdivided edge have diameter 3 already, so it seems to be hard
to construct a reduction graph with diameter 3. Hence, either Perfect Matching Cut
is solvable in polynomial time on graphs of diameter 3 or new ideas are needed to prove
the NP-hardness.

For now it is only known that the complexity of Matching Cut and Perfect
Matching Cut differs for cubic graphs. Every subcubic graph with at least 7 vertices
has a matching cut (see [53]) and it is NP-hard to decide if a 3-connected cubic bipartite
planar graph has a perfect matching cut (see [5]). For graphs of bounded diameter and
radius, the results are already rather similar. So the answer to the following question will
show if Matching Cut and Perfect Matching Cut differ in complexity for graphs of
bounded radius and diameter or not.

Open Problem 2. What is the complexity of Perfect Matching Cut for graphs with
diameter 3?

For Maximum Matching Cut, Maximum Disconnected Perfect Matching and
d-Cut, for d ≥ 2, both dichotomies are settled. It is interesting to see that these three
problems have the same dichotomies, see also Table 7.2. Note that for graphs of bounded
diameter, these dichotomies are equal to the dichotomy for Matching Cut. However,
in the case of graphs of bounded radius, Matching Cut is easier to solve in the sense
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Maximum Maximum Disconnected
d-Cut (d ≥ 2)Matching Cut Perfect Matching

P diameter ≤ 2 (4.2.4) diameter ≤ 2 (4.2.11) diameter ≤ 2 (6.2.1)
NP diameter ≥ 3 (5.3.8) diameter ≥ 3 (5.3.10) diameter ≥ 3 ([39], 6.3.4, 6.3.6)

P radius ≤ 1 radius ≤ 1 radius ≤ 1
NP radius ≥ 2 (5.3.8) radius ≥ 2 (5.3.10) radius ≥ 2 (6.3.4, 6.3.6)

Table 7.2: The complexity of Maximum Matching Cut, Maximum Disconnected
Perfect Matching and d-Cut, for d ≥ 2, for graphs of bounded diameter and radius.

that for graphs of radius at most 2, Matching Cut is solvable in polynomial time while
Maximum Matching Cut, Maximum Disconnected Perfect Matching and d-
Cut, for d ≥ 2, are NP-hard on this graph class. Before we state the dichotomies, we
make the following straightforward observation that allows us to find a matching cut in a
graph of radius 1.

Observation 7.1.5. A graph with radius 1 has a vertex v which is dominating, that is, it
is adjacent to every other vertex. This implies that G has a matching cut if and only if G
has a vertex of degree 1 and a matching cut can be found in polynomial time.

Theorem 7.1.6 ([51]). Maximum Matching Cut is solvable in polynomial time for
graphs of diameter at most 2 and NP-complete on graphs of diameter at least 3.

Proof. The first part follows from Theorem 4.2.4, the second is due to Theorem 5.3.8.

Theorem 7.1.7 ([51]). Maximum Matching Cut is solvable in polynomial time for
graphs of radius at most 1 and NP-complete on graphs of radius at least 2.

Proof. From Observation 7.1.5 it follows that every matching cut of G has size exactly 1.
So a maximum matching cut can be found in polynomial time, if it exists, and thus, the
first part follows. The second is due to Theorem 5.3.8.

Theorem 7.1.8 ([51]). Maximum Disconnected Perfect Matching is solvable in
polynomial time for graphs of diameter at most 2 and NP-complete on graphs of diameter
at least 3.

Proof. The first part follows from Theorem 4.2.11, the second is due to Theorem 5.3.10.

Theorem 7.1.9 ([51]). Maximum Disconnected Perfect Matching is solvable in
polynomial time for graphs of radius at most 1 and NP-complete on graphs of radius at
least 2.

Proof. From Observation 7.1.5 it follows that every matching cut of G has size exactly 1.
Thus, G has a disconnected perfect matching if and only if it has a vertex of degree 1 and
a perfect matching. So the first part follows and the second is due to Theorem 5.3.10.

Theorem 7.1.10 ([29, 48]). d-Cut is solvable in polynomial time for graphs of diameter
at most 2 and NP-complete on graphs of diameter at least 3.

Proof. The first part follows from Theorem 6.2.1, the second is due to [29, 48].

Theorem 7.1.11 ([48]). d-Cut is solvable in polynomial time for graphs of radius at
most 1 and NP-complete on graphs of radius at least 2.
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Matching Cut Disconnected Perfect
Perfect Matching Matching Cut

P diameter ≤ 3 ([39]) diameter ≤ 3 ([8]) diameter ≤ 3 (4.1.7)
NP diameter ≥ 4 ([39]) diameter ≥ 4 ([8])

P radius ≤ 2 (4.1.1) radius ≤ 2 (4.2.13) radius ≤ 2 (4.1.4)
NP radius ≥ 4 ([39]) radius ≥ 4 ([8])

Maximum Maximum Disconnected
d-Cut (d ≥ 2)Matching Cut Perfect Matching

P diameter ≤ 3 (4.2.6) diameter ≤ 3 (4.2.14) diameter ≤ 3 (6.2.2)
NP diameter ≥ 4 (5.3.9) diameter ≥ 4 (5.3.11) diameter ≥ 4 (6.3.5)

P radius ≤ 2 (4.2.5) radius ≤ 2 (4.2.12) radius ≤ 1
NP radius ≥ 3 (5.3.9) radius ≥ 3 (5.3.11) radius ≥ 3 (6.3.5)

Table 7.3: The complexity of all six problems for bipartite graphs of bounded diameter
and radius.

Proof. If the radius is 1, we can simply branch over all colourings of the neighbourhood of
the dominating vertex and see if any of these colourings is a red-blue d-colouring. So the
first part follows and the second is due to [48].

For Matching Cut and Disconnected Perfect Matching not only the complexity
on graphs of bounded diameter has been considered but also on bipartite graphs of bounded
diameter. For bipartite graphs the obtained results are different to the results for general
graphs. In this thesis we gave many results for bipartite graphs of bounded radius and
diameter. In the following we give an overview over the known results, see also Table 7.3.
For bipartite graphs of diameter 3 there exist polynomial-time algorithms for Matching
Cut (see [39]) and Disconnected Perfect Matching (see [8]), while for diameter 4
both problems become NP-complete (see again [8, 39]).

For Perfect Matching Cut, we saw in Theorem 4.1.7 that it is polynomial-time
solvable for bipartite graphs of diameter 3, by slightly modifying the proof of Le and Le for
Matching Cut in the same graph class. However, to the best of our knowledge there is no
result showing that Perfect Matching Cut is NP-hard on bipartite graphs of bounded
diameter. We expect that there exists a constant r such that Perfect Matching Cut
is NP-hard for bipartite graphs of diameter r, but for now this remains open.

Open Problem 3. What is the complexity of Perfect Matching Cut for bipartite
graphs of diameter g, with g ≥ 4?

In Theorem 4.2.5 and 4.2.12, we have seen that Maximum Matching Cut and Maximum
Disconnected Perfect Matching are solvable in polynomial time for bipartite graphs
of radius at most 2 and thus, diameter 2. Further, in Theorem 4.2.6 and 4.2.14 we showed
that they are as well solvable in polynomial time for bipartite graphs of diameter 3. On
the other hand Theorem 5.3.9 and 5.3.11 show the NP-hardness for bipartite graphs of
radius 3 and diameter 4 and thus, we obtain the following dichotomies.

Theorem 7.1.12. Maximum Matching Cut and Maximum Disconnected Perfect
Matching are solvable in polynomial time for bipartite graphs of diameter at most 3 and
NP-complete for bipartite graphs of diameter at least 4.
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Theorem 7.1.13. Maximum Matching Cut and Maximum Disconnected Perfect
Matching are solvable in polynomial time for bipartite graphs of radius at most 2 and NP-
complete for bipartite graphs of radius at least 3.

These results add up nicely to the results for Matching Cut and Disconnected Per-
fect Matching. Recall that there when considering bipartite graphs, the problems stay
solvable in polynomial time even if we increase the diameter by 1.

For d-Cut, we have seen in Theorem 6.2.2 a polynomial-time algorithm for bipartite
graphs of diameter 3. In Theorem 6.3.5 we saw the counterpart that showed the NP-
hardness of d-Cut for graphs of radius 3 and diameter 4. Thus, the only open case to
complete both dichotomies is the case of bipartite graphs of radius 2. So we ask:

Open Problem 4. What is the complexity of d-Cut for bipartite graphs of radius 2?

Concerning the radius, we have already seen that we got the complete dichotomy for Max-
imum Matching Cut and Maximum Disconnected Perfect Matching. However,
for Matching Cut we only know that it is solvable in polynomial time for graphs of
radius 2 (see Theorem 4.1.1) and thus for bipartite graphs of radius 2 and moreover, that
it is NP-complete on bipartite graphs for diameter 4 and thus of radius 4 (see [39]). So the
case of radius 3 remains open.

Open Problem 5. What is the complexity of Matching Cut for bipartite graphs of
radius 3?

Note that for Disconnected Perfect Matching we have the same gap. Here it follows
from Corollary 4.2.13 that Disconnected Perfect Matching is solvable in polynomial
time for bipartite graphs of radius 2 and we get the hardness for graphs of radius 4 from [8].
So we ask:

Open Problem 6. What is the complexity of Disconnected Perfect Matching for
bipartite graphs of radius 3?

Finally, for Perfect Matching Cut even less is known. We only know that a polynomial-
time algorithms for bipartite graphs of radius 2 follows from Theorem 4.1.4 and no hardness
result is known for bipartite graphs of bounded radius. This leads to our last open problem
in this section.

Open Problem 7. What is the complexity of Perfect Matching Cut for bipartite
graphs of radius r, with r ≥ 3?

7.2 H-free graphs

In this section we discuss the many results that exist for H-free graphs. We will see that
for Maximum Matching Cut and Maximum Disconnected Perfect Matching the
dichotomies are already complete. Further, for d-Cut only a small number of cases is open.
For Matching Cut, Disconnected Perfect Matching and Perfect Matching
Cut more cases are open. The overview which we get in the following allows us to identify
cases that might be helpful to complete these partial dichotomies.

First, we consider Maximum Matching Cut and Maximum Disconnected Per-
fect Matching. For these problems this thesis gives all necessary results to obtain the
two dichotomies, see also Table 7.4. Note that the dichotomies are the same.

Theorem 7.2.1 ([51]). For a graph H, Maximum Matching Cut on H-free graphs is

• polynomial-time solvable if H ⊆i sP2 + P6 for some s ≥ 0, and
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Maximum Maximum Disconnected
Matching Cut Perfect Matching

P sP2 + P6 (4.2.2, 4.2.3) sP2 + P6 (4.2.8, 4.2.10)

NP

2P3 (5.3.8) 2P3 (5.3.10)
P7 (5.3.8) P7 (5.3.10)
K1,3 (5.4.1) K1,3 (5.4.2)

Cr, r ≥ 3 (5.1.12) Cr, r ≥ 3 (5.1.13)

Table 7.4: The complete dichotomies for Maximum Matching Cut and Maximum
Disconnected Perfect Matching on H-free graphs.

• NP-hard if H ⊇i K1,3, 2P3 or H ⊇i Cr for some r ≥ 3.

Proof. Let H be a graph. If H contains a cycle, then Maximum Matching Cut is NP-
hard due to Theorem 5.1.12. Now suppose that H has no cycle, so H is a forest. If H
contains a vertex of degree at least 3, then the class of H-free graphs contains the class of
K1,3-free graphs. The latter class contains the class of line graphs, and thus we can apply
Theorem 5.4.1.

Now suppose that H is a forest of maximum degree at most 2, that is, H is a linear
forest. If H ⊆i sP2 + P6 for some s ≥ 0, then we apply Theorem 4.2.2 in combination
with s applications of Theorem 4.2.3. Else H contains an induced 2P3 and we apply
Theorem 5.3.8. This completes the proof.

Theorem 7.2.2 ([51]). For a graph H, Maximum Disconnected Perfect Matching
on H-free graphs is

• polynomial-time solvable if H ⊆i sP2 + P6 for some s ≥ 0, and
• NP-hard if H ⊇i K1,3, 2P3 or H ⊇i Cr for some r ≥ 3.

Proof. Let H be a graph. First suppose that H has a cycle. Then, Maximum Discon-
nected Perfect Matching is NP-hard for due to Theorem 5.1.13. If H is not a cycle,
then H is a forest. If H contains a vertex of degree at least 3, then the class of H-free
graphs contains the class of K1,3-free graphs, which contains the class of line graphs, so
we apply Theorem 5.4.2. Otherwise H is a linear forest. If H ⊆i sP2 + P6 for some s ≥ 0,
then we apply Theorem 4.2.8 in combination with s applications of Theorem 4.2.10. Else
H contains an induced 2P3 and we apply Theorem 5.3.10.

For the classical Matching Cut problem and the other variants the dichotomies are still
incomplete. In the following we give the current partial dichotomies.

Theorem 7.2.3 ([6, 12, 21, 40, 42, 49, 50, 53]). For a graph H, Matching Cut on H-free
graphs is

• polynomial-time solvable if H ⊆i sP3 + S1,1,2 or sP3 + P6 for some s ≥ 0, and
• NP-complete if H ⊇i K1,4, P14, 2P7, 3P5, Cr for some r ≥ 3, or H∗

j for some j ≥ 1.

Theorem 7.2.4 ([8, 21, 40, 51]). For a graph H, Disconnected Perfect Matching
on H-free graphs is

• polynomial-time solvable if H ⊆i sP2 +K1,3 or sP2 + P6 for some s ≥ 0, and
• NP-complete if H ⊇i K1,4, P14, 3P6, 2P7, Cr for some r ≥ 3 or H∗

j for some j ≥ 1.

Theorem 7.2.5 ([21, 40, 44, 50]). For a graph H, Perfect Matching Cut on H-free
graphs is
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Matching Cut Disconnected Perfect
Perfect Matching Matching Cut

P
sP3 + S1,1,2 ([42], 4.1.3) sP2 +K1,3 ([8], 4.2.10) sP4 + S1,2,2 ([44], 4.1.6)
sP3 + P6 (4.1.2, 4.1.3) sP2 + P6 (4.2.9, 4.2.10) sP4 + P6 (4.1.5, 4.1.6)

NP

3P5 (5.3.1) 3P6 ([40]) 3P6 ([40])
2P7 ([40]) 2P7 ([40]) 2P7 ([40])
P14 ([40]) P14 ([40]) P14 ([40])
K1,4 ([12]) K1,4 ([8]) K1,4 ([44])

Cr, r ≥ 3 (5.1.4) Cr, r ≥ 3 (5.1.7) Cr, r ≥ 3 ([44])
H∗

i , i ≥ 1 (5.2.1) H∗
i , i ≥ 1 (5.2.2) H∗

i , i ≥ 1 ([44])

Table 7.5: Comparison of Matching Cut, Disconnected Perfect Matching and
Perfect Matching Cut for different classes of H-free graphs.

• polynomial-time solvable if H ⊆i sP4 + S1,2,2 or sP4 + P6 for some s ≥ 0, and
• NP-complete if H ⊇i K1,4, P14, 2P7, 3P6, Cr for some r ≥ 3 or H∗

j for some j ≥ 1.

Table 7.5 illustrates the state of the art for Matching Cut, Disconnected Perfect
Matching and Perfect Matching Cut for H-free graphs. For all three problems the
dichotomies are still incomplete, leading to the general problem:

Open Problem 8. Complete the dichotomies of Matching Cut, Disconnected Per-
fect Matching and Perfect Matching Cut for H-free graphs.

The known results restrict the graphs H which we still have to consider to complete the
dichotomies. In the following we concentrate on Matching Cut. Due to the similarity
of the known results the analysis for Disconnected Perfect Matching and Perfect
Matching Cut can be done analogously. Let H be a graph such that the complexity
of Matching Cut for H-free graphs is not yet known. Since Matching Cut is NP-
complete when we forbid Cr, for some r ≥ 3, we get that H should not contain a cycle and
therefore is a forest. The NP-completeness for K1,4-free graphs implies that no vertex of H
may have degree more than three. Finally, knowing that Matching Cut is NP-complete
for H∗

i -free graphs, for any i ≥ 1, tells us that H is a forest with at most one vertex of
degree 3 per connected component. Thus, each component of H is either a path Pr, for
some integer r ≥ 1, or a Si,j,k, for some integers i, j, k ≥ 1. The results on forbidden paths
reduce the options further. For example, if H consists of a single connected component,
the open cases contain the cases when H is a Pr with 7 ≤ r ≤ 13, but also Si,j,k for
different combinations of integers i, j, k ≥ 1. If H consists of several components more
cases remain open. Even though there is only a finite number of open cases left, they are
hard to enumerate. Still there are a few open cases which we assume to be helpful to
complete the dichotomy.

Open Problem 9. What is the complexity of Matching Cut for H-free graphs, when
H ∈ {sP4, P7, S1,2,2}, for some s ≥ 1?

Even though the analysis for Disconnected Perfect Matching and Perfect Match-
ing Cut is similar, there are small differences in the knowledge we have and thus, we point
out different open cases.

Open Problem 10. What is the complexity of Disconnected Perfect Matching
for H-free graphs, when H ∈ {sP3, P7, S1,2,2}, for some s ≥ 1?
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Open Problem 11. What is the complexity of Perfect Matching Cut for H-free
graphs, when H ∈ {sP5, 2P6, P7, S2,2,2} for some s ≥ 1?

It can be seen that Matching Cut, Disconnected Perfect Matching and Per-
fect Matching Cut differ in complexity compared to the two maximisation variants
Maximum Matching Cut and Maximum Disconnected Perfect Matching, see
Table 7.4. There are several graphs H where Matching Cut and Perfect Matching
Cut are solvable in polynomial time on H-free graphs, but Maximum Matching Cut
is not. In contrary, for Maximum Disconnected Perfect Matching and Discon-
nected Perfect Matching a difference in complexity is currently known only for the
case of K1,3-free graphs.

Another interesting detail is that we do not know if there is a difference in complexity
between Matching Cut, Disconnected Perfect Matching and Perfect Match-
ing Cut for H-free graphs. A good candidate to show that they are different could be
the case of sPr-free graphs, for some r. The current results all exclude paths of different
lengths. The H + P3 result for Matching Cut and the H + P4 result for Perfect
Matching Cut both use 2-SAT as a final step. Recall that the condition “the matching
cut has to be contained in a perfect matching” can not be expressed using 2-SAT. So it
is not clear how for example Theorem 4.2.10 for Disconnected Perfect Matching
could be generalized to H + P3. The generalization of Theorem 4.1.3 for Matching Cut
to H + P4-free graphs might be possible, but is not straightforward. So we pose the three
following problems:

Open Problem 12. What is the complexity of Disconnected Perfect Matching
for (H + P3)-free graphs, when it is solvable in polynomial time for H-free graphs?

Open Problem 13. Can Theorem 4.1.3 for Matching Cut be generalized to hold for
(H + P4)-free graphs?

Open Problem 14. Do the problems Matching Cut, Disconnected Perfect Match-
ing and Perfect Matching Cut differ in complexity for H-free graphs for some graph H?

When considering d-Cut, we have to distinguish between the case d = 1, which is the
standard Matching Cut problem, and the cases d = 2 and d ≥ 3.

Theorem 7.2.6 ([21, 48]). For a graph H, 2-Cut on H-free graphs is

• polynomial-time solvable if H ⊆i sP1 + P3 + P4 or sP1 + P5 for some s ≥ 0, and
• NP-complete if H ⊇i K1,4, 3P3, Cr for some r ≥ 3, or H∗

i for some i ≥ 1.

Theorem 7.2.7 ([21, 48, 52]). Let d ≥ 3. For a graph H, d-Cut on H-free graphs is

• polynomial-time solvable if H ⊆i sP1 + P3 + P4 or sP1 + P5 for some s ≥ 0, and
• NP-complete if H ⊇i K1,3, 3P2 or Cr for some r ≥ 3.

In general d-Cut, for d ≥ 2, seems to behave complexitywise more like the maximisation
variants than like Matching Cut, see Table 7.6. For d ≥ 3 the dichotomy is almost
complete. Only three cases remain open, of which we expect the cases P6 and 2P4 to be
already settled [58]. We state them as our next open problem:

Open Problem 15. What is the complexity of d-Cut, for d ≥ 3, on H-free graphs, where
H ∈ {P6, P7, 2P4}?

For 2-Cut more cases remain open, even after considering it to be polynomial-time solvable
on 2P4-free and P6-free graphs and NP-complete for 3P2-free graphs [58], since especially
the case of claw-free graphs remains open for 2-Cut. Recall that this case is settled for
d-Cut, for d ≥ 3, and all other problems considered in this thesis.
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Matching Cut 2-Cut d-Cut (d ≥ 3)

P
K1,3 + sP3 ([6], 4.1.3) P4 + P3 + sP1 (6.2.7, 6.2.4) P4 + P3 + sP1 (6.2.7, 6.2.4)
P6 + sP3 (4.1.2, 4.1.3) P5 + sP1 (6.2.5, 6.2.4) P5 + sP1 (6.2.5, 6.2.4)

NP

3P5 (5.3.1) 3P3 (6.3.4) 3P2 (6.3.6)
2P7 ([40])
P14 ([40]) P11 (6.3.4) P8 (6.3.6)
K1,4 ([12]) K1,4 (6.3.7) K1,3 ([52])

Cr, r ≥ 3 (5.1.4) Cr, r ≥ 3 (6.3.2) Cr, r ≥ 3 (6.3.2)
H∗

i , i ≥ 1 (5.2.1) H∗
i , i ≥ 1 (6.3.8) H∗

i , i ≥ 1 (6.3.8)

Table 7.6: Comparison of Matching Cut, 2-Cut and d-Cut, for d ≥ 3, for different
classes of H-free graphs.

Open Problem 16. What is the complexity of 2-Cut on claw-free graphs?

The case of claw-free graphs might be a candidate to answer the following question, since
Matching Cut is solvable in polynomial time on claw-free graphs, while d-Cut, for d ≥ 3,
is NP-complete on claw-free graphs.

Open Problem 17. Do the complexities of d-Cut for d = 2 and d ≥ 3 differ on H-free
graphs?

After answering the case of claw-free graphs, it is a natural question to complete the
dichotomy also for d = 2 and we ask:

Open Problem 18. Complete the dichotomy for 2-Cut on H-free graphs.

7.3 Further Results

Matching Cut and its variants are not only interesting for H-free graphs and graphs
of bounded radius and diameter. Research has been done for other graphs classes. In
the following we present a few open problems related to further results for Matching
Cut. We first consider graphs of bounded degree. For Matching Cut we know that it
is solvable in polynomial time for graphs of maximum degree ∆ = 3 [12] and NP-complete
when ∆ = 4 [43]. For Disconnected Perfect Matching, the dichotomy is not yet
complete. It is trivially solvable in polynomial time for graphs of maximum degree ∆ = 2
and NP-complete for planar graphs of maximum degree ∆ = 4 [8]. Bouquet and Picouleau
further showed in [8] that Disconnected Perfect Matching is solvable in polynomial
time for planar cubic graphs and give the case of cubic graphs as an open problem.

Open Problem 19. Determine the complexity of Disconnected Perfect Matching
for cubic graphs.

This is an interesting open problem, since Perfect Matching Cut is known to be
NP-complete for graphs of maximum degree ∆ = 3 [5].

Even though for Disconnected Perfect Matching the complexity for cubic graphs
is open, we know that Maximum Disconnected Perfect Matching, is NP-hard on
this graph class. This is due the fact that Perfect Matching Cut is NP-complete if
∆ = 3. Recall that NP-completeness results for Perfect Matching Cut immediately
give NP-hardness results for Maximum Matching Cut and Maximum Disconnected
Perfect Matching. Since Maximum Matching Cut and Maximum Disconnected
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Perfect Matching are trivial if ∆ = 2, the dichotomy is complete for graphs of bounded
degree.

For d-Cut, the problem of determining a dichotomy for graphs of bounded degree is of
special interest. Gomes and Sau gave a polynomial-time algorithm for graphs of maximum
degree d + 2 and proved the NP-hardness for 2d + 2-regular graphs, see [29]. They posed
the following question:

Open Problem 20. What is the complexity of d-Cut for graphs of maximum degree ∆
with d+ 3 ≤ ∆ ≤ 2d+ 1?

This question is interesting, since an NP-hardness proof for graphs of smaller degree than
2d + 2 would disprove a conjecture on internal partitions, see [29] for more explanation.
Thus, Gomes and Sau suppose that their bound can not be improved. Recall that for
d = 1, that is for Matching Cut, the problem is already solved. For d = 2 only the case
of ∆ = 5 remains open, which still seems to be hard to solve, but it might be a first step
to completely answer Open Problem 21. So we ask:

Open Problem 21. What is the complexity of 2-Cut for graphs of maximum degree 5?

Recall that the maximum degree in the NP-hardness construction for graphs of fixed girth
was 60 for Matching Cut, 74 for Disconnected Perfect Matching and an un-
specified constant, which depends on d for d-Cut. This leads to following the natural
question.

Open Problem 22. Can we reduce the degree bounds in Theorems 5.1.4, 5.1.7 and 6.3.2?

To achieve this goal a new proof is needed, since for the currently used method, the degree
bounds are best possible. For Perfect Matching Cut, Maximum Matching Cut and
Maximum Disconnected Perfect Matching, the 4-subdivision method explained in
Section 5.1.3 gave proofs for graphs with small maximum degree. Note that the obtained
results are best possible with respect to the maximum degree.

When forbidding induced cycles not only the girth is of interest but also the chordality
of a graph. For Matching Cut, Disconnected Perfect Matching and Perfect
Matching Cut it is known that they are solvable in polynomial time for quadrangulated
graphs (see [40, 41, 53]). The graph constructed by Le and Le in [40] has chordality 8. We
conclude with the following problem.

Open Problem 23. Does there exist a class of graphs, which is k-chordal, for k ≤ 7,
for which one of Matching Cut, Disconnected Perfect Matching and Perfect
Matching Cut is NP-complete?
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