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—— Abstract

The (PERFECT) MATCHING CUT problem is to decide if a connected graph has a (perfect) matching
that is also an edge cut. The DISCONNECTED PERFECT MATCHING problem is to decide if a
connected graph has a perfect matching that contains a matching cut. Both MATCHING CUT and
Di1SCONNECTED PERFECT MATCHING are NP-complete for planar graphs of girth 5, whereas PERFECT
MATCHING CUT is known to be NP-complete even for subcubic bipartite graphs of arbitrarily large
fixed girth. We prove that MATCHING CUT and DISCONNECTED PERFECT MATCHING are also
NP-complete for bipartite graphs of arbitrarily large fixed girth and bounded maximum degree.
Our result for MATCHING CUT resolves a 20-year old open problem. We also show that the more
general problem d-CuT, for every fixed d > 1, is NP-complete for bipartite graphs of arbitrarily large
fixed girth and bounded maximum degree. Furthermore, we show that MATCHING CUT, PERFECT
MATCHING CUT and DISCONNECTED PERFECT MATCHING are NP-complete for H-free graphs
whenever H contains a connected component with two vertices of degree at least 3. Afterwards,
we update the state-of-the-art summaries for H-free graphs and compare them with each other,
and with a known and full classification of the MAXIMUM MATCHING CUT problem, which is to
determine a largest matching cut of a graph G. Finally, by combining existing results, we obtain a
complete complexity classification of PERFECT MATCHING CUT for ‘H-subgraph-free graphs where
H is any finite set of graphs.
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1 Introduction

We consider classic graph problems for finding certain edge cuts, which have in common that
their edges must form a matching. In order to explain this, let G = (V, E) be a connected
graph. A set M C FE is a matching of G if no two edges in M share an end-vertex; M is
perfect if every vertex of G is incident to an edge of M. A set M C F is an edge cut of G if
V' can be partitioned into two sets B and R, such that M consists of all the edges with one
end-vertex in B and the other one in R. We say that M is a (perfect) matching cut of G if
M is a (perfect) matching that is also an edge cut. We refer to Figure 1 for some examples.
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Figure 1 The graph Ps from [31] with a matching cut that is not contained in a disconnected
perfect matching (left), a matching cut that is properly contained in a disconnected perfect matching
(middle) and a perfect matching cut (right). In each figure, thick edges denote matching cut edges.

Graphs with matching cuts were introduced in 1970 by Graham [18] as decomposable
graphs. Matching cuts have applications in number theory [18], graph drawing [34], graph
homomorphisms [16], edge labelings [2] and ILFI networks [13]. Moreover, a connected graph
with no vertex of degree 1 has a matching cut if and only if its line graph has a vertex cut
that is an independent set (stable cut set). As such, (perfect) matching cuts are well studied
in the literature.

Instead of considering perfect matchings that are edge cuts, we can also consider perfect
matchings in graphs that contain edge cuts. Such perfect matchings are called disconnected
perfect matchings; see Figure 1 again. Note that every perfect matching cut is a disconnected
perfect matching. However, there exist connected graphs, like the cycle Cg on six vertices,
that have a disconnected perfect matching (and thus a matching cut) but no perfect matching
cut. There also exist connected graphs, like the path P3; on three vertices, that have a
matching cut, but no disconnected perfect matching (and thus no perfect matching cut
either).

The problems MATCHING CUT, DISCONNECTED PERFECT MATCHING and PERFECT
MATCHING are to decide if a connected graph has a matching cut, disconnected perfect
matching or perfect matching cut, respectively. As explained below, all three problems are
NP-complete, and have been extensively studied for special graph classes.

Our Focus. The girth of a graph that is not a forest is the number of edges of a shortest
cycle in it; a forest has infinite girth. In 2003, Bonsma [6] asked if MATCHING CUT is still
NP-complete for graphs of large girth and proved that this is indeed the case for planar
graphs of girth 5. In the 2009 journal version of [6], Bonsma showed that every connected
planar graph of girth at least 6 has a matching cut. Hence, the complexity status of
MATCHING CuUT for graphs of large girth remained unknown and was regularly posed as an
open problem [9, 24, 27, 29].

Bouquet and Picouleau [8] proved that DISCONNECTED PERFECT MATCHING is NP-
complete for planar graphs of girth ¢ = 5 and left the cases where g > 6 open. In contrast,
Le and Telle [27] proved that for every g > 3, PERFECT MATCHING CUT is NP-complete for
subcubic bipartite graphs of girth at least ¢ (a graph is subcubic if it has maximum degree at
most 3). We focus on the two remaining open problems:

What is the complexity of MATCHING CUT and DISCONNECTED PERFECT MATCHING for
graphs of large girth?

A challenging task is to find gadgets with no edges that are subdivided twice; such gadgets
always have a matching cut (take the two subdivision vertices on one side and all other
vertices on the other) and cannot be used in any hardness reduction.

1.1 Other Relevant Known Results

We restrict ourselves to hereditary graph classes, that is, classes of graphs closed under vertex
deletion. A class of graphs G is hereditary if and only if the graphs in G are Fg-free for some
unique set Fg, that is, they do not contain any graph from Fg as an induced subgraph. For
a systematic study, one may start with H-free graphs (so where Fg has a single graph H).
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Figure 2 The graphs H* = Hy{ (left) and H; (right).

Matching Cuts. Chvatal [10] proved that MATCHING CuT is NP-complete even for K7 4-free
graphs of maximum degree 4 (the graph K, is the (r + 1)-vertex star); see [34] for an
alternative hardness proof. In contrast, Chvatal [10] also proved that MATCHING CUT is
polynomial-time solvable for graphs of maximum degree at most 3, whereas Bonsma [6]
proved the same for K 3-free graphs, thereby generalizing a known result of Moshi [32] for
line graphs, and also for P,-free graphs; the latter result was extended to Ps-free graphs
in [14] and to Ps-free graphs in [29]. Kratsch and Le [23] proved polynomial-time solvability
for (K4 4, K14 + e)-free graphs. It is also known that if MATCHING CUT is polynomial-time
solvable for H-free graphs for some graph H, then it is so for (H + Ps)-free graphs [29]; for

two vertex-disjoint graphs G1 and Ga, we write G1 + G = (V(G1) UV (G2), E(G1) U E(G2)).

Moshi [32] proved that MATCHING CUT is NP-complete even for bipartite graphs where
the vertices in one set of the bipartition all have degree exactly 2. Consequently, MATCHING
Cur is NP-complete for (Hy, Hi, HX, .. .)-free bipartite graphs, where Hf = H* denotes the
graph that looks like the letter “H”, and for ¢ > 2, the graph H; is the graph obtained from
H* = Hf by subdividing the middle edge of H; exactly ¢ — 1 times; see also Figure 2.

Le and Randerath [26] proved that MATCHING CUT is NP-complete for K 5-free bipartite
graphs and thus for Cs-free graphs if s is odd. Recall that Bonsma [6] proved that MATCHING
Curt is NP-complete for planar graphs of girth 5, and thus for (Cs5, Cy)-free graphs. By using
the graph transformation of Moshi [32], MATCHING CUT is NP-complete for Cs-free graphs
also if s is even and at least 6 [29]. In [31] it was shown that MATCHING CuT is NP-complete
even for (3Ps, Pi5)-free graphs, strengthening a result of [14]. Afterwards, Le and Le [25]
proved that MATCHING CUT is NP-complete even for (3Pg, 2P;, P14)-free graphs.

We refer to [7, 24, 29] for results for non-hereditary graph classes, to [3, 15, 17, 22, 23]
for parameterized complexity results and exact algorithms, to [4, 17] for a generalization of
MATCHING CUT to d-CUT (where instead of at most one neighbour we allow each vertex to
have at most d neighbours across the cut) and to [9] for a comprehensive overview.

Disconnected Perfect Matchings. The DISCONNECTED PERFECT MATCHING problem
was introduced by Bouquet and Picouleau [8]. They used a different name but we adapt
the name of Le and Telle [27] to avoid confusion with PERFECT MATCHING CUT. Bouquet
and Picouleau [8] showed that DISCONNECTED PERFECT MATCHING is, among others,
polynomial-time solvable for K s-free graphs and Ps-free graphs, but NP-complete for
K 4-free planar graphs, planar graphs of girth 5 and for bipartite graphs, and thus for
Cs-free graphs for every odd s. Le and Le [25] proved that DISCONNECTED PERFECT
MATCHING is NP-complete even for (3P, 2P;, P14)-free graphs, which improved the previous
NP-completeness result of [31] for (3P;, Pyg)-free graphs.

Perfect Matching Cuts. The PERFECT MATCHING CUT problem was first shown to be
NP-complete by Heggernes and Telle [19]. Le and Telle [27] proved, besides NP-completeness
for subcubic bipartite graphs of girth at least g (for any g > 3), that PERFECT MATCHING
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Cur is polynomial-time solvable for chordal graphs and for Sj s o-free graphs; the graph
S1.2,2 is obtained by subdividing two of the edges of the claw K 3 exactly once. In [31], it
was shown that PERFECT MATCHING CUT is polynomial-time solvable for Ps-free graphs,
and moreover for (H + Py)-free graphs if it is polynomial-time solvable for H-free graphs.

Even more recently, two new results were shown. Le and Le [25] proved that PER-
FECT MATCHING CUT is NP-complete even for (3Ps, 2P;, P14)-free graphs (using the same
construction as for MATCHING CUT and DISCONNECTED PERFECT MATCHING), whereas
Bonnet, Chakraborty and Duron [5] proved that PERFECT MATCHING CUT is NP-complete
for 3-connected cubic bipartite planar graphs.

1.2 Our Results

As our main results, we solve, in Section 3, the aforementioned two open problems in the
literature [6, 8, 9, 24, 27, 29] by showing that for every g > 3, MATCHING CUT is NP-complete
for bipartite graphs of girth at least g and maximum degree at most 60 and DISCONNECTED
PERFECT MATCHING is NP-complete for bipartite graphs of girth at least g and maximum
degree at most 74. Note that our first result answers, in the negative, a question [33] from
the Open Problem Garden:

“For every d does there exists a g such that every graph with average degree smaller than d
and girth at least g has a matching-cut?”

As an immediate consequence of our second result, we have that DISCONNECTED PERFECT
MATCHING is NP-complete for Cs-free graphs for even s (as mentioned above, previously
this was only known for odd s [8]). To overcome the obstacle that connected graphs with a
2-subdivided edge have a matching cut, we use results from the theory of expander graphs.
The proof of our result on MATCHING CUT is surprisingly short. Moreover, we can extend it
in a straightforward way to show the following. For every d > 2 and g > 3, there exists a
function f(d) that only depends on d, such that even d-CuT is NP-complete for bipartite
graphs of girth at least g and maximum degree at most f(d); recall that 1-CuUT is the
MATCHING CUT problem.

In Section 3, we also highlight an implicit result of Le and Telle [27] for PERFECT
MATcHING CUT. In their NP-hardness proof for subcubic bipartite graphs of high girth,
they showed that a graph G has a perfect matching cut if and only if the graph obtained
from G by subdividing some edge four times has a perfect matching cut. Since graphs with a
2-subdivided edge have a matching cut, this property shows a fundamental difference between
matching cuts and perfect matching cuts.

For ¢ > 2, recall from Figure 2 that H; is the graph obtained from H* = H by
subdividing the middle edge of Hj exactly ¢ — 1 times. Recall also that a result of Moshi [32]
implies that MATCHING CuT is NP-complete for (Hy, Hs, HZ,...)-free bipartite graphs.
In Section 4, we extend this result by proving that for every ¢ > 1, MATCHING CUT
and DISCONNECTED PERFECT MATCHING are NP-complete for (HY, ..., H})-free graphs.
We obtain these results by replacing the gadget of Moshi [32] with more advanced graph
transformations. In Section 4, we also make explicit that the construction of Le and Telle [27]
for subcubic bipartite graphs of girth at least g gives in fact NP-completeness of PERFECT
MatcHING CuT for (HY,...,H})-free subcubic bipartite graphs of girth at least g, for any
g > 3. Hence, all three problems are NP-complete for H-free graphs whenever H has a
connected component with two vertices of degree at least 3.

In Section 5, we combine our new results with the known results. We update the state-of-
the-art summaries for the three problems on H-free graphs; basically, for all three problems,
we only need to consider cases where H is a linear forest. Apart from comparing the (partial)
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classification of the three problems with each other, we also compare them with a recent

complete classification of the MAXIMUM MATCHING CUT problem for H-free graphs [30].

This problem is to determine a matching cut in a graph G with a maximum number of edges
(or output that no matching cut exists in G). Finally, we show how the results for PERFECT
MATCHING CUT lead to a full classification of PERFECT MATCHING CUT on H-subgraph-free
graphs, for every finite set of graphs H.

2 Preliminaries

We only consider finite, undirected graphs without multiple edges and self-loops. Let
G = (V, E) be a graph. For u € V, the set N(u) = {v € V | uv € E} is the neighbourhood of
u in G, where |N(u)| is the degree of u. For an integer p > 0, G is p-regular if every u € V
has degree p. Let S C V. The neighbourhood of S is the set N(S) = J,cg N(u) \ S. The
graph G[S] is the subgraph of G induced by S C V, that is, G[S] is the graph obtained
from G after deleting the vertices not in S. We write G — S = G[V '\ S]. Let u,v € V. The
distance between u and v in G is the length (number of edges) of a shortest path between u
and v in G. The subdivision of an edge e = uv of G replaces e by a new vertex w and edges
uw and ww.

We will now define some useful colouring terminology for matching cuts used in other
papers as well (see e.g. [31]). In the remainder of this section, we let G = (V, E) be a

connected graph. A red-blue colouring of G colours every vertex of G either red or blue.

If every vertex of some set S C V has the same colour (red or blue), then S is said to be
monochromatic. We also say that G[S] is monochromatic. A red-blue colouring of G is valid
if the following holds:

1. every blue vertex has at most one red neighbour;

2. every red vertex has at most one blue neighbour; and

3. both colours red and blue are used at least once.

If a red vertex w in G has a blue neighbour v, then v and v are said to be matched. See
Figure 1 for three examples of valid red-blue colourings of the Fs.

For a valid red-blue colouring of G, we let R be the red set consisting of all vertices
coloured red and B be the blue set consisting of all vertices coloured blue. Note that
V = RU B. The red interface is the set R’ C R consisting of all vertices in R with a (unique)
blue neighbour, and the blue interface is the set B’ C B consisting of all vertices in B with a
(unique) red neighbour in R.

A red-blue colouring of G is perfect if it is valid and moreover R’ = R and B’ = B; see
Figure 1 (middle) for an example of a perfect red-blue colouring (of the Pgs). A red-blue
colouring of G is perfect-extendable if it is valid and G[R \ R'] and G[B \ B’] both contain
a perfect matching; see Figure 1 (right) for an example of a perfect-extendable red-blue
colouring (of the Ps). In other words, the matching defined by the edges with one end-vertex
in R’ and the other one in B’ can be extended to a perfect matching in G or, equivalently, is
contained in a perfect matching in G.

We now make the following straightforward observation (see also e.g. [31]).

» Observation 1. Let G be a connected graph. The following three statements hold:
(i) G has a matching cut if and only if G has a valid red-blue colouring;
(ii) G has a disconnected perfect matching if and only if G has a perfect-extendable red-blue
colouring;
(iii) G has a perfect matching cut if and only if G has a perfect red-blue colouring.
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Finally, we formally define the notion of a d-cut. For an integer d > 1 and a connected graph
G=(V,E),aset M C Eis ad-cut of G if V can be partitioned into two sets B and R, such
that the following two conditions hold:

(i) M consists of all the edges with one end-vertex in B and the other one in R; and

(ii) every vertex in B has at most d neighbours in R, and vice versa.
Recall that the corresponding d-CuUT problem is to decide if a connected graph has a d-cut.
Hence, 1-CuT and MATCHING CUT are the same problems.

3 Hardness for Arbitrary Given Girth

In this section, we will show that MATCHING CUT (Section 3.1) and DISCONNECTED PERFECT
MATCHING (Section 3.2) remain NP-complete even for graphs of high girth and bounded
maximum degree; recall that previously both problems were known to be NP-complete for
(planar) graphs of girth at least g, only for g < 5 [6, 8]. We also briefly discuss how an implicit
observation of Le and Telle [27] gives a simple, alternative proof for showing NP-completeness
for PERFECT MATCHING CUT (Section 3.3) for graphs of high girth.

We need the following notions. The edge expansion h(G) of a graph G = (V, E) on
n vertices is defined as

05|
me) = 118125 18]
where 05 :={uv € E|u € S,v € V'\ S} is the set of all edges of G with one end-vertex in
S and one end-vertex outside S.

A connected graph G is said to be (matching-)immune if G admits no matching cut. We
generalize this notion as follows. For an integer d > 1, we say that a connected graph G is
d-immune if G admits no d-cut, so being 1-immune is the same as being immune. We make
the following observation (proof omitted).

» Observation 2. For every integer d > 1, every connected graph G with h(G) > d is
d-immune.

3.1 Matching Cut and d-Cut

In order to prove our hardness results for MATCHING CUT and d-CuT for bipartite graphs
of high girth and bounded maximum degree, we use known results on expander graphs and
number theory.

Two integers a and b are coprime, if they do not have a common divisor greater than 1.
The following result is well known.

» Theorem 3 ([11]). For two positive, coprime integers a and b, the sequence a + bk, for
k € N contains infinitely many primes.

For an integer a and a prime p, the Legendre symbol is defined as (%) = ¢"F mod p. It
is well known (see, for example, [35]) that for any integer a and prime p, it holds that
(%) = 0 mod p, or 1 mod p, or (p — 1) mod p, and with slight abuse of notation one denotes
these integers by 0, 1 and —1, respectively.

We use Theorem 3 to show the following lemma (proof omitted).

» Lemma 4. There are infinitely many primes q, such that
a) ¢ > 13,

b) ¢ =1 mod 4, and

c) the Legendre symbol (1‘1—3) =-1.
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Figure 3 The graph F with designated vertices  and y at distance at least g (left) and the
graph F’ (right) from the proof of Theorem 6.

Lemma 5 uses known results from the theory of expander graphs. We need the fact that the
graph in the statement of Lemma 5 has a perfect matching only in Section 3.2.

» Lemma 5. For every g > 3, there is an immune 14-regular bipartite graph with girth at
least g that contains a perfect matching.

Proof. It follows from a construction of Lubotzky, Phillips and Sarnak [28] based on Caley
graphs that for every two primes p and ¢ with the following four properties

q>p,

p=1mod 4,

q =1 mod 4, and

(5) =

there exists a (p + 1)-regular bipartite graph G with A\(G) < 2,/p and girth at least
4log, q — log, 4; here, \s (G) denotes the second largest eigenvalue of the adjacency matrix
of G.

We set p = 13, so p =1 mod 4. We now combine the above with Lemma 4 to find that
there exist infinitely many primes g, such that there exists a 14-regular bipartite graph G
with A2(G4) < 2v13 and girth at least 4log,5q — log;34. Moreover, Dodziuk [12] and,
independently, Alon and Milman [1] showed that for every integer ¢ > 1, every f-regular
graph G satisfies h(G) > (¢ — X\2(G)). This means that

hGy) =

(14 — Xo(Gy)) > = (14 — 2/13) ~ 3.39 > 1.

N -
N

Hence, by applying Observation 2, we find that G, is immune.

By taking ¢ sufficiently large, we conclude that for any g > 3, there exists an immune
14-regular bipartite graph G with girth at least g. Finally, as G is bipartite and regular, we
find that G has a perfect matching (due to Hall’s Marriage Theorem). <

» Remark 1. The arguments that we used to prove Lemma 5 do not allow us to set p = 13

to a smaller value. We need p to be prime, and moreover, it must hold that p = 1 mod 4.

Hence, the only alternative value for p that is smaller than 13 would be p = 5. However,

p =5 yields h(Gq) > 3(6 —2V/5) ~ 0.76, so we cannot conclude from this that G, is immune.

We use Lemma 5 in the proof of our first main result.

» Theorem 6. For every integer g > 3, MATCHING CUT is NP-complete for bipartite graphs
of girth at least g and maximum degree at most 60.

Proof. Let g > 3. As the class of graphs of girth at least g + 1 is a subclass of the class of
graphs of girth at least g, we may assume without loss of generality that g is divisible by 2
but not by 4, so § is odd. We reduce from MATCHING CUT. Recall that MATCHING CUT is
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NP-complete for graphs of degree at most 4 [10]. Let G be a connected graph of maximum
degree at most 4. From G we construct a graph G’ with the required properties, but first we
define an auxiliary graph F”.

By Lemma 5 there exists an immune 14-regular bipartite graph F' with girth at least g.
Note that F' has constant size, so we can find F in constant time.

Let 2 and y be two vertices of distance § in F'. As § is odd, = and y belong to opposite
bipartition classes of F. We take two copies F; and F5 of F', and we add an edge between
the two copies 1 and x5 of z and an edge between the two copies y; and ys of y. This yields
a graph F’. As F is bipartite and has girth at least g, we find that F” is bipartite and has
girth at least g as well. The construction also gives us that z; and y, belong to the same
bipartition class of F’. See also Figure 6.

Now consider an edge uv in G. The F’-replacement of uv is obtained from the graphs G
and F’ by identifying v with z; and v with yo. We do an F’-replacement on every edge
of G. This yields the graph G’. Since F” is bipartite such that the distance between x; and
1o is even, we find that G’ is bipartite as well. By construction, G’ has girth at least g and
maximum degree at most 4 x (14 + 1) = 60.

We claim that G has a matching cut if and only if G’ has a matching cut. We prove this
below, using Observation 1-(i) implicitly.

First suppose that G has a matching cut, so G has a valid red-blue colouring c. For every
edge uv in G we do as follows. Let F’ with copies F; and F» of F be the corresponding
F'-replacement applied on uwv. If u and v have the same colour, then we colour every vertex
of V(F")\ {u, v} with that colour. If u and v are coloured differently, say u is red and v is
blue, then we colour every vertex in V(F) red and every vertex in V(F3) blue. This yields a
valid red-blue colouring of G’. Hence, G’ has a matching cut.

Now suppose that G’ has a matching cut, so G’ has a valid red-blue colouring ¢’. As F is
immune, every copy of it in G’ is monochromatic. Thus, for two vertices z1,y2 € V(F’) in
some graph F’ in G, it holds that x; and ys each have a neighbour in F’ of the opposite
colour if and only if z; and y have different colours in G’. Hence, the restriction of ¢’ to
V(Q) is a valid red-blue colouring of G. Hence, G has a matching cut. |

We now focus on the d-CuT problem for arbitrary d > 1, and we show how Theorem 6 can be
generalized in a straightforward way. This requires us to replace Lemma 4 by the following
lemma (proof omitted).

» Lemma 7. There are infinitely many primes p, such that
a) p > 13,
b) p=1mod 4, and
C) there exists an infinite set Q, such that the following holds for every q € Qp:
i.g>p
ii. ¢=1mod4, and
iii. the Legendre symbol (%) =—1.
We are now ready to generalize Theorem 6.

» Theorem 8. For cvery integer d > 1 and every integer g > 3, there is a function f(d) that
only depends on d, such that d-CuT is NP-complete for bipartite graphs of girth at least g
and mazimum degree at most f(d).

Proof. Let d > 1. By Observation 2, every graph G with h(G) > d is d-immune. Hence, we

can construct a (p + 1)-regular bipartite gadget F' using the arguments from the proof of

Lemma 5, where Lemma 7 plays the role of Lemma 4. That is, we can choose p such that
(i) p is a prime congruent to 1 mod 4, and

(i) $(p+1-Aa(G) > S(p+1-2yp) > d.
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Figure 4 a) Illustration of the graphs F' (left), F'(s,t) (middle) and H(s,t) (right). b) Ilustration
of how the edges in the perfect matching of H(s,t) (left) resp. H(s,t) — {s,t} (right) are chosen
(these edges are represented as red, thick edges).

We now reduce from d-CuT. Gomes and Sau [17] proved that d-CuT is NP-hard for graphs
of maximum degree at most 2d + 2. Hence, we may assume that the instance G from d-CuT
has maximum degree at most 2d + 2. By applying the arguments of the proof of Theorem 6,
we can use F' and G to construct for every integer g > 3, a bipartite graph G’ of girth at
least ¢ and maximum degree at most f(d), such that G has a d-cut if and only if G’ has a
d-cut. |

» Remark 2. Since it is not possible to give the smallest prime p satisfying conditions (i)
and (ii) in the proof of Theorem 8, we can merely state that the maximum degree of G’ is
bounded by some function f(d) that only depends on d.

3.2 Disconnected Perfect Matching

We now show that DISCONNECTED PERFECT MATCHING is NP-complete for graphs of
arbitrarily large fixed girth and bounded maximum degree. Our proof uses some new ideas,
but we note that it is also possible to use a similar approach as in the proof of Theorem 6.
However, this will lead to a slightly worse bound on the maximum degree, namely 75 instead
of 74.

We first define some useful auxiliary graphs. Fix g > 3 such that g is divisible by 6
and 9/6 is odd. Let F' be a 14-regular immune bipartite graph with girth at least 2(g + 1)
containing a perfect matching. We note that F' exists by Lemma 5, and as F' has constant
size, F' can be found in constant time.

Let s and ¢ be two designated vertices in F' at distance at least g + 1. We fix a perfect
matching M of F. Let z € Np(s) and y € Ng(t) be the (unique) neighbours of s and ¢ in
M. Then, since s and t are at distance at least g + 1, z and y are at distance at least g — 1.
We add the edge xy and denote the resulting graph by F(s,t); see also Figure 4a).

We make the following observation (proof omitted).

» Lemma 9. The graph F(s,t) is immune, bipartite and has girth at least g. Moreover, both
F(s,t) and F(s,t) — {s,t} contain a perfect matching.

We now take k = % copies F'(s1,t1),..., F(sk,tr) of F(s,t) and identify s;;1 with ¢; for all
1€{l,...,k—1}. Weset s =s; and t = ¢}, and call the resulting graph H (s, t); see also
Figure 4a).

In the following lemma, whose proof we omit, we show some useful properties of H (s, )
and H(s,t) — {s,t}.
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» Lemma 10. The graph H(s,t) is immune, bipartite, and has girth at least g. Moreover,
dist(s,t) > 4, and both H(s,t) and H(s,t) — {s,t} contain a perfect matching.

We are now ready to prove the following result.

» Theorem 11. For every integer g > 3, DISCONNECTED PERFECT MATCHING is NP-
complete for bipartite graphs of girth at least g and maximum degree at most 74.

Proof. Let g > 3. We reduce from MATCHING CUT for bipartite graphs of girth at least g
and maximum degree at most 60, which is NP-complete by Theorem 6. Similar to Theorem 6,
we may assume without loss of generality that g is divisible by 12. Let G be a bipartite
graph of girth at least g and maximum degree 60. We construct a graph G’ by taking two
copies G1 and G5 of G, where we connect every vertex v € V(G1) and its copy v' € V(G2)
using the graph H(v,v’).

To see that G’ has girth at least g, we consider first G; and Gz, which both have girth at
least g. Any cycle containing vertices from both copies has to pass twice through a graph
H(s,t). Thus, it will always have length at least g, and so G’ has girth g. Every vertex
inside H (s,t) has degree at most 28, whereas s and ¢ only have degree 14. The degree of a
vertex v € V(G1) UV (G2) is the degree of the vertex in the original graph G plus the degree
in the graph H(v,v’). Thus, the degree of v is at most 74.

We also claim that G’ is bipartite. For a contradiction, assume that G’ has an odd
cycle C. As G1 and G5 are both bipartite, C’ must contain vertices from G; and Gs. Note
that C' passes through an even number of graphs H(v,v’), where v € V(G1) and v’ € V(G5).
Hence, the number of edges in E(G) \ (F(G1) U E(G2)) is even. Since the graph H(v,v’)
always connects a vertex v in G1 and its copy v’ in G5 we can find an odd cycle C’ in Gy,
consisting of the edges in C' N E(G1) and the edges in E(G;) corresponding to the edges
from C' N E(Gs), a contradiction.

Finally, we show that G admits a matching cut if and only if G’ admits a disconnected
perfect matching. Consider some vertex v € V(G1) and its copy v’ € V(G2). Since v and v’
are connected by the graph H(v,v’), which is immune, v and v" will always have the same
colour in any valid red-blue colouring of G’. Thus, G; and G5 will be coloured the same
in any valid red-blue colouring. Now, if G admits a perfect-extendable red-blue colouring,
then G admits a valid red-blue colouring, as it suffices to colour G the same as Gy (or G3).

Conversely, if G admits a valid red-blue colouring, then we obtain a perfect-extendable
colouring of G’ as follows. We colour GG; and G2 the same as G. Notice that we colour the
immune graphs connecting two copies of the same vertex such that they are monochromatic.
This gives us a valid red-blue colouring of G’, i.e. a matching cut M in G’. It remains to show
that the matching cut is contained in a perfect matching of G’. Since the colourings of G
and Go are the same, we have that whenever a blue vertex v € V(G1) is matched with a red
vertex u € V(G1), i.e. vu € M, then their copies v’ € V(G2) and v’ € V(G3) are matched as
well, i.e. v'u’ € M. By Lemma 10, we know that H(v,v") — {v,v'} and H(u,u’) — {u,u'}
contain both a perfect matching which we may add to M. For every v € V(G;) with no
neighbour of the other colour, we know that its copy v’ € V(G3) has no neighbour of the
other colour either. Thus, we can use that H(v,v’) contains a perfect matching by Lemma 10
and add it to M. Repeatedly doing this yields a perfect matching of G’ containing M. <«

3.3 Perfect Matching Cut

In any perfect red-blue colouring of a connected graph G = (V, E), a vertex v € V of degree 2
has exactly one neighbour coloured the same as itself and exactly one neighbour coloured
differently than itself. One can use this observation to prove the following lemma. This
lemma was implicit in [27] and we omit its proof.
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» Lemma 12 ([27]). Let G = (V', E’) be the graph obtained from a connected graph G by
4-subdividing an edge e of G. Now, G has a perfect matching cut if and only if G’ has a
perfect matching cut.

A simple proof for showing that PERFECT MATCHING CUT is NP-complete for graphs of
girth at least g is to apply Lemma 12, say, g times on each edge of the input graph. Recall
that the more involved gadget of Le and Telle [27] yields NP-completeness even for subcubic
bipartite graphs of girth at least g.

4 Hardness for Forbidden Subdivided H-Graphs

We show that MATCHING CUT (Section 4.1), DISCONNECTED PERFECT MATCHING (Sec-
tion 4.2) and PERFECT MATCHING CUT (Section 4.3) are NP-complete for (Hy, ..., H)-free
graphs, for every i > 1.

4.1 Matching Cut

Let uv be an edge of a graph G. We define an edge operation as displayed in Figure 5, which
when applied on uv will replace uv in G by the subgraph T;,. Note that in the new graph,
the only vertices from T}, that may have neighbours outside 7}, are u and v.

V2i—1 V2i—3 v3 V1

u1 u3 U2i—3 U2i—1

Figure 5 The edge uv (left) which we replace by the subgraph T}, (right).

» Theorem 13. For alli > 1, MATCHING CUT is NP-complete for (HY, ..., H})-free graphs.

Proof. Fix ¢ > 1. Reduce from MATCHING CUT. Let G = (V, E) be a connected graph.
Replace every uv € E by the graph T?, (see Figure 5). This yields the graph G’ = (V', E').
We claim that G’ is (H;,..., H})-free. For a contradiction, assume that G’ contains an
induced H}; for some 1 < ¢’ <. Then G’ contains two vertices = and y that are centers of an
induced claw, as well as an induced path from x to y of length i’. All vertices in V' \ V are
not centers of any induced claw. Hence,  and y belong to V. By construction, any shortest
path between two vertices of V has length at least 7 + 1 in G’, a contradiction.

We claim that G’ has a matching cut if and only if G has a matching cut. First suppose
G’ has a matching cut M’ so G’ has a valid red-blue colouring ¢/. We prove a claim for G':

> Claim 13.1. For every edge uv € E(G) it holds that

(a) either ¢/(u) = ¢(v), and then T}, is monochromatic, or

(b) ¢ (u) # ¢'(v), and then ¢’ colours uq, . .., ug; with the same colour as «, while ¢’ colours all
vertices of T, —{u, u1, ..., us; } with the same colour as v, and moreover, uvy;, vug; € M'.
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Proof. First assume ¢'(u) = ¢/(v), say ¢’ colours u and v red. As any clique of size at least 3
is monochromatic, all vertices in T, are coloured red, so T, is monochromatic.
Now assume ¢’ (u) # ¢/(v), say u is red and v blue. As before, we find that all vertices

u1, ..., Uy have the same colour as u, so are red, while all vertices v1, ..., v9; have the same
colour as v, so are blue. By definition, every edge xzy with ¢/(x) # ¢/(y) belongs to M’, so
UV2;, VU2; € M’ <

We construct a subset M C E in G as follows. We add an edge uwv € F to M if and only if
d(u) # ' (v) in G'. We now show that M is a matching in G. Let u € V. For a contradiction,
suppose that M contains edges wv and uw for v # w. Then ¢'(u) # ¢ (v) and ¢/ (u) # ¢ (w).
By Claim 13.1, we find that M’ matches u in G’ to vertices in 77, and T}, contradicting
our assumption that M’ is a matching (cut). Hence, M is a matching.

Now let ¢ be the restriction of ¢’ to V. If ¢ colours every vertex of G with one colour,
say red, then ¢ would also colour every vertex of G’ red by Claim 13.1, contradicting the
validity of ¢’. Hence, ¢ uses both colours. Moreover, for every uv € E, the following holds: if
c(u) # ¢(v), then ¢/(u) # ¢/(v) and thus uv € M. Hence, as M is a matching, ¢ is valid, and
thus M is a matching cut of G.

Conversely, assume that G admits a matching cut, so V' has a valid red-blue colouring c.
We construct a red-blue colouring ¢’ of V' as follows.

For every edge uv € E with c(u) = ¢(v), we let ¢/ (z) = c(u) for every x € V(T%,).

For every edge uwv € E with c(u) # c(v), we let ¢/(u) = ¢/(u1) = -+ = ¢/ (u2;) = c(u) and

dWw)=d(w) == (vy) = c(v).

As c is valid, ¢ uses both colours and thus by construction, ¢ uses both colours. Let u € V.
Again as ¢ is valid, c(u) # ¢(v) holds for at most one neighbour v of u in G. Hence, by
construction, u belongs to at most one non-monochromatic gadget 77, . Thus, ¢’ colours in G
at most one neighbour of u with a different colour than u. Let u € V' \ V. By construction,
we find again that ¢ colours at most one neighbour of u with a different colour than wu.
Hence, ¢’ is valid, and so G’ has a matching cut. <

4.2 Disconnected Perfect Matching

Vi+1 Vi—1

T

UI V2i4+2 UV2i+1 V2i Vi+3 Vi42

1 + 1 diamonds

Figure 6 The edge uv (left) which we replace by the subgraph G%, (right).

We can prove the following result in a similar way as Theorem 13 and give a sketch of its
proof.

» Theorem 14. For every i > 1, DISCONNECTED PERFECT MATCHING is NP-complete for
(HY,...,H})-free graphs.

Proof sketch. We first define a graph operation. Let uv be an edge of a graph G. We define
an edge operation as displayed in Figure 6, which when applied on uv replaces uv by the
subgraph G, for some integer i > 1. In the new graph, the only vertices from G¢, that may
have neighbours outside G%,, are u and v.
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Now fix an integer ¢ > 1. As the class of (H7,..., H)-free graphs is contained in the class
of (HY,...,H |)-free graphs if i > 2, we may assume without loss of generality that ¢ is
even (we need this assumption at a later place in our proof). We reduce from DISCONNECTED
PERFECT MATCHING itself. Let G = (V| E) be a connected graph. We replace every edge
uv € E by the graph G, (see Figure 6). Let G’ = (V', E’) be the resulting graph.

We can show that G’ is (HT, ..., H)-free and that G has a disconnected perfect matching
if and only if G’ has a disconnected perfect matching. <

4.3 Perfect Matching Cut

We apply Lemma 12 (implicit in [27]) sufficiently times on every edge of a subcubic bipartite
graph of girth at least g and combine this with the NP-completeness of PERFECT MATCHING
Cur for the class of such graphs [27]. Hence, Le and Telle essentially proved the following:

» Theorem 15 ([27]). For everyi > 1 and g > 3, PERFECT MATCHING CUT is NP-complete
for (HY, ..., H})-free subcubic bipartite graphs of girth at least g.

5 Consequences and Open Problems

We give some consequences of our new results on MATCHING CUT, DISCONNECTED PERFECT
MATCHING and PERFECT MATCHING CUT for H-free graphs and H-subgraph-free graphs.

5.1 H-Free Graphs

We give three up-to-date classifications for H-free graphs by combining the results from [6, 8,
10, 25, 26, 31, 29, 27, 32] (see Section 1.1) with our new results. That is, we took the three
state-of-the-art theorems in [31] and added both the result for H;-free graphs and the result
for (3P, 2P, P14)-free graphs from [25]. For DISCONNECTED PERFECT MATCHING we also
added the new result for Cs-free graphs for even s, as implied by our girth result. We also
compare the three partial classification with a recent, full classification of the optimization
problem MAXIMUM MATCHING CUT [30]. We write G’ C; G if G’ is an induced subgraph
of G and G’ D; G if G is an induced subgraph of G'.

» Theorem 16. For a graph H, MATCHING CUT on H-free graphs is
polynomial-time solvable if H C; sP3 4 K1 3 or sP3 + Ps for some s > 0, and
NP-complete if H 2; Ky 4, P14, 3Ps, 2P;, C,. for somer > 3 or HJ* for some 7 > 1.

» Theorem 17. For a graph H, DISCONNECTED PERFECT MATCHING on H -free graphs is
polynomial-time solvable if H C; Ky 3 or Ps, and
NP-complete if H 2; K14, P14, 3Fs, 2P, C,. for somer > 3 or HY for some 7 > 1.

» Theorem 18. For a graph H, PERFECT MATCHING CUT on H-free graphs is
polynomial-time solvable if H C; sPy + 5122 or sPy + Ps for some s > 0, and
NP-complete if H D; K14, P14, 3P, 2P, C for some r > 3 or HY for some j > 1.

» Theorem 19. For a graph H, MAXIMUM MATCHING CUT on H-free graphs is

polynomial-time solvable if H C; sPy + Ps for some s > 0, and
NP-hard if H 2; K13, 2P3, C, for some r > 3.

A subdivided claw is a graph obtained from the claw K 3 by subdividing each of its edges zero
or more times. Let S be the class of graphs, each connected component of which is either a
path or a subdivided claw. From Theorem 16, it follows that MATCHING CuT is NP-complete
for H-free graphs if H has a cycle, a vertex of degree at least 4, or a connected component
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with two vertices of degree 3. Hence, the remaining open cases for MATCHING CUT on H-free
graphs are all restricted to cases where H is a graph from S. The same remark holds for
DISCONNECTED PERFECT MATCHING due to Theorem 17, and for PERFECT MATCHING
CuT due to Theorem 18.

5.2 H-subgraph-free Graphs

For a graph H, a graph G is H-subgraph-free if G does not contain H as a subgraph. Every
H-subgraph-free graph is H-free, whereas the reverse direction only holds if H is a complete
graph. For a set H of graphs, a graph G is H-subgraph-free if G is H-subgraph-free for every
HeH.

For an integer p, a p-subdivision of an edge uv in a graph replaces uv by a path from u
to v of length p+ 1. The p-subdivision of a graph G is obtained from G by p-subdividing each
edge of G. For a graph class G, we let GP consist of all the p-subdivisions of the graphs in G.
A graph problem II is NP-complete under edge subdivision of subcubic graphs if there is an
integer ¢ > 1 such that the following holds: if IT is NP-complete for the class G of subcubic
graphs, then IT is NP-complete for GP? for every p > 1. Now, II is a C123-problem if (C1)
IT is polynomial-time solvable for graphs of bounded treewidth; (C2) II is NP-complete for
subcubic graphs; and (C3) II is NP-complete under edge subdivision of subcubic graphs.

In [20], it was shown that for every finite set of graphs H, any C123-problem II on
‘H-subgraph-free graphs is polynomial-time solvable if H contains a graph from S and NP-
complete otherwise. Le and Telle [27] observed that PERFECT MATCHING CUT satisfies C1
and proved C2 and C3 (see Lemma 12). Applying the above meta-theorem from [20] yields:

» Theorem 20. For any finite set of graphs H, PERFECT MATCHING CUT on H-subgraph-free
graphs is polynomial-time solvable if H contains a graph from S and NP-complete otherwise.

5.3 Open Problems

Apart from completing the classifications of Theorems 16-18, we also pose the following open
problem.

» Open Problem 1. Classify the computational complezxity of MATCHING CUT and DISCON-
NECTED PERFECT MATCHING for H-subgraph-free graphs.

We note that classifications of MATCHING CUT and DISCONNECTED PERFECT MATCHING
are unknown even for H-subgraph-free graphs (so when we forbid only a single graph H as a
subgraph). So far, only a partial classification for MATCHING CUT restricted to H-subgraph-
free graphs has been shown [21]. In particular, the transformations for MATCHING CUT and
DISCONNECTED PERFECT MATCHING from Section 4 do not decrease the girth and yield
graphs with many cycles of varying length as subgraphs. Hence, new techniques are needed.

Finally, with our current technique (Lemma 5) we cannot obtain a better bound on the
maximum degree of the graphs of arbitrarily large fixed girth in the proofs of Theorems 6
and 11.

» Open Problem 2. Can the two maximum degree bounds in Theorems 6 and 11 be improved?
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