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1. Introduction

When it comes to modelling social networks, graphs are a powerful tool. The vertices of the graphs often represent
individuals, while the edges represent links/relationships between them. This underlying model allows us to analyse social
networks from a structural perspective. In the research field around social networks, a particular focus has been put
on detecting so-called communities. In a network, a community can intuitively be seen as a subset of vertices of the
graph that are more densely connected to each other than to the vertices of the rest of the network. Problems motivated
by community detection in networks can mostly be put under the same umbrella as vertex partitioning problems and
problems related to finding dense subgraphs. These problems have been widely studied and have applications in many
different domains like for instance numerical analysis [5], scientific simulations [19], bioinformatics [14] and quantum
computing [20] (see [6] for an overview regarding partitioning problems).

In partitioning problems, the parts of a valid partition must respect some constraints expressed in terms of other
parameters, such as the number of edges between the parts, the number of neighbours of each vertex within the different
parts, or the size of the parts. However, these constraints usually do not combine those parameters.

For instance, let us consider the Satisfactory Partition problem introduced in [4]. This problem and several of its variants
have been intensively studied (see for instance [7,11-13]). The Satisfactory Partition problem consists in deciding if a given
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graph has a partition of its vertex set into two nonempty parts such that each vertex has at least as many neighbours in
its own part as in the other part. This condition may not reflect the natural partition into two communities that the graph
could admit. Consider the example in which a vertex/individual is linked to 10 other vertices/individuals belonging to
community 1 and to 100 vertices/individuals belonging to community 2. According to the definition of a satisfactory
partition, this vertex/individual clearly belongs to community 2. However, if there is no further vertex/individual in
the network belonging to community 1, but there are 900 further vertices/individuals in the network belonging to
community 2 (but not linked to our particular vertex/individual), then our vertex/individual is connected to everyone
in community 1, while only linked to a small proportion of vertices/individuals in community 2. Thus, it seems natural
that this vertex/individual should be a part of community 1.

Therefore, instead of considering the exact number of neighbours in each part, one may focus on the proportion of
neighbours in each part and require that each vertex has proportionally at least as many neighbours in its own part as
in the other part. This new constraint effectively combines two parameters: the number of neighbours within the parts
and the sizes of the parts. This was the standpoint suggested by Olsen in 2013 (see [18]), who argued that the notion of
proportionality in the definition of community structures is both intuitive and supported by observations in real world
networks; something that previous attempts at defining communities (see for example [10,15]) failed to capture.

In this paper, we follow Olsen’s view on communities. The formal definition of a community structure is as follows.

Definition 1 (Olsen [18]). A community structure of a connected graph G = (V, E) is a partition IT of the vertex set V such
that:
o [IT] =2,
e forevery C € I, |C| > 2,
e for every C € I1, every v € C and every C’' € I1, C # C/, the following property holds:
INc(v)] _ INe(v))
Icl—17~ |C]
where N¢(v) (resp. Nc/(v)) is the set of neighbours of v in C (resp. in C').

(1)

In other words, a community structure of a connected graph G = (V, E) is a partition of its vertex set into at least two
sets (called the communities of G), each containing at least two vertices, such that every vertex is adjacent to proportionally
at least as many vertices in its own community as to vertices in any other community.

In [18], Olsen showed that a community structure can be found in polynomial time in any connected graph containing
at least four vertices, except the stars. On the other hand, he showed that determining whether a graph admits a
community that contains a predefined set of vertices is NP-complete. Notice that in the definition introduced by Olsen
in [18], the exact number of communities is not given, i.e., the only restriction is that there are at least two communities.
In [3,8], the notion of k-community structure was first used in order to fix the number of communities to some integer
k > 2,1i.e., a k-community structure is a community structure /7 with |IT| = k, meaning it contains exactly k communities.

In [9], it was also shown that deciding whether there exists a connected k-community structure (i.e. a k-community
structure in which the vertices of each community induce a connected subgraph) such that each community has the same
size is NP-complete. Note that k is, in this case, part of the input. However, much more results have been obtained for
the special case when k = 2. First, it was shown in [8], that deciding whether a graph admits a 2-community structure
such that both communities have equal size is NP-complete. In [3,9], the authors showed independently that every tree
with n > 4 vertices which is not isomorphic to a star admits a 2-community structure and that such a 2-community
structure can be found in time O(n), even if we require the vertices in each community to induce a connected subgraph.
Furthermore, the authors in [3] also showed that except for stars, graphs of maximum degree 3, graphs of minimum
degree at least |V |— 3, and complement of bipartite graphs always admit a 2-community structure, which can be found in
polynomial time, even if we require connectivity of the communities. Recently, the authors of [ 1] introduced a framework,
which allows to solve a special family of partitioning problems in polynomial time in classes of graphs of bounded clique-
width. As an application, they showed that the problem of deciding whether there exists a k-community structure and
finding such a structure, if it exists, can be solved in polynomial time in classes of graphs of bounded clique-width. Notice
that in general graphs, the complexity of deciding whether a given graph admits a k-community structure is still open,
even if k is a fixed integer (not part of the input). In fact, until 2020 no graphs (except for stars) not admitting any
2-community structure were known; the first infinite family of such graphs was presented in [2].

In the original definition of community structure introduced by Olsen, and the one of k-community structure
introduced in [3,8], each community must contain at least two vertices. One may relax this constraint and only require a
community to be non-empty, i.e., to contain at least one vertex. It is important to note that allowing communities of size
one does not make the problem necessarily trivial and is a natural generalization of the above definition of a community
structure. In our paper, we use this version as well and call such a partition a generalized k-community structure. In [2],
the authors introduce the notion of proportionally dense subgraph (PDS), and in particular so-called 2-PDS partitions, which
correspond exactly to generalized 2-community structures. Our notion of generalized k-community structure can therefore
be seen as a generalization of 2-PDS partitions to k-PDS partitions. The authors of [2] present two infinite families of
graphs: (i) one infinite family containing graphs with an even number of vertices that do not contain any generalized
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2-community structure; (ii) one infinite family containing graphs that do not admit any connected generalized 2-
community structure.

In this paper, we consider several graph classes and contribute with the following results. First, we extend a result
of [3,9] by characterizing, for any k > 2, the forests on n vertices admitting a k-community structure. We also propose
an O(k? - n?) algorithm to construct such a k-community structure, if it exists (see Section 3), and provide a similar result
for generalized k-community structures. Notice that a polynomial time algorithm for finding a k-community structure
in forests was already provided in [1], since such graphs have clique-width at most 3. However, the proposed algorithm
is XP parametrized by k. We therefore substantially improve on its complexity. Second, we show that any threshold
graph admits a generalized 2-community structure that can be found in linear time. Then, we give a characterization of
connected threshold graphs on n vertices and m edges that admit a 2-community structure, and show that, if it exists, it
can be found in time O(n 4+ m). For the case of disconnected threshold graphs, we show that the only such graphs not
admitting a 2-community structure must contain exactly one isolated vertex. We exhibit an infinite family of such graphs
(see Section 4). Finally, we present an infinite family of connected graphs not admitting any generalized 2-community
structure. In contrast to [2], where another such family has been presented but with the restriction that every graph of
the family has an even number of vertices, our family contains graphs with an even number of vertices and graphs with
an odd number of vertices (see Section 5).

2. Preliminaries
2.1. Definitions and notation

In this paper, all graphs are simple and undirected. Let G = (V, E) be a graph. The neighbourhood of a vertex v € V is
denoted by N(v), its closed neighbourhood by N[v] := N(v) U {v} and its degree by d(v) := |N(v)|. The neighbourhood of
v e VinV CV,denoted by Ny/(v), is the set of vertices that are both in V' and adjacent to v, i.e., Ny/(v) := N(v) N V.
We say that a vertex v € V is universal if N[v] = V. For vy, v, € V, we say that v; and v, are true twins, if N[v{] = N[v;];
we say that they are false twins, if N(v{) = N(vy).

A k-partition IT of G is a partition of V into k subsets Cy, ..., C. The subgraph of G = (V, E) induced by S C V is defined
as G[S] .= (S, {uv € E : u € S and v € S}). We denote by [t]], with t € N, the set {1, 2, ..., t}. We say that a k-partition
IT = {Cq, ..., G} is connected, if G[C] is a connected subgraph, for all i € [k].

A tree is a connected, acyclic graph and a forest is an acyclic graph. A star S, is a tree on n + 1 vertices, where exactly
one vertex has degree n (called the centre) and all of its n neighbours have degree 1 (called the leaves).

Let A be a finite, totally ordered set, called alphabet. The lexicographic order on the set of all k-tuples of symbols
from A, for some positive integer k, is the total order such that, for two such distinct tuples a = (a;, az, ..., ax) and
b = (b1, by, ..., by), the tuple a is smaller than b with respect to the lexicographic order, denoted by a < b, if and only if
there exists i € [k]| with a; < b; and g; = b; for all j < i in the underlying order of the alphabet A.

Let us now formally define the main concept of our paper, namely k-community structures (as used in [3]).

Definition 2. A (connected) k-community structure of a graph G = (V, E) is a (connected) k-partition IT = {Cy, ..., C;} of
the vertex set V such that:

o k> 2,

e foralli e [k, |G| > 2,

e foralli e [[k]l, all v € G; and all j € [[k]l, j # i, the following property holds:
NGl _ [N, (v)l
IGl—1~ 1G] ~

We say that a vertex v € G, for i € [k], is satisfied with respect to I, if it satisfies (2) for all j € [k]\{i}. In this paper,

we sometimes allow communities to have size one, thus slightly generalize the definition of a k-community structure. In
the above definition, besides changing |C;| > 2 into |G| > 1, we reformulate (2) as

INg, ()] - 1G| = INg(v)l - (IGl — 1). (3)

(2)

We call such a k-partition IT a generalized k-community structure, and we say that a vertex v € G, for i € [k]], is satisfied
with respect to I1, if it satisfies (3) for all j € [k]\{i}.

Notice that the non-existence of a generalized k-community structure in a graph implies the non-existence of a k-
community structure in this graph, but the converse is not necessarily true. Indeed, consider the star S,, with centre u and

n leaves vy, ..., v,. As already observed in [18], S, does not admit any k-community structure for k > 2, but it contains
a generalized k-community structure for any 2 < k < n + 1. Indeed, fori = 1,...,k — 1, set G = {v;}, and finally set
Gy = {u, v, ..., vp}. It is easy to see that {Cy, ..., G} yields a generalized k-community structure. Further, notice that

any property that holds for a generalized k-community structure holds in particular for a k-community structure, but the
converse is not necessarily true.
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2.2. Properties

In this section, we introduce several properties that are useful to show our results in the upcoming sections. First,
we introduce two properties that give sufficient conditions for a vertex to belong to a particular community within a
(generalized) community structure.

Property 1. Let G = (V,E) be a graph, let IT = {C;, C3} be a 2-community structure of G and let v € V such that d(v) > 1.
If Nc,(v) =, for some i € {1, 2} then v € C5_;.

Proof. Since d(v) > 1, N¢,(v) = ¥ implies N, ,(v) > 1. Assume by contradiction that v € G. Then, inequality (3) applied
to v yields the following contradiction:

INg;(v)| - [Ga—il =0 > [N¢,_;(v)] - (IG| = 1) > 1. O

Property 2. Let G = (V, E) be a graph and IT = {Cy, ..., G} be a generalized k-community structure of G. Consider i, j € [k]],
i#jand v e V.IfG € N[v] and G; £ N[v], then v & .
Proof. Assume that v € C. Then we have
ING(v)I - Gl < (1G] = 1) - |Gl = (IG] = 1) - INg;(v)],
which also contradicts (3). O

If we have a community of size one, we obtain the following corollary.

Corollary 1. Let G = (V,E) be a graph and let IT = {Cy, ..., C;} be a generalized k-community structure of G. If G; = {u}
for some i € [k]] and u € V, then for every neighbour v of u, we have C; C N[v], where v € G;,j # i.

In particular, if k = 2, the condition is also sufficient. Therefore, the next property characterizes those graphs admitting
a generalized 2-community structure, where at least one community is of size 1.

Property 3. A graph G = (V, E) admits a generalized 2-community structure {Cy, C,} such that C; = {u}, for some i € [2]
and u € V, if and only if every neighbour of u is universal.

Proof. The necessity follows from Corollary 1 with k = 2, and the sufficiency follows from the observation that
{{u}, V\{u}} is a generalized 2-community structure of G. O

The next property is used to show that a graph G = (V, E) does not admit a certain generalized 2-community structure
{C1, G}

Property 4. Let G = (V,E) be a graph and let C;,C; C V such that C;,C; # @ and C;NC, = 0. Let U = V\(C; U ()
and v € U. If v is not satisfied with respect to {C; U (U N N[v]), C; U (U\N[v])}, then G admits no generalized 2-community
structure IT = {Cy, G3} such that (C; U {v}) € C; and C, € C.

Proof. Notice that by assumption |C|, |C;| > 1 and hence, |C;| > 2. If v is not satisfied with respect to {C; U (U N
N[v]), G, U (U\N[v])}, we know that

|Nc;uu(v)| |Nc§(v)|
< .
[C;UUNNPDI—1 |G U(U\N[])

Notice, that since v € U = V\(C; U C}) and |C;| > 1, we have that |C; U (U N N[v])| > 1. Let IT = {C;, G} be a partition
of V such that (C; U {v}) € (; and C; C G,. Since |N¢,(v)] < |C;] — 1, we have

INc, (V)| - INc, ) + INy\q, (V)] [Nc,uu(v)]
IGil—1 7 |Gl =14+ [(N@W)NUN\G|  [GGUN@)NU) —1°
Now, since C; € V\C, = C; U U, we have (; UU = C; U U, and (5) can be rewritten as
INe, ()] _ INcrou(v)l
IGi—1 7 [CGUN@)NU) —1°
From the fact that (C; U {v}) € C; and from (4) it then follows that
[N¢, (v)] - |Nc;uu(v)| |Ncé(v)|
< < — .
[Cil =1 7 [CUN[vINU) =1 |G U(U\N[])
162
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Since C; € C, UU and v ¢ G, (7) becomes

IN, (v)] INg; (v) INg; (v)] ®)
< = .
[Cil =1 |G U(G\N[]) |G U(C2\N(v))|
Also, since |Ncé(v)| < |C) U (G \N(v))| we have
IN¢, (v)] - |Nc§(v)| + |Nc2\c£(v)| NG, (v)] )
ICil—1 "~ [GU(GQ\N@)I+IINW)NCGN\G| |G|

Thus, v is not satisfied with respect to 7, and so I7 is not a generalized 2-community structure. 0O

As mentioned above, we can use Property 4 to show that a graph G = (V, E) does not admit a certain generalized 2-
community structure {C;, C;}. Indeed, if some vertices have already been assigned to some sets C; and C;, and if for some
unassigned vertex v € U = V\{C;, C;}, inequality (3) fails even with respect to the partition {C;U(UNN[v]), CU(U\N[v])},
then in order to possibly complete Cj, C; into a generalized 2-community structure (C;, ;) (i.e, C; € G and C; € (),
v has to be assigned to C;. When we apply Property 4 and add v and all its neighbours in U to G, as well as all
non-neighbours of v in U to C3_;, for i € {1, 2}, we say that we test v on G.

Next, we consider true twins in generalized k-community structures.

Property 5. Let u and v be two true twins in a graph G = (V, E) that are not universal. Then, in any generalized 2-community
structure of G, u and v must belong to the same community.

Proof. Consider a generalized 2-community structure I7T = {Cy, C;} of G. Assume by contradiction that u € C; and v € C,.
Note that |C;| > 1, otherwise C; C N[v] and since v is not universal, by Property 2 it would not be satisfied with respect
to I1. Similarly, |C;| > 1. Thus, IT must be a 2-community structure.

Since u and v are true twins, we have

[Nc, ()] = IN¢,(v) = 1, and (10)

[N, (u)] = INg,(v)| + 1. (11)
Furthermore, since C; and C; form a 2-community structure, we also have

INe, (W) _ N, ()|

> , and (12)
[Ci] —1 |Cal
INc, (v)l . |Ncl(U)|. (13)
Gl —1 |C1]

Now, by using (10) and (11), we can restate (12) as
INo,(W)[ =1 _ INo,(v)l +1
IGil—1 — 1G]
On the other hand, [N, (v)| < |C;| implies
[N, (v)] - [N¢,(v)| — 1

> (14)
|C1 |Ci] — 1
and |Ng,(v)| + 1 < |G| implies
[Nc,(v)| + 1 - [Ng, (v)] (15)

(& T GI-17

Since v is not universal, at least one of the inequalities (14) and (15) is strict. Since the vertices u and v are true twins
and we can swap their roles, we may assume that (14) is strict. Then, we have

INc, (v)] - INc, (v)] — 1 - [N, (v)l + 1 . Ich(v)I’
|C1l |Gl —1 |Gl Gl —1
which contradicts (13). O

Our next property concerns k-community structures. It gives a necessary condition for a graph (with no isolated
vertices) to admit a k-community structure.

Property 6. If a graph G = (V, E), without isolated vertices, admits a k-community structure I, then it has a matching of
size k.
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Proof. No community in I7 can contain a vertex with no neighbours in its own community. Then the vertex would
have at least one neighbour in another community and could therefore not be satisfied with respect to I7. Then, for each
community G; € I1,i € [[k], there is at least one edge with both endpoints in C. By picking one such edge in each
community, we construct a matching of size kin G. O

Finally, we show that given an integer k > 2, a graph G = (V, E) such that |V| > k and a k-partition IT of the vertex
set of the graph, we can check in time O(k|V|+ |E|) whether IT forms a (connected) (generalized) k-community structure
of G.

Lemma 1. Let G = (V, E) be a graph such that |V| > k, for some given integer k > 2. Let IT = {Cy, ..., Ci} be a k-partition
of V. Then, we can check in O(k(|V| + |E|)) time whether IT forms a (connected) (generalized) k-community structure of G.

Proof. We start by computing the size of each set C; in [T, for i € {1, ..., k}. While doing so, we also mark which set
each vertex belongs to and check if each set has at least two vertices. This can all be done in time O(|V|). Next, for each
vertex we need to initialize k counters and scan its neighbourhood to count the number of neighbours it has in each
community. Since for each vertex this can be done in time O(k + d(v)), overall this can be done in time O(k|V| + |E|).
Then, for each vertex v and each community G, fori € {1, ..., k}, we check whether (3) is satisfied by v with respect to
community C. This can be done in time O(k|V|). If we want to check whether a (generalized) k-community structure is
connected, we check whether each set in IT induces a connected component by using either BFS or DFS. This can be done
in time O(k(|V| + |E|)). Hence, the claim follows. 0O

3. (Generalized) k-community structures in trees and forests

In this section, we prove that for every integer k > 2, every tree T = (V, E) with at least k vertices admits a connected
generalized k-community structure, which can be found in time ©(k? - |V|?). Then, we give a necessary and sufficient
condition for a tree T = (V, E) to admit a k-community structure. Furthermore, we show that a k-community structure
of T, if it exists, can be found in time ©O(k? - |V|?). We then generalize these results to forests. Notice that in forests the
connectivity of the communities is not necessarily preserved. This extends a result from [3,9], where the authors give a
polynomial time algorithm for finding a 2-community structure in trees.

We first introduce some definitions. Let k > 2 be an integer and IT = {Cq, ..., G} be a k-partition of a graph G. The size
tuple of IT is the k-tuple (sq, ..., sx) whose elements correspond exactly to the elements from the multiset {|G;| : C; € IT}
and such that s; < s; for all i € [k — 1] Note that {|G| : G; € IT} is a multiset since we allow sets in /T to have the same
size. A connected k-partition I7 of G is said to be uniform if its size tuple is lexicographically largest among all connected
k-partitions of G. Let S = (s1,...,8) and S’ = (s}, ..., s;) be two k-tuples. We write S < S’ if there exists j € [k]] such
thats; < s and s; = s; for all 1 < i < j. For simplicity, for two k-partitions /7 and I’ of G with size tuples S and S,
respectively, we write IT < IT’ whenever S < §'.

We start with a simple observation regarding trees and connected k-partitions. Given a connected k-partition, if a
vertex v in a set has two neighbours u and w in another set C, then v together with a path connecting u and w in C
(which exists since C induces a connected subgraph) would induce a cycle. Since a tree does not contain any cycle, we
have the following.

Observation 1. Let T = (V,E) be a tree, k > 2 an integer and IT = {Cy, ..., G} a connected k-partition of T. Let v € G, for
some i € [k]l. Then v has at most one neighbour in G, for any j e [k] \ {i}.

We will now show that every tree T = (V, E), such that |V| > k, admits a connected generalized k-community
structure, which can be found in time O(k? - |V|?) (see Theorem 1). We do so in two main steps. First, we prove that if
there exists a vertex in V that does not satisfy (3) with respect to some connected k-partition IT of T, then we can update
IT in linear time into a connected partition /7’ of T such that [T < IT’ (see Lemma 2). Then, we present a polynomial
upper bound on the number of times one can apply such an update, which results in a polynomial-time algorithm.

Lemma 2. Let T = (V, E) be a tree such that |V| > k, for some integer k > 2. Let IT be a connected k-partition of T and let
v € V be a vertex that is not satisfied with respect to IT. Then there exists a connected k-partition IT" of T such that IT < IT’,
that can be computed in time O(|V|).

Proof. Let [T = {Cy, ..., C;} be a connected k-partition of T. Assume that v € C;, for some i € [k]. Then, by Observation 1,
the following holds for v and some Cj, for i # j € [[k]:

IG\ {v}] = |G| = 1= INg(v)] - |G| + 1. (16)

Notice that |[N¢,(v)| > 1, since otherwise the inequality becomes |C;| > 2, which in turn implies [N¢,(v)| > 1 since the
k-partition is connected. Therefore Eq. (16) can be rewritten as
G\ {v
IGi \ {v}] > 161+
|NC1'(U)|

> |Gl.
INg(v) ~
164
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T,
b) *————©
) T
g C
B

Fig. 1. In part (a) we illustrate a tree T and a connected 3-partition I7, where vertex v € C, is not satisfied with respect to I7.
In part (b) we illustrate the forest induced by the vertices in C; \ {v} and a tree T, such that |V(T,)| > |Cs|.
In part (c) we illustrate the 2-partition IT' = (I1 \ {C,, C3}) U {A, B}.

Now observe that by removing vertex v from G, we break G into at least one and at most |N¢(v)| connected
components. Last inequality tells us that the average size of these components is strictly larger than |Gj|. By the pigeonhole
principle, one of these components, say T, verifies |V(T,)| > |G| In particular, we have |G| > |G

We are now going to transform P into another connected k-partition /7" of T such that IT < IT'.

Let A= (G \ V(T,))UG and B = V(T,). We define I1’ in the following way: IT" = (IT \ {G;, Gj}) U {A, B}. See Fig. 1 for
an illustration with k = 3.

Notice that T[A] induces a connected subgraph of T since v is adjacent to some vertex in Cj. Then, /7’ is a connected
k-partition of T, since IT is a connected k-partition of T and both T[A] and T[B] induce connected subgraphs of T.
Furthermore, we observe the following:

e since V(T,) C G, we have |A| = |G| — [V(T,)| + |Gl > IGl;
o it follows from the argument above that |B| = |V(T,)| > |Gjl.

Then, let S and S’ be the size tuples of IT and IT’, respectively. Since |Cj| < |A|, |B| and |G| < |G|, we conclude that S < §'.
Hence, we have that IT < IT’. Furthermore, IT’' can be obtained in time O(|V|). O

Lemma 2 implies the following corollary.

Corollary 2. Let T = (V, E) be a tree such that |V| > k, for some integer k > 2. Let IT = {Cq, ..., C¢} be a connected uniform
k-partition of T. Then, IT is a connected generalized k-community structure of T.

Proof. Assume by contradiction that I7 does not form a generalized k-community structure of T. Thus, there exists some
v € V that does not satisfy (3) with respect to /7. Then, Lemma 2 implies that there exists a k-partition I7’ of T such that
IT < IT'. A contradiction to the assumption that I7 is a connected uniform k-partition of T. O

Let us call the transformation from a k-partition I7 to a k-partition I7’ of T, such that IT < IT’, as described at the end of
the proof of Lemma 2 an IMPROVEMENT PROCEDURE. Then, we define an IMPROVEMENT ALGORITHM as follows. Assume, that
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Fig. 2. A (k, n)-tuple t and an (x, y)-change t’ of t of order § and a graphical representation of the five cases considered in the proof of Lemma 4.

we are given a positive integer k, a tree T = (V, E) such that |V| > k, and a connected k-partition IT of T. While there exists
v € V that is not satisfied with respect to I7, we apply the IMPROVEMENT PROCEDURE. In this way, we obtain a connected
generalized k-community structure of T. The algorithm terminates, since at each iteration of the while loop, the connected
k-partition of T gets updated and its size-tuple increases lexicographically. Next, we show that the algorithm runs in time
O(k? - |V|?) by presenting a polynomial upper bound on the number of iterations of the IMPROVEMENT ALGORITHM.

To this end, let us introduce several notions. For two positive integers k, n > 2, a (k, n)-tuple t is an ordered tuple of
k non-negative integers such that 21;1 t[i] = n. Notice that, given a connected k-partition I7 = {Cy, ..., G} of a tree
T = (V,E) on n vertices, the size tuple of IT is a (k, n)-tuple. Let t be a (k, n)-tuple, x,y € [[k] such that x < y and
t[x] + 2 < t[y], and § € [[t[y] — t[x] — 1]. An (x, y)-change of a (k, n)-tuple t of order § is a (k, n)-tuple whose elements
correspond exactly to the elements of the multiset {t[i] : i € [k]\ {x, y}} U {t[x]+ &, t[y] — &}. We say that a (k, n)-tuple t’
is a 2-change of t of order § if t’ is an (x, y)-change of t of order §, for some x < y € [k]] (see Fig. 2 for an illustration). If §
is clear from the context, we may simply say a 2-change of t. Since t is a (k, n)-tuple, then 2-change of t is a (k, n)-tuple
as well.

Observe that if t and t’ are (k, n)-tuples such that t < ¢’ and t and t’ share all but two of their elements (disregarding
their positions in the tuples), then t’ is a 2-change of t. For completeness, we state this formally.

Lemma 3. Let t and t’ be two (k, n)-tuples that differ in exactly two elements and such that t < t’. Then t’ is a 2-change of t.

Proof. By definition, t < t’ implies that there exists j € [k] such that t[j] < t’[j] and t[i] = t'[i], forall 1 < i < j.
Then t'[j] = t[j] + 3, for some § > 1. Furthermore, by assumption t and t’ differ in exactly two elements and since
k k

Z tli] = Z t'[i] = n, thus there must exist some j' € [k] such that t'[j'] = t[j'] — §. Moreover, since t[i] = t'[i], for all
i=1 i=1

1<i<jwehavej<jand t[j]=t'j'1+68 > t'[j1+ 8 =t[j1+ 8 + 8 = t[j]l + 286 > t[j] + 2. Hence, the elements of t’
exactly correspond to the elements of the multiset {t[i] : i € [k] \ {j,j'}} U {t[j]l + S, t[j'] — 8}, where j,j’ € [[k] are such
that j < j and t[j] 4+ 2 < t[j']. Thus, t’ is a 2-change of t of order §. O

The IMPROVEMENT PROCEDURE modifies a connected k-partition IT = {Cy, ..., C¢} of T in the following way. If there
exists a vertex v € V in some community C;, for some i € [k], which does not satisfy Eq. (2) (resp. Eq. (3)) for some
community G; € IT (which is possible only if |(|Gi| — |G|)| = 2), i # j € [k]l, we transform [T into another connected
k-partition 7" of T such that IT < IT’, by moving some vertices from community C; to community C;. Notice that this
transformation modifies the sizes of exactly two communities, namely G; and G. Let S and S’ be the size tuples of the
k-partitions IT and IT’, respectively. By Lemma 3, we know that S’ is a 2-change of S. Since we do this transformation in
Lemma 2 as long as there exists a vertex which is not satisfied, this actually corresponds to a sequence of 2-changes.

Next, we present an upper bound on a sequence of 2-changes which implies in an upper bound on the number of
iterations of our IMPROVEMENT ALGORITHM. Let t be a (k, n)-tuple and let t’ be a 2-change of t of order §. We may assume
without loss of generality, that § < (t[y] — t[x])/2. Indeed, assume that § > (t[y] — t[x])/2. Let &' = t[y] — t[x] — 6.
Since (t[y] — t[x])/2 < 8 < t[y] — t[x] — 1, we have &' = t[y] — t[x] — § < (t[y] — t[x])/2 and 1 < §'. We also have
tlx] + 68 = tly]l — 4, tly]l — 8 = t[x] + 8. Hence, if § > (t[y] — t[x])/2 and t’ is a 2-change of ¢ of order §, we can define
8" < (tlyl — t[x])/2 as described above such that ¢’ is a 2-change of t of order &’.

Let wj(t) = Z]i:l t[i], i.e. the sum of the first j elements of a (k, n)-tuple t. We show that if t’ is a 2-change of t of
order 8, then w;(t) < w;(t’), for all j € [k].
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Lemma 4. Lett be a (k, n)-tuple and let t’ be a 2-change of t of order &. Then w;(t) < w;(t’), for all j € [[k].

Proof. Since t’' is a 2-change of t of order §, we know by definition that there exists x < y € [k] such that
t' = {t[i] : i € [k]\ {x,y}} U {t[x] + 8, t[y] — &}. Let X' be the smallest index such that t'[x'] = t[x] + § and y’ be
the largest index such that t'[y’'] = t[y] — é. Recall that we may assume without loss of generality that § < (t[y] —t[x])/2,
or equivalently t[x] + & < t[y] — é, and thus, since t’ is ordered, we have x’ < y'.

We want to show that wj(t) < w;(t’), for all j € [k]l. We distinguish five cases depending on the index j (see Fig. 2).

Case 1. 1 <j <x— 1. Since t[j] = t'[j], we have wj(t) = w;(t’).
Case 2. x <j < x' — 1. In this case, we have
wj(t') = wy(t) — tIx] + t[j + 1] = wj(t),
since t[j + 1] > t[x].
Case 3. ¥ <j <y — 1. We have
wj(t') = wi(t) — t[x] + t'[X'] = wj(t) — t[x] + t[x] + 8 = wj(t) + .
Since § > 1 we obtain, wj(t) < w;(t’).
Case 4. y' <j <y — 1.In this case, we have
j

wi(t') = wy () + Y1+ Y L]

i=y'+1
J j-1
=wy () + 8+ Y1+ Y Uil =wy 1(t)+8+tlyl =8+ Y _tli]
i=y'+1 =y’
j—1
= wy 1(6) + tlyl + Y tli] > w1 (t) + t[j] = wy(t),
i=y’

where wy_1(t") = wy_1(t) + & follows from the previous case and t[j] < t[y] since j < y and t’ is ordered.
Case 5. y <j < k. In this case, we have
wj(t") = wy(t) — tlx] — tly] + (¢[x] + &) + (¢[y] — 8) = wj(¢t).
Hence, for all j € [[k]l, we have w;(t) < wj(t’), as claimed. O

In the next lemma, we derive an upper bound on wj(t), for every j € [k].

Lemma 5. Let k and n be two positive integers. Let t be a (k, n)-tuple. Then w;(t) <j - % for all j € [[k].

Proof. Assume by contradiction that there exists j € [[k]| such that w;(t) > j- % If j = k, then t would not be a (k, n)-tuple.
J

So we may assume that j < k. Since w;(t) = ) _, t[i] >j- % there must exist x € [[j] such that t[x] > ',% We also have
that Zf:jﬂ tlil =n—wit) <n—j- 3 =(k—j) 7 and thus, there exists y € [k] \ [j] such that t[y] < ;. However,
since x < y and t[x] > t[y], this contradicts the fact that t is an ordered tuple. O

Lemma 6. Let k and n be two positive integers. Let S = (tq, ..., t;) be a sequence of ordered (k, n)-tuples such that, for every
two consecutive tuples t;_y and t; in S, it holds that t; is a 2-change of t;_1. Then £ < 1+ k;—] - n.

Proof. For all j € [[k]l, we define a set S; of (k, n)-tuples t; € S, such thati > 1 and ¢; is an (j, j')-change of t;_4, for
j < j € [[k], and j is maximum with this property. By the choice of j, we have that every tuple in S\ {t;} belongs to
exactly one set S;, for some j € [k]. We prove by induction on the length ¢ of S that |S;| < wj(t,), for every j € [[k]. If S
contains at most one tuple, then |S;| = 0, for all j € [k], and the claim holds. Suppose now that the claim remains true
whenever the length of S is less than ¢, for some £ € N.

We define &' = S\ {t,} and, similarly as above, the set SJ/ for all j € [k]), is the set of all (k, n)-tuples t; € S’, such
thati > 1 and ¢; is an (j, j')-change of t;_q, for j < j/ € [k]], and j is maximum with this property. Let x < y € [k] and
8 € [[t[y] — t[x] — 1] such that t; is an (x, y)-change of t,_; of order §. Without loss of generality, we may assume x to be
maximum with this property. By the choice of x, we have t, € S,. Recall that we may assume, without loss of generality,
that § < (t,—1[y]—t¢—1[x])/2. Also notice that for all j € [k]\ {x}, it holds that §; = Sj’, and hence the induction hypothesis
and Lemma 4 imply that |S;| = |S{| < wj(t,—1) < wj(t,). By the choice of x, we have that t,_;[x] < t,—;[x+ 1]. In particular,
we can deduce that t,[x] = min{ltg,1[x + 1], ty—1[x] + 8} > t,_1[x]. We also note that t,[i] = t,_4[i], for all x > i € [k].
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Fig. 3. A tree T and a generalized 3-community structure /7’ returned by the IMPROVEMENT ALGORITHM represented by red bags and a 3-community
structure I7 represented by blue bags which is lexicographically larger than I71'. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

Consequently, |Sx| = |S,] + 1 < wx(te—1) + 1 = wy_1(te—1) + te—1[x] + 1 < wy—1(te—1) + te[X] = wx(t¢), which proves the
induction hypothesis.
We can now derive an upper bound on the length ¢ of S as follows:

k
=1+ I
j=1

k

<1+ Z wj(te) (see above)
j=1

IA

k
1+Z]’- % (by Lemma 5)
j=1

k+1
=1+T~n. 0

This leads to the following result.

Theorem 1. Let k > 2 be an integer and let T = (V, E) be a tree such that |V| > k. Then, there exists a connected generalized
k-community structure of T that can be computed in O(k* - |V|?) time.

Proof. Notice that a connected k-partition I7 of T can simply be obtained by deleting any k — 1 edges. We then apply
the IMPROVEMENT ALGORITHM starting with I7. If all the vertices of T are satisfied with respect to [T, we are done.
Otherwise, we apply the “while” loop from the IMPROVEMENT ALGORITHM to compute a connected k-partition I7’' of
T such that IT < IT'. The sequence of size tuples corresponding to the successive partitions obtained that way is a
lexicographic sequence of (k, n)-tuples. We know from Lemma 3 that for every two consecutive (k, n)-tuples t and t’
in the sequence, where t < t’, it holds that t’ is a 2-change of t. By Lemma 6, the size of such a sequence is at most
1+ "“2“—1 n=1+ "“2“—1 -|V| = O(k|V]), and so is therefore the number of iterations of the IMPROVEMENT ALGORITHM. Then,
by Lemmas 1 and 2 each iteration can be carried out in time O(k|V]) in trees. We conclude that the complexity of the
IMPROVEMENT ALGORITHM is O(k? - |V|?). Hence, the statement follows. O

Notice that the IMPROVEMENT ALGORITHM does not necessarily return a uniform k-partition. To illustrate this, in Fig. 3
we present a tree T and a connected 3-community structure 7T/, represented by red bags, that can be obtained by the
IMPROVEMENT ALGORITHM (it suffices to start with I7’, which the algorithm does not change). A different connected 3-
community structure I7, represented by blue bags, is lexicographically larger than I7’. This implies that /T’ is not uniform.
Hence, it would be interesting to consider the following open question.

What is the time complexity of computing a connected uniform k-partition of a tree?

We now give a necessary and sufficient condition for a tree to admit a k-community structure for any integer k > 2,
and show how to obtain it, if it exists, in linear time.

Theorem 2. Let k > 2 be an integer. A tree T admits a k-community structure if and only if T contains a matching of size k.
Furthermore, if such a k-community structure exists, it can be found in time O(k% - |V |?).
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Proof. By Property 6, we know that if T admits a k-community structure, then T contains a matching of size k. Conversely,
assume that T contains a matching M of size k, for k > 2. We construct a connected k-partition IT = {Cy, ..., C¢} of T such
that |G;| > 2 fori € [[k] as follows. The endpoints of the k edges in M define the k initial subsets of the partition, where two
vertices belong to the same subset if and only if they are endpoints of a same edge in M. We then assign iteratively each
remaining vertex to a subset, chosen in such a way that each subset always induces a connected subgraph. This results in
a connected k-partition I7T = {Cy, ..., G} of T such that |G;| > 2 for i € [k]. Hence, similarly as in the proof of Theorem 1,
we can use the IMPROVEMENT ALGORITHM to obtain a connected k-community structure of T in time O(k? - |V|?). O

Now, let us consider forests. Theorem 1 can be extended to forests in a rather straightforward way. Indeed, let
F = (V,E) be a forest with |V| > k and containing m connected components Ty, ..., Ty,. If m > k, then C; =
V(Ty),...,Ch—1 = V(T=1), G = V(Tx) U --- U V(T,) forms a generalized k-community structure. So we may assume
that m < k. Let Ty, ..., Ty, mM" < m, be the connected components of F containing each exactly one vertex. We set
C1 =V(Ty),...,Cw = V(T), and in order to find a generalized k-community structure in F, it is enough to find integers
$1,52, «++» Sm_m Such that sy +sy + -+ +sp_w =k —m’" and s; < |V(Tpry1)ls -+ Smem < |V(Tin)|. Such integers always
exist since k —m’ < |V| — m’, and, they can be determined in linear time. Then, we only need to compute a generalized
sj-community structure in Ty, for each j € [m —m']l. This can be done using Theorem 1. Thus, we obtain the following.

Corollary 3. Let F = (V,E) be a forest such that |V| > k, for some integer k > 2. Then, F admits a generalized k-community
structure that can be computed in time O(k? - |V |?).

Theorem 2 can also be extended to forests as follows.

Theorem 3. Let k > 2 be a positive integer. Let F = (V, E) be a forest and let I C V be the set of isolated vertices of F. Then,
F admits a k-community structure if and only if F contains a matching M such that |M| + ||I|/2] > k. Furthermore, if such a
k-community structure exists, it can be found in time O(|V |?).

Proof. We first show necessity. Let IT = {Cq, ..., C¢} be a k-community structure in F and let M C E be empty. For
every community G, i € {1,...,k}, such that F[G;] contains at least one edge, we assign one edge of F[C;] to M. If r
communities induce graphs with at least one edge, then M is a matching of size r. Let £ = k — r be the number of
communities that induce edgeless graphs. Recall that every community contains at least 2 vertices. Observe that, if Cj, for
any j € {1,...,k}, is a community inducing an edgeless graph and if v € (j, then v is isolated in F, otherwise v cannot
be satisfied with respect to I7. We conclude that F contains at least 2¢ isolated vertices. Hence, F contains a matching M
such that M| + [|I|/2] > k.

We now show sufficiency. If k < [|I|/2], it is enough to partition I into k sets Cy, ..., C, each containing at least two
vertices, and to add the remaining vertices of F to one of these sets. Since there are no edges between any two distinct
communities, this gives us a k-community structure.

So we may assume now that k > |[|I|/2]. We start by creating k empty sets Cy, ..., C. All along our procedure, we
make sure that for every vertex v € G, it holds that

|NC,'(U)| - |NC](U)|

> for all i,j e [k], i #j. (17)
|G| — 1 Gl

Let ¢ = [|I|/2]. If £ > 1, we assign the vertices of I to the sets Cy, ..., Cp, such that every C; with i € [£] contains at

least 2 vertices of I. Notice that Eq. (17) still holds, since after assigning the vertices of I to the sets Cy, ..., Cs, each G,

for i € [[£]], consists of a subset of connected components of T. If £ = 0, all sets G, i € [k], remain empty at this stage.
Recall that by assumption, F contains a matching M of size at least k — £. Let M be a matching in F of size exactly k — ¢.

Then, if there exists no connected component T = (V(T), E(T)) of F\I such that T verifies |[E(T) " M| = 1, and there
exists a connected component T' = (V(T’), E(T’)) of F\I such that T’ that verifies |[E(T") N M| = 0, we remove one edge
of the matching M from some connected component T” of F\I that verifies |[E(T”")NM| > 2 (such a T” exists since
IM| = k — £ > 0), and add some edge of T’ to M instead. Note that M remains a matching. After this procedure, also
notice that at this point, either there is a connected component T = (V(T), E(T)) of F such that T verifies |[E(T) " M| = 1,
or all connected components T of F \ I verify |[E(T)N M| > 2.

For every connected component T = (V(T), E(T)) of F such that |[E(T) N M| = 1, if such a component exists, we add
every vertex of T to a set (; such that j is the smallest possible index from the set {¢ 4 1, ..., k} and G is still empty.
Notice that such a set C; always exists, since M has size k — £. Furthermore, notice that after assigning every vertex of T
to Gj, the set G contains at least 2 vertices and (17) is satisfied. Then, for connected components with [E(T) NM|=p > 2,

we use Theorem 2 to compute a connected p-community structure {Py, ..., Py} of T in time O(k? - [V(T)|?), and assign
the vertices of each set P, i = 1,...,p, to a different set (; that is still empty, for j € {£ 4+ 1,..., k}. Again, such sets
C; always exist, since M has size k — €. Furthermore, (17) is satisfied, since {Py, ..., Py} is @ p-community structure of T.

Then, up to this point we have that every set G, i € [[k]], contains at least two vertices and that (17) is satisfied.

In order to assign the remaining vertices (either isolated vertices or connected components of T containing no edges
of M) to the sets Cy, ..., Cy, we distinguish two cases. If £ > 1 or if there exists at least one connected component
T = (V(T), E(T)) of F that verifies |[E(T) N M| = 1, we simply add all of the unassigned vertices to C; and inequality (17)
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Fig. 4. An example of a threshold graph G and a 2-community structure IT = {Cy, (3} in G constructed as described at the beginning of the proof
of Theorem 4.

remains satisfied, since in this case C; consists of a subset of connected components of F. If £ =0 (i.e. |I| =0 or |I[| = 1)
and no connected component T = (V(T), E(T)) of F verifies |[E(T) N M| = 1, there exists at most one unassigned vertex,
namely an isolated vertex, say v. If so, we simply add it to a community among Cy, ..., C; containing the smallest number
of vertices, say C;. Let us denote ¢/ = C; U {v}. Then, for all vertices u € C; and all j € [[k]|\i, we have |NC{(u)| > |Ng(u)|
(recall that we used Theorem 2 to compute a connected community structure and hence every vertex in T has at most

. . . . . . Ng@l NGl
one neighbour outside of its own community), and |C/| — 1 = |G| < |Cj|. Therefore, inequality ‘Cc,’ﬁ > |Cfrj| still holds.

Let us now analyse the complexity of our procedure described above. Computing I and M takes linear time, and so
do the first steps of the algorithm that assign the vertices of I and the connected components of F intersecting M on a
single edge to some sets C;, i € {1,...,k}. Let Ty, ..., T; denote the connected components of F containing at least 2
edges of M, and let p; = |E(T;) " M| fori =1, ..., t. Since for each connected component T;, for i € [[t]] we can compute
a pj-community structure in time O(k? - |V(T)|?), the claimed complexity follows. O

4. Threshold graphs

In this section, we focus on the existence of a (generalized) 2-community structure in threshold graphs. A threshold
graph is a graph that can be constructed from the one-vertex graph by repeatedly adding an isolated vertex or a universal
vertex. An equivalent definition (see [16]) is that it is a graph G = (V, E), where V can be partitioned into a clique
Q = {v1,...,vq} and a stable set S = {wy, ..., ws} such that N(w;) € N(wj;1) for i € [[s — 1] (and therefore also, without
loss of generality, N(v;) 2 N(vi;q) for i € [[q — 1]]). Notice that a threshold graph G = (V, E), which is not connected,
corresponds to the union of a connected threshold graph H = (Vy, E) and a set I of isolated vertices.

Let us start by showing that every threshold graph G admits a generalized 2-community structure. Observe that in any
threshold graph, N(w1) corresponds to the set of all universal vertices of G. Notice that if G does not contain any universal
vertex, then G is disconnected and w; is an isolated vertex. Consequently, as pointed out in Property 3, every threshold
graph containing at least two vertices admits a generalized 2-community structure /7 = {{w4}, V\{w1}}.

For 2-community structures, we obtain the following for the case of connected threshold graphs.

Theorem 4. Let G = (V, E) be a connected threshold graph with n > 4 vertices. Then, G admits a 2-community structure if
and only if G is not isomorphic to the star S,,_1. Furthermore, if it exists, a 2-community structure can be found in time O(|E|).

Proof. Necessity follows form the fact that the star S,_; does not admit any 2-community structure.

We now show sufficiency. Since by assumption G is connected and not isomorphic to the star S,,_1, it follows that ¢ > 1.
We claim that IT = {Cy, G} with C; = {vy, wi, ..., wi}, G2 = {v2, ..., Vg, Wiet1s - - -, w5} and k = max{i : d(w;) < =1}
is a 2-community structure in G. In Fig. 4, we show an example of such a 2-community structure IT = {C;, (3} on a
threshold graph G on 10 vertices with ¢ = s = 5 and k = max{i : d(w;) < %} =3.

In order to show that the partition I7 = {Cy, (5} is a 2-community structure, we need to show that |C{| > 2, |C3| > 2,
and that all vertices are satisfied with respect to I1. First, notice that we may assume without loss of generality that
d(ws) = q. Indeed, if d(ws) < g, then vy has no neighbour in S, and it may then be considered as a vertex of S, adjacent
to all the vertices in Q. This also allows us to assume that s > 1 and hence, that wq actually exists. Second, we trivially
know that 1 € {i : d(w;) < "=*}. Therefore, |C{| > 2. Assume now that s € {i : d(w;) < "='}. Then, d(ws) = q < ",
which means that g-s <n—1 =g+ s — 1. It is easy to see that the only possibility for this to happen, knowing that
qg>2ands > 1, is that s = 1. Since s = 1 and d(w;) = q, we conclude that G is a clique. In this case ¢ > 3 and we have
Ci = {v1, w1}, & = {v2, ..., vq} and IT is a 2-community structure (notice that |C;| > 2 since g =n —s > 3).
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ind. set

B

Fig. 5. The graph G ;.

Assume now thats & {i : d(w;) < %}, which directly implies that |C;| > 2. We need to prove that all vertices
are satisfied with respect to I7. We start with the vertices in S. Recall that they all have exactly one neighbour in Cy,
namely v;.

L ING WOl daw)—1 _ -1 1 INg (wil
KOG T ket S ket Sk = o=t
e w; for i < k: it immediately follows from the previous case, since |Nc,(w;)| < [Nc,(wy)| and |N¢,(w;)| = [N¢, (wy)l;
o Weer! Wﬁzc(wf“” _ dlgp)- %il N \Nq(wkm\;
2]—1 n—k—2 n—k—2 k+1 ICq]
e w; for i > k + 1: it immediately follows from the previous case, since |Nc,(w;)| > |Nc,(wi+1)| and |[N¢,(w;)| =

[Nc, (i)l

Let us now consider the vertices in Q. Vertex v; is satisfied, since it is universal. Next, all vertices in Q N C, that are
adjacent to wy; are also satisfied, since they are adjacent to all the vertices in C,. Consider now vertex vq. From the
above, we may assume that it is not adjacent to wy,¢ (and hence, it has exactly one neighbour in C;, namely v;). Notice

that, since w41 has only neighbours in the clique, we have q > d(wy41) > % = ‘77::1, which implies that g -k > s — 1.
Hence, we obtain the following:
INo,(v)l =1 _  (@=-Dk+1) _  gk+g—k-1
Gl —1 T q+s—k—2 (q+s—k—=2)k+1) (q+s—k—-2)k+1)
_osolda—k—1 1 ING(v)
(q+s—k=2)k+1)  k+1 |G

Thus, v, is satisfied with respect to I7. Finally, all vertices v;, for i < q and which are not adjacent to w41, are also
satisfied, since [Nc,(vi)| > |Ng,(vq)| and [N¢,(v;)| = 1. So we may apply the same arguments as for v;.

Computing the degrees of G and determining k = max{i : d(w;) < %} can be done in time O(|E|) and thus, every
connected threshold graph with at least 4 vertices except stars admits a 2-community structure that can be found in time
O(|V| + |E]). Notice that since G is connected, we have |E| > |V| — 1 and so O(|V| + |E|) = O(|E|) in this context. O

Now, let us consider a disconnected threshold graph G = (V, E), i.e. a connected threshold graph H = (Vy, E) and a set
I of isolated vertices. Assume that G contains at least 4 vertices. If |[[| > 2, say u, v € I, G admits a 2-community structure
= {{u, v}, Vg U\ {u, v})}.

Let us now consider the case when |I| = 1. In this case, the existence of a 2-community structure seems less trivial,
and there exist infinite families of such graphs that do not admit any 2-community structure. We present two of them
here.

Let a, b, s € N*. The graph G, s = (Q US U {u}, E) (see Fig. 5) is defined as follows:

(i) Q = {v1, ..., vq} is a clique, S = {wq, ..., ws} is a stable set, u is an isolated vertex.

The vertices of the clique are partitioned into two sets: Q = AU B with |A] = a and |B| = b:
(ii) The vertices in A = {v1, ..., vs} are universal vertices in the graph G\ {u}.
(iii) The vertices B = {vg41, - .., vq} have no neighbour in S.

Notice, that B could be empty.

Theorem 5. For a,b,s € N*, such that b < "T“ Gaps = (Q US U {u}, E) does not admit any 2-community structure.

Proof. Assume that Ggp s admits a 2-community structure /7 = {C;, C;}. First, note that since the vertices in B are
true twins with at least one non-neighbour (u), and by Property 5 we conclude that they must belong to the same
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u

Fig. 6. The graph G, . Exactly one of the dotted edges exists.

community. Moreover, if u € G for some i € 1, 2, Property 2 implies that vy, ..., v, € C3_;. Without loss of generality, let
V1, ...,Vq € C; and u € C,. Next, Property 1 implies that wq, ..., ws € Cy. Finally, since by definition we need to have
that |C;| > 2, we conclude that all vertices in B belong to C;.

The vertices in sets A and S as well as vertex u are trivially satisfied with respect to the partition {C;, C;} constructed
above. However, in order for vertices in B to satisfy (2) we must have:

b— 1 a (18)
b Ta+s’
Since by the assumption b < GTH (18) is not satisfied by the vertices in B. Hence, the graph G, s with b < “T*S does not

admit any 2-community structure. 0O

We leave it as an open problem to characterize those disconnected threshold graphs with exactly one isolated vertex
that do admit a 2-community structure. Also notice that for k > 3, finding a (generalized) k-community structure in
threshold graphs is an open problem as well.

5. Graphs without generalized 2-community structures

In this section, we introduce an infinite family of connected graphs that do not admit any generalized 2-community
structure. Notice that in [2], the authors present a first infinite family of graphs that do not admit any generalized 2-
community structure. However, the graphs of that infinite family all contain an even number of vertices, while the infinite
family introduced here contains both graphs with an even and graphs with an odd number of vertices.

Let p, | € N*. The graph G,; = (V, E) (see Fig. 6) is defined as follows:

(1)) V ={u,vp,...,vs} UT UF, where T is a set of p vertices ti, ..., t, which are pairwise true twins and F is a set of £
vertices fi, ..., fy that are pairwise false twins;

(ii) u is adjacent to all vertices in V \ {vp};

(iii) E contains in addition the edges vgvq, v1v2, v1V3, V2v4 as Well as either the edge v,v3 or the edge vsvy;

(iv) finally, T is complete to F U {u, vq, vs}.

Based on this description, we define the infinite family of graphs ¢ = {G, p; : p > 3}, for which no generalized
2-community structure exists. Note that a graph obtained from G, 2 by 1nclucﬁng both edges v,v3 and v3v4 admits a
2-community structure IT = {{vg, v1, v2, v3, v4}, TUF U {u}} and a graph obtained from Gy, 2] by including neither edge
V3 NOT v3v4 admits a 2-community structure I7T = {{v,, vg, u}, T UF U {vg, v1, v4}}.

Theorem 6. Forp > 3, Gp,[g 1 does not admit any generalized 2-community structure.

Proof. Let ¢ = [g]. It follows from Property 3 that G, ; does not admit a generalized 2-community structure /T = {C;, C;}
such that |G| = 1, for some i € [2]. Hence, assume by contradiction that G,, admits a 2-community structure
T = {Cq, G}, i.e,, such that |G| > 2, for all i € 1,2. Without loss of generality, we may assume that vy € C;. Then
v1 must be in C; as well, otherwise N¢,(vg) = @, a contradiction with Property 1. Moreover, by Property 2, we have
ueG.
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v € C
‘ ret
A /
U2
FeCy
V4

u € Cy

Fig. 7. The graph G,, and the current assignment of vertices to communities.

Let us consider now the set of true twins T. We know from Property 5 that they all belong to the same community.
We distinguish two cases.

e First, assume that t; € C; for all i € [[p]. Then for all j € [€]|, N(f;) = T U {u} implies that Nc, (f;) = #. It follows from
Property 1 that f; € G, for all j € [£].. In Fig. 7, we illustrate the current assignment of vertices to communities. Let

Nc, (v 3 N¢, (v 1 Nc, (v 2
us test v, on Gy. If v,v3 € E, then NG, (v2)] = and NG, (v2) = —.If vqv3 € E, then NG, (v2) =
Ne. () . |Gl — 1 p+4£+3 |Cq] 2 |Gl —1 p+L+2
v
and % =3 Since p + ¢ > 5, (2) fails for v, in both cases, and we conclude from Property 4 that v, € C;.
1
Nc, (v 1 Nc¢, (v 1
Further, let us now test v4 on G. If v,v3 € E, then we have that NG, (vl = n NG, (vl = — ifvyvs € E,
Ne.(v4) 5 Ne.(v2) |G —1 p+L4+1 |Cq] 4
respectively | C2| v4l| = i and | C|1C 74 | =3 if v3v4 € E. Since by assumption p + ¢ > 5, (2) fails for v,,
- p 1
and we concludze that vg € Cy. N ; N ) )
v v
Let us consider vertex vs. Assume that v3 € Cy. Then M = — and NG, (vs) = tp > +5 >
|Cq] — 1 2 |Cal 1+p+£¢ 1+p+35+1
1 1 Nc, (v 2 N¢, (v 2
tP = —, a contradiction since (2) fails for vs. So v3 € C,. But then M = — and NG, (vl = p+ >
2+2p+22 |G| —1 3 |G| p+L+2
p

2

—— - = -, a contradiction since (2) fails for v;.

p+5+1+2 3
We conclude that t; € Gy, for all i € [[p]].

e Assume that t; € C; for all i € [[p]l. In Fig. 8, we illustrate the current assignment of vertices to communities. Let us

Nc, (v 1 Nc, (v. 1
test vy on Cy. Then, if v,v3 € E, we have IN,(va)l = an ING, (va)] = . Since by assumption we have
et TP Sheat T ! 2
p > £, (2) fails. Similarly, if vsv, € E, we have G110 = and Cp\U4 = > . = ,
Gl =1 4+p (e} 1+ 1+1p+2) p+4
a contradiction since (2) fails. HEII\]ICC, we conchzlde from ISrog)erty 4 thgt va € G, in both cases. Further, let us now
v v
test v, on Cy. Then, if vyvs € E, INe, (v2) = and NG, (v2) = . Since by assumption we have p > ¢, (2)
Ne.( )|C1|—11 3+A1,3 (02) |C2|2 2+¢
v v
fails for v,. If v3v4 € E, INe, (va)l = NG, (v2)l = > - = . Hence, in order for (2)
ICGil—1  2+p ICal 3+¢ 3+5(p+2) 8+p
to hold, we must have p > 4p, a contradiction since p > 3. Thus, we concfude from Property 4 that v, € C, in both

cases.
Further, let us consider the vertices in F. We show that f; € C; for all i € [£]]. Let us test f; on C; (recall that F is a set

of false twins, which are not adjacent to each other, and therefore do not necessarily belong to the same community),

IN, (F)l 1 INc, (F)l p .
= - and = . Since
. - G| -1 3 &1 p+e+2
by assumption p > 3 and p > ¢, we get a contradiction because (2) fails for f;. Hence, we conclude from Property 4

that f; € C; for all i € [[£].

for any i € [[£]. Then, independently whether vyv3 € E or vsvs € E,
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Vo € C4
‘ rea
V1 € Cl S
)
F
Vg

UECQ

Fig. 8. The graph G, and the current assignment of vertices to communities.

INc,(v3)l  1+p

Finally, let us consider v3 and test it on C;. Then, independently whether v,v3 € E or vsvy € E, =
|C1|—11+ 24+p+¢L
p

INc,(v3)l 2 . . 1
and ———— = . Since by assumption we have 5(p — 1) < ¢, we get that < 5 =
(&) 3 2+p+€  24p+3(p—1)
2(1
H =3 a contradiction since (2) fails for vs. Hence, it follows from Property 4 that v3 € C,. Then,
p

. . . Nc, (v +1
independently whether v,v3 € E or vsvy € E, in order to satisfy (2) for v, we must have INe, (vl =_P

3 Ne() : ) oyt IG|—1 p+e+1~
= M But, by the argument above P+ < p—: =P + < —. Hence, we get a contradiction
4 |Cal p+L+1 7" p+5+1 3p+2 4

since (2) fails for vy, and we therefore cannot have f; € C; foralli € {1, ..., p}.

We conclude from the above that Gp,rg 1 does not admit any 2-community structure. O

Note that one can easily define an integer linear program (ILP) in order to check whether a graph G admits a
(generalized) 2-community structure or not. Using this approach, we could test all connected non-isomorphic graphs
up to 11 vertices for the existence of a 2-community structure. The complete list of these graphs was obtained by using
the algorithm developed in [17]. Our main findings are that, excluding the stars (that can be discarded due to Property 6):

e all connected graphs from 4 to 9 vertices admit a 2-community structure;

e with 10 vertices, only 4 connected graphs do not admit a 2-community structure; these graphs all belong to the
family presented in [2];

e with 11 vertices, there are only 6 connected graphs not admitting any 2-community structure;

e with 12 vertices, there are many (more than 100) connected graphs not admitting any 2-community structure.

These findings may help in order to better understand the structure of those graphs that do not admit any 2-community
structure.

6. Conclusion

In this paper, we investigated (generalized) k-community structures and gave new results for forests and (connected)
threshold graphs. We also presented a first infinite family of graphs that do not admit any generalized 2-community
structure and such that the graphs may contain an even or an odd number of vertices. There remain several interesting
open questions, some of which we present hereafter.

e What is the complexity of deciding whether a given graph admits a 2-community structure?

e Which disconnected threshold graphs admit a 2-community structure?

e Which (connected) threshold graphs admit a k-community structure, for k > 3?

e Can we extend our results on (generalized) 2-community structures to larger graph classes? A natural extension
would be split graphs, eventually leading towards chordal graphs (which generalize both split graphs and forests).
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