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1. INTRODUCTION

This paper presents a geometric approach to discrete time multiperiod mean variance portfolio
optimization that largely simplifies the mathematical analysis and the economic interpretation
of such model settings. Using a geometric approach to dynamic mean variance optimization we
obtain closed form solutions for an optimization problem where the mean variance objective is
defined as a function of the surplus of final aggregate assets and liabilities (AL), each modelled
by a distinct state variable. In this setting, the asset-only mean variance problem recently
solved in Li and Ng (2000) follows as a special solution that can be represented in terms of
simple products of single period orthogonal returns. Specifically, we show that multiperiod
mean variance optimal policies can be decomposed in an orthogonal set of basis strategies,
each having a clear economic interpretation. This implies that the corresponding multi period
mean variance frontiers are spanned by an orthogonal basis of dynamic returns. Precisely, in a
multi period model the optimal strategy is a linear combination of a single multi period global
minimum second moment strategy and a sequence of local excess return strategies which expose
the dynamic portfolio optimally to each single-period asset excess return. This decomposition
is a multi period version of Hansen and Richard (1987) orthogonal representation of single-
period mean variance frontiers. This largely simplifies the economic interpretation of the
implied dynamic optimal policies and allows to extend the basic intuition of the standard
Markowitz model to the multi period setting in a natural way.

A first challenge in multiperiod mean variance portfolio selection derives directly from the
definition of the mean variance objective within a dynamic setting, which makes a direct
application of dynamic programming techniques cumbersome because of the lack of separability
(in the dynamic programming sense) of the mean variance objective. Indeed, some authors

(eg. Chen, Jen, and Zionts (1971)) reported enormous difficulties in solving a pure multiperiod
2
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1 Actually, the dynamic mean variance asset only problem has

mean-variance optimization
been only recently solved in Li and Ng (2000) by embedding mean variance portfolio selection
into a mean-second moment portfolio optimization.

A second challenge in multi-period mean variance portfolio choice is related to the financial
interpretation behind the optimal policies obtained in a dynamic model. Indeed, while for
the asset only case closed form solutions have been provided by Li and Ng (2000) under
the i.i.d. assumption, the economic structure and the financial interpretation of the implied
policies and minimum variance frontiers (MVF) is not transparent and is not directly reconciled
with the basic intuition provided by the standard (static) Markowitz solution. The geometric
decomposition developed in this paper for the implied optimal policies and MVF identifies the
similarities and the differences between the solutions of a static and a dynamic mean variance
portfolio selection problem. As in Li and Ng (2000) this is achieved by writing the mean
variance portfolio selection model as an equivalent mean second moment problem. However,
by contrast with their paper we make strong use of orthogonal projections to disentangle
the different basis objects and returns arising in the multi period mean variance portfolio
optimization. This provides a financial interpretation of the desired optimal policies and mean
variance frontiers which is the direct analogue to the static Markowitz model when mean
variance frontiers are represented by linear combinations of orthogonal returns as in Hansen
and Richard (1987).

A third challenge in multi period mean variance portfolio optimization arises when either
intertemporal constraints or further state variables are included in the functional form for the
underlying wealth dynamics. In this paper we focus on a particular case of this model class

by considering portfolios where liabilities are explicitly included as a second relevant state

'On the other hand, a large literature has analyzed multiperiod portfolio choice by maximizing some time-
additive expected utility of final wealth and/or multiperiod consumption; see for instance the classical papers
of Smith (1967), Chen et al. (1971), Mossin (1968), Merton (1969), Merton (1971) and Samuelson (1969). Work
extending the classical Merton (1969, 1971) portfolio model is Cvitanic and Karatzas (1992), Grossman and Vila
(1992), He and Pages (1993), He and Pearson (1991a), He and Pearson (1991b), Karatzas, Lehoczky, Shreve,
and Xu (1991), Shreve and Xu (1992a), Shreve and Xu (1992b), Tepla (1998), Vila and Zariphopoulou (1994),
Zariphopoulou (1989).
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variable, in excess of the aggregate value of total assets. Assets and liabilities jointly determine
the relevant surplus of a financial intermediary. Therefore, this problem is of major relevance
for many financial institutions like pension funds or banks where both sides of the balance sheet
have to be considered in order to develop an integrated asset liability management. Moreover,
as is typically the case in dynamic portfolio optimization, the inclusion of a further state
variable drastically enhances the computational complexity in obtaining closed form solutions.
Multi period mean variance problems for portfolio of assets and liabilities are not an exception
to this rule. However, when adopting our geometric approach to portfolio optimization we
are able to provide closed form expressions for the implied solutions and MVF. Furthermore,
we can still decompose the associated optimal returns in a way that highlights the economic
intuition for each term in the solution. In this decomposition, the asset only solution can be
identified as a specific term of the more general assets-and-liabilities optimal portfolio. We
illustrate the usefulness of our geometric representation of multi-periods optimal policies and
mean variance frontiers by discussing the following specific issues related to AL portfolios: The
impact of taking liabilities into account on the implied mean variance frontiers, the impact of
the investment horizon and the determination of the optimal initial funding ratio.

The remainder of the paper is organized as follows. Section 2 introduces a set of equiva-
lent AL portfolio selection models. Section 3 derives explicit solutions for the implied optimal
policies and MVF frontiers, as well as some orthogonal representations of these objects in
terms of some underlying basis returns. Section 4 illustrates the usefulness of our geomet-
ric representations by analyzing some specific issues related to AL portfolios while Section 5

concludes.

2. THE MODEL

Consider an investor? at time ¢ = 0 equipped with an initial wealth xy and initial liabilities
lp. The investor is allowed to rebalance her portfolio over T consecutive transaction periods

’In the sequel we simply call the financial institution under scrutiny, as for instance a pension fund or the
treasurer of a bank, the ”investor”.
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at dates 0,1,...,7 — 1. Her objective is to maximize the expected value of the final surplus,
i.e. the difference between assets and liabilities at the final date T, defined as Sp := zp — I,
subject to a variance bound and to some random dynamics for assets and liabilities, specified
below.

Without loss of generality but for simplicity of notation we define our model initially using
two assets and two liabilities. In a second step we will focus on the exogenous liabilities case
which allows for analytical formulas in the i.i.d. setting. Finally, we discuss in a short section
the case where the investor can choose from an arbitrary number of assets. It turns out, that
when adopting our geometric formalism based on projections the extension from the two assets
case to the more general model setting is straightforward.

Given two assets and two liabilities, the first asset return® (RY) and the first liability return
(QY) are used as benchmark returns for the second asset return (ét) and second liability return
(@t), respectively. The AL return processes can be cross-sectionally and temporally correlated.
We denote the expectation operator by E and the expectation operator conditional on time
t by E;. Collecting all return processes in the vector Ry = (RY, ﬁt, QY, @t)/ , we assume the
matrices

Ey(R¢R}) = covi(Ry) + E(Ry) E(R}), t =0,..,T — 1,
of conditional second moments at time ¢ to be positive definite.

For a given value of aggregate assets x; at time ¢, u; is defined as the amount invested in the
asset return Rt. The remainder x; — u; is invested in the benchmark return R? . Analogously,
given the liabilities I; at time ¢, the amount invested in the liability return Qt is vy, while Iy — vy
is the amount invested in the liability return QY. Then, the assets and liabilities dynamics can

be written as

(2.1) Tii1 = Rz + Riug, L1 = QVy + Qf vy,

3We define the return as the t + k-measurable random number Ry 44k for which Ry ¢4, = Piti /P holds, given
the price P of a financial instrument. Since we only consider one-period returns, we drop the second time index.
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with R} = Ry — RY and Q} = Q¢ — QY as the excess return over the benchmark asset and the
benchmark liability, respectively.

A standard formulation of the optimization problem of our investor is

. maxy, , E(ST)
(P1) : { st.var(Sy) < o ond (2.1)

for o > 0. Problem (P1) covers not only theoretically challenging but also practically relevant

cases. For example, situations where

e the number of assets and liabilities is (in principle) arbitrary,

e both assets and liabilities are allowed to be stochastic with arbitrary correlations,

e the implied optimal portfolio can determine optimal positions in the presence of both
assets and liabilities,

e the optimal solutions provide a dynamically optimal portfolio strategy.

As an alternative, the portfolio selection problem (P1) can be posed in a different form. It

is well known that (P1) is equivalent to problems (P2) and (P3) below:

, min, , var(St)
(22) (P2) : { St E(Sp) = e and (2.1)
for ¢ > 0 and
(2.3) (P3) : { mMaXy,y [EETS;?F()z‘—l)wvar(ST)] ’

for some strictly positive risk aversion parameter w. Indeed, if ¢* = (u*, v*)/ solves (P3), then
it solves also (P1) for the final surplus variance implied by ¢* and (P2) for the final surplus

expected value implied by ¢*. Further, at the solution ¢* of (P3) the identity
_ O0E(St)

Ovar(Srt)

holds true (see Li and Ng (2000)). As a consequence, from a mathematical point of view we
are free in the choice of which problem to solve in order to provide a solution to either (P1),

(P2) or (P3)%.

“Notice, however, that (P1)-(P3) are economically not fully equivalent. Indeed, from a more practical viewpoint
(P3) is the most demanding one, as it requires the explicit quantification of the investor’s trade-off between risk
and return (quantified by the parameter w).
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A serious difficulty in solving problems (P1)-(P3) directly, is their non-separability in the
sense of dynamic programming. Indeed, it is well-known that conditional expectations satisfy

the tower property,
(2.4) Es(Ei(-)) = Es(), t>s,

while conditional variances do not. Therefore, in the sequel we adopt a more indirect approach
that embeds (P1)-(P3) into a new model which is separable. Following Li and Ng (2000), the
approach for finding a solution to multiperiod mean-variance problems of the form (P1)-(P3)

is to introduce an alternative optimization problem (P4) such that:

e The solution of (P4) provides a solution of (P3) (and hence also of (P1) and (P2)).
e (P4) is a linear-quadratic optimization problem, i.e. a standard problem in dynamic

programming.

It turns out that

(P4) : { mMaxy, , [E()\ST — wS%)]

s.t.(2.1)
satisfies both of the above requirements. When comparing (P3) with (P4), we remark first that

(P4) is defined using an extra parameter A. Second, (P4) is accessible to dynamic programming
because second conditional moments satisfy the tower property (2.4). For the set of solutions

to (P3) and (P4), respectively, Li and Ng (2000) show for the assets-only case that:

e any solution of (P3) is also a solution of (P4),

o if ¢* is a solution to (P4) for given (A\*,w), then it is also a solution to (P3) for:

(2.5) A =1+ 2wE(Sy)

o -
Therefore, solving (P4) for arbitrary A\ provides a systematic way of determining the corre-
sponding solution of (P3) by imposing condition (2.5). Remark that in our asset-liability
optimization problem the same functional form for the (linear) state dynamics and the (qua-
dratic) objective function as in the asset-only case arise. Therefore, Theorem 1 and 2 in Li

and Ng (2000) can be applied with only slight modifications to cover also mean variance AL
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portfolio problems. For completeness, the next proposition summarizes the relevant results

required for the subsequent AL analysis®.

PRrROPOSITION 2.1. Consider the function
U (E(St), E (S%)) = E(St) — w - var(St)

and write ¢*(w, X) for a solution of (P4) and ¢*(w) for a solution of (P3), respectively.

1. U is a convex function of E(Sr) and E (S7).

2. Let

AU
=——=142wFk .
Then ¢*(w) solves (P4) for a pair (A, w) satisfying X\ = d(¢*(w), w).

3. The condition
(2.6) A=A =d(o"(w, N),w)

is necessary for ¢*(w, \) to be a solution of (P3).

Making use of Proposition 1, we focus in the sequel exclusively on Problem (P4) to provide
solutions to the multiperiod AL Problem (P1). Specifically, for computing a solution of (P1)
for a specific risk aversion parameter w, one first has to provide the solution ¢*(w, A*) of (P4).
Moreover, note that the multiperiod MVF implied by (P1) and (P4) are the same, because

(P1) and (P4) induce the same solution sets.

3. Two-ASSETS OPTIMIZATION WITH EXOGENOUS LIABILITIES

A special case of Problem (P4) arises in the often relevant case where the structure of
liabilities is not under the control of the financial institution under scrutiny, but rather implies
a dynamic constraint on the final portfolio’s surplus. This problem is a multiperiod version
of the static problem in Sharpe and Tint (1990) and Keel and Miiller (1995). Thus, in the
remainder of the paper we focus on unconstrained AL optimizations of the general form (P4),

where no explicit constraints on the surplus Sy at any date ¢ are active and where the liabilities

5All proofs are in the Appendix. The proof of Proposition 1 is given for completeness.
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dynamics are exogenous, i.e. the structure of liabilities cannot be optimized. The methodology
presented below can be naturally extended to account for intertemporal portfolio constraints
on AL and for endogenous liabilities dynamics (see Leippold, Trojani, and Vanini (2002)).
However, such a more general problem will not allow for fully explicit formulas of the implied
AL optimal policies and MV frontiers, also in the simplest situation of i.i.d. returns. To express
the optimal policies for the AL portfolio problems considered in the paper, the following matrix

notation is introduced.

NoTATION 3.1. Let v = ﬁ and for t =0,..,7 — 1 define:
1 RY 0 Rl 0
I= , Dy = ¢ , Gy = ¢ ,
() 2= @) o= (T a)
o Tt o Ut
(37) Zt—< lt > ,dt— < Ut) .

The matrix D; is the benchmark return matrix and G; the excess return matrix relative
to the benchmark for the asset and the liability, respectively. Notice, that the exogenous
liabilities case follows, with the above notations, by imposing the constraint [, = 0 for the
amount invested in the second liability return Qt, ie. di = (ut,0). On the other hand,
Notation 3.1 can be used without crucial modifications to handle also more general model
settings (see again Leippold, Trojani and Vanini (2002)) and allows us to fully exploit the

quadratic structure of our AL problems in the proofs presented in the appendix.

3.1. Basic Problem and General Solution

By imposing the constraints vp_ = 0, k = 1, .., T, the relevant optimization problem with

exogenous liabilities can be written as:

2
(3.9) max, [E(’yST — ST)}
st (21) , vp_p=0,k=1,..,T
Let €] = (1,0) and define recursively for & = 1,2, .., T, the matrix sequence of excess returns

as

RO¢ 0
3.9 DS, = T—k . ] ,
(3.9) < [ o
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where

Er_y (Rg“efk+1R%“7kR%efk+lR%7k)

Oe _ Oe 0 Oe 1
Ry = Ry Rp g — " Ry R Ry,
Ep_y [(RT—kHRT—k) }
Oe 1 Oe 0
Oe _ Oe 0 Er_y (RT—k+1RT—kQT—k+1QT—k) RO Rl
T—k — T k1 @7k — T—k+14VT—k >

Ep_y [(ROTe_kHR%—k)ﬂ

where the initial matrix D7 € R2*2 is the identity matrix. The optimal AL policy is defined by
the quadruplet (v — w}_, uwh_;,l7—k,0), where the first component is the optimal investment
in the benchmark asset, the second one the optimal investment in the second asset and the
third one the optimal investment in the benchmark liability. The fourth component is zero by
construction in the current setting, so that for the exogenous liabilities problem under scrutiny
only uj._, really needs to be determined. The optimal policy to (3.8) is provided by the next

proposition.

PROPOSITION 3.2. Given the optimization problem (3.8), the optimal policy for k =1,2,..,T,

equals (Tp— — Wp_p, Wp_p, l7—1, 0), where

. A Er k(D 1 Grp)'1
¢ Eri (G4 D7y I Df_ 1 Grg) ex

e\ Br (Géth%lkaﬂfD%kaDT—k) ATk
By (Gp_yDf_j iy IT DG Grp)er

Ur_k

(3.10) -

The optimal policy u}._, in Proposition 3.2 is a linear combination of a state-independent
portfolio weighted by a risk aversion related term (the coefficient ) and a state-dependent
portfolio related to the contemporaneous level of assets and liabilities. The optimal coefficients
of these two basis portfolios are described by a function of the second moments in the excess
returns matrices DG and D®D. In order to clarify the structure of the optimal policy in
Proposition 3.2 we therefore first consider the one- and two-period model setting in some more
detail. With the insights gained from this preliminary analysis, we then introduce a geometric
symbology based on orthogonal projections which allows us to fully understand the structure

of the AL optimal policies and MVF also within a general multiperiod model.
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3.2. Single-Period Optimization

For k = 1, Proposition 3.2 provides the solution to the static problem in Sharpe and Tint (1990)

and Keel and Miiller (1995). The optimal one-period policy directly follows from (3.10),
* ellE(GT_l)/I ellE (GlTillllDT_l) 2ZT—-1

YT T T B (G IUGr) e € E (G IUGr_y) el
E(Ry_y) E (RIT—IR%—I) -1 — B (R%’—lQOT—l) lr—

E((R)’) (7))

State Independent State Dependent ALM MSM Portfolio

The optimal portfolio consists of a state-dependent portfolio yielding a minimum second mo-
ment (MSM) surplus at time T' (see below) and a state-independent portfolio (weighted by the

risk aversion term «y). The implied optimal surplus at time 7" is

St = xRy —lp1QF_y +up_Rp_,
(3.11) = ar AR —lp Q¥ | + YR,
where
RL RO ) (RO, R:_,)
ROe_:RO__(TlTl _ RO AP0 )
T B(myy) T BB
E(R}:_,Q%_,) (QF_1, Rr_q) )
Oe 0 T—1%T—1 0 T—1>""T—-1
o= QY — 3 =Qp  — =R,
T () T R R
E 1 1 1
(312) R%e_l _ (RT—l) R%‘—l _ < ’RT—1> 1

p((re)?) T RE R

We denote by (-, -) the scalar product in the space Lo of square integrable random variables and
by 1 the risk free payoff of 1 at time T'. Hence, the returns R , Q% | in (3.11) are orthogonal
projections of benchmark assets and liability returns on their orthogonal complement relatively
to the asset excess return RIT_17 while R%Fe_l is an orthogonal projection of the pay-off 1 on
the asset excess return. This suggests that for an extension of the static result (3.11) to
the multiperiod setting a geometric notation based on orthogonal projections would highlight

the general structure behind multiperiod AL portfolio problems. We introduce the relevant

definitions below.
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DEFINITION 3.3. Let P : Ly — Lo be an orthogonal projection, that is P is self-adjoint and

P2 =P.

1. We denote by Pps,._, (X) the orthogonal projection of a vector X7_j € Lo on a finite di-
mensional subspace Mp_j C Lo. In particular, we will write Py, _, (X) for the orthogonal
projection of Xp_j on the space spanned by Ypr_ € Lo.

2. For a subspace M C Lo, we write M~ for the orthogonal complement of M, that is the
space of all vectors Y € Lo satisfying (Y, X) = 0 for all X € M. Similarly, Y+ denotes the
orthogonal complement of the vector space generated by Y. Hence, for any two vectors
X,Y € Ly it follows:

X =Py (X)+Py. (X).

Equipped with these definitions, we rewrite the equations in (3.12) in a more compact form

(see Figure 1):

(3.13) R%efl = ]P)Rlval (RO) ) %671 = ]P’Rlval (QO) ) R%’efl = ]P)Rlel(]l)-
In particular, (3.13) stresses the fact that the optimal final surplus S7 has been decomposed

in (3.11) as a linear combination of two Ls-orthogonal pay-offs, namely xT_l]P)R;J - ( RO) _
lT,lPRlT,fl (QO) and PR%_l(]l)’ The pay-off difference
rraPpio (RY) = lr P (Q°)

is the one-period global MSM final surplus, which is obtained as the difference between a
one period assets-only and a one-period liabilities-only MSM pay-off (corresponding to v = 0,
Ilr—1 =0, and v =0, z7_1 = 0, respectively). On the other hand, ]P’R1T71(Il) is the asset excess
return which is nearest to the fictive risk-free pay-off 1 (in Lo norm). Notice, that while the
global MSM pay-off xT_1PR1T,f1 (RO) — lT—lPRlT*fl (QO) is the final surplus of a portfolio with
a generally non zero initial position in both assets and liabilities (xp_g, lp_ > 0), the pay-off
P RL . (1) is an asset excess return and can be generated by a zero initial cost portfolio investing

only in the available asset returns R%_l and RT,l.
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(=benchmark liability return)

1 He
QE]; (=proi. of QU S Ru) RT—W (=excess asset return)

Oe
R

-] 0 315
(=proj. of Rm on Rm)

Te
RTW

1
(= proj. of 1 on RM)

1 (=payoff of 1in all states)

RIL

T-1
(=orthogonal excess (= benchmark asset return)
asset return)

FIGURE 1. Geometry of the projections.

The orthogonal decomposition (3.11) represents the MVF for Sy, which is defined below for

completeness.

DEFINITION 3.4. A final surplus St belongs to the MVF if its variance is minimal for some

targeted final expected surplus.

We set
St—10 = fol]P)R;fl (R") — lTAPRlT,fI Q") ,

for the MSM surplus and define

Ay =
(PRI <11>)
By — E(Sr-10)
BBy, 0)
(3.14) Cr-1 = M E(St_10) -

E (PRIT,IGU)

The explicit expression for the MVF associated to the static version of problem (3.8) is given

in the next proposition.
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PROPOSITION 3.5. Any surplus St on the MVF is of the form

St = .Z'T_l]P)Rl,J_ (RO) — lT_lPRlT’i'l (QO) + ’YPR%il(ﬂ) ;v ER.

T—1

The MVF in (E (St) ,var(St))-space is given by
var (Sr) = Ar—1 - [E(Sr)]> = 2Br_1 - E (Sr) + Cr_1,

with AT—l) BT—I; CT—I; deﬁned m (314)

We note that while By_1 and Cp_1 depend on QOT_l, the MVF curvature parameter A7_4
does not. As a consequence, in a static AL optimization with exogenous liabilities the implied
MVF if affected by liabilities in only two ways. First, through a “vertical” shift caused by the
parameter Cr_1 and, second, by a “sidewise” shift caused by the parameter Br_;. Therefore,
the introduction of liabilities induces a pure translation of the MVF in the mean-variance
space, caused by a modified global MSM surplus S7_19. The direction of the translation of
the AL MVF depends on QOT_l only through the first and second moments of S7_1 o, which

can be computed explicitly. A similar structure arises in the multiperiod setting below.

3.3. Two-Period Optimization

To clarify the differences between single-period and multiperiod optimizations we consider
next the two-period problem. Thanks to the geometric notation (3.13), the structure behind

the solution for the more general case will be evident. For k = 2 the optimal policy is
BB By o)
Er—s ((R%eflR%Lz)Q)
State Independent
_Er (BT R R\ Ry ) w02 — By (RY% Ry, Q7 Q7 ) lr—2
Brs ((RY B}_,)%)

State Dependent ALM MSM Portfolio
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Recall that the expressions RT 1> %e_l contain expectations with respect to information avail-

able at time T' — 1. In analogy to the single-period case we decompose the optimal surplus at

time 1" as
Sy = (xT—2R%—2+Ui}—2R1T—2) RY | —lr—2Q7 Q% | + YR,
(3.15) = 2poRY 5 —lr2QF o+ (R1T6—2 +R%e—1) )
where®
(RL_,R% | RO ,R% ) |
R%efz = ROTf2R(7]“ef1 =2 Te LIz e RT 2RT 15
(Rp_oRY 1 Rp R )
0e 0 0e <RT oRY 1, Q7 ,QF
T—o = QroQr_;— Rp_oRY |,
<RT oRY |, Ry, RYE >
1, RYL R
(3.16) R, = LR LY Ry Ry,

(Rp_oRY 1 Ry R )
Comparing (3.16) with (3.12), we see that the returns R¥ ,, Q% ,, R¥ , are more complicated

projections than in the static case. Specifically, by Definition 3.3 we have:

Oe 0 0e 0 0
REs = Py e )t (FRRE) =Py e o (P, (R)
0e  _ 0 0 \ _ 0 0
T—-2 — HD(R%72R%671)L (QT72QT*1) - ]P)(RlT,gR(%e,l)l (QT*QPR;fl (Q )) )
Rits = Plry_ynge ) (D)
Hence, {RT 2,@ } and R are orthogonal sets of returns. Moreover, by the law of

iterated expectations,

<RT 2RT 1,R%71> = <R%~,2PR;: (R) RT 1> 0,
(Rp_oRY* 1, Rp_1) = <R%,Q]P’R%Hfl (R%), Ry_ 1>

(QF2Q¥ 1 Rhy) = (QFoPps (@), RE_y) =0,

0,

implying

span {RT 27QT 29 1TiQ} 1 Rlel'

SFor simplicity, we use the notation (+,-) for the scalar product conditioned on the information at time 7' — 2
(eg. also Hansen and Richard (1987)). No confusion should occur.
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As a consequence, (3.15) is an orthogonal decomposition of St in a linear combination of three
Lo-orthogonal returns xT_QR%iQ — lT_gQ%iQ, R%,iQ and R%pil. Therefore, the same general
geometric structure as for the single-period case arises: Single projections are replaced by
compositions of projections on suitable subspaces of random variables measurable with respect
to information at time 7" — 1 and T — 2, respectively. Precisely, :cT,gR%e_2 — lT,2Q0T6_2 is now
the two-period global MSM return for AL portfolios, obtained as the difference between a two-
period asset-only and a two-period liabilities-only MSM payoff. Further, R%e_Q is the projection
of the final risk free pay-off 1 of the space of two-period asset excess returns orthogonal to the
final period excess return R%Ll. This space is generated by the two-period asset excess return
RL ,R% . RL , is the asset excess return of a zero initial cost investment from 7' — 2 to
T — 1, while Rg{l is the return on the one-period MSM asset only portfolio. Therefore, R%‘iQ
can be interpreted as the two-period asset excess return of a particular asset-only - zero initial
cost - strategy which is exposed to the second asset risk only in the transaction period from
T — 2 to T — 1. Roughly speaking, this portfolio produces a ”local” exposure to the second
asset return relatively to the benchmark asset return over the time span from 7T'— 2 to T — 1.
Therefore, we can interpret R1T5_2 as a "local”, two-period, excess asset return. Summarizing,
the final surplus St has been decomposed as the orthogonal sum of a two-period MSM surplus
:cT,gR%e_Q — lT,gQ(%e_Q and two "local” asset excess returns R%FG_Q and R%Fe_l. An analogous
decomposition arises in the general multiperiod setting below.

Since the MVF implied for the two-period model can be represented by a linear combination
of orthogonal pay-offs, the same arguments and proofs as for the static case readily apply
with comparative statics for the two-period MVF that can be computed explicitly. However,
compared to the single period case, a major difficulty shows up. When calculating the MVF,
some non-linear nested difference equations for R%, R' and Qge have to be solved. Considering
the difference equations further, it appears that a convolution operator over time characterizes

the non-linear part.
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Having clarified the basic geometric structure of the solutions in the simplified two-period

setting we now discuss the general multiperiod case.

3.4. Multiperiod Optimization

For arbitrary k, the optimal policy u7._, is again a linear combination of a state dependent
and a state independent portfolio. We omit the explicit expression corresponding to (3.10),
since it follows from the above arguments. Iterating the same arguments as for the two-period
model, the orthogonal decomposition generalizing (3.11) and (3.15) to the k-period setting is

obtained by decomposing the optimal final surplus as

k—1
(3.17) Sro= wr kR — Ik QF 4+ ) R s
i=0
where
ROe — P RO ROe ’
Fr = Pl ) (RERE )
Oe 0 Oe
= P ,
QT—k (R%*,kR(q)*e,]ﬁLl)l (QT—kQT—k+1)
le _
Brwei = Pray om0 @

Hence, the set of T-time pay-offs

{zr kBRI ), — 0k Q¥ 4 BRI g R0, R }
is an orthogonal system whose span contains the k-period MVF. We call the set B = {R%e_ o
%e_k, R%e_k,...,RlTe_z, R%f_l a dynamic basis of the model. Recall that for any j = 1,..,k —
1, R?Fe_kﬂ is a k — j-period asset only MSM return. Therefore, the return R,}Fe_kH can be
interpreted for any ¢ = 0,..,k — 1 as a "local”, k — i-period, asset excess return (cf. again the
discussion in Section 3.3 for the two-period setting). Summarizing, the final surplus St is thus
decomposed in an orthogonal sum of a k-period MSM surplus xT_kR%ik — lT_kQ%‘ik and k

”local” asset excess returns R%Fe_ JR R%ﬂe_l.
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Expression (3.17) yields an easily interpretable representation for the multiperiod MVF

implied by the underlying model parameters. Indeed, setting

k-1
Sr_ko = 27—k R¥ = lrkQF 1, ST—he = > RI 4oy
i=0
and
1 E(S7_10) [E (Sr—k0)]? 2
318) App= —— 1, Bp = 2 2Tk0) o LBWOTROL | pgz Y
(3.18) Ar_y F(Srxs) Tk = (e T T B (Srre) (S7—k0)

the implied k-period MVF is determined in the next proposition.

PROPOSITION 3.6. Any surplus St on the k-period MVF is of the form:
(3.19) St = S7—ko +VS57—ke, v ER,

and the MVF in (E (St),var(St))-space is given by

(3.20) var (St) = Ap_y, - [E (S7)]* — 2Br—_ - E (S7) + Cr—ic »

with -AT—k; BT—k; CT—k deﬁned m (3.]8).

Using the above decomposition of the optimal surplus, the contribution of taking liabilities

into account in the assets optimization can be immediately disentangled:

k-1 k—1
St = w1 1 RY j +vS1-ke — Ik [ [ @F—iys — 74 <QOTek -11 Qg‘k+i) :
i=0 i=0
(A) B)

(A) is the optimal surplus when neglecting liabilities in the portfolio optimization and (B) is the
excess surplus when taking liabilities into account. Whereas (A) depends on the initial levels
of assets and liabilities, the moments of the asset return processes as well as the investor’s risk
aversion, the excess surplus (B) only depends on the initial level of liabilities and the joint
moment structure of both assets and liabilities, but not on the risk aversion.

In principle, given a times series model for returns, the pay-offs in (3.19) can be made more
explicit in order to obtain the implied optimal policy and the MVF in (3.20). For the i.i.d.

benchmark case the following closed-form expressions hold for the dynamic basis B.
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ProprosITION 3.7. If returns are i.i.d. it follows fori1=0,..,k — 1:
k—1
P 0
[P, (7).
=0

Ri jyi = Pri e H Pe . @@,

Oe
RT—k

Jj=i+1 fr— k+j
k—1 k-1
Oe _ 0
T—k — HQT—k+i_ E ]P)R; k+1 H Pp RlL RO) HQT k+j
i=0 i=0 jmitl Tk

The explicit expressions in Proposition 3.7 can readily be calculated because they are simple
products and (or) linear combinations of projections of single-period AL returns. For instance,

the return R%ﬂ i equals

RY , = HP ;LHZ (R%) = HE [RT k+z’RT k+z]’

which is a product of predictlon errors of RT_ p+i using the instrument Rflp_ ppir ©=0,0 k=1
Given the explicit expressions for the dynamic basis in Proposition 3.7, the explicit structure

of the optimal strategy wy_, is obtained.

COROLLARY 3.8. If returns are i.i.d. the optimal policy u}._, for problem (3.8) is given by
Wp_p = Yup_g — (u%“—kxT—k - UZT_le—k> ;

where

k—1
0
Lol (R (1P (B)

Ur—p = 1 1 k=17
Ry, Rp_y) <PR1’J‘ (R0),Pp1s (R0)>
T—-1

T—-1

0 p aoy\F!
QG Rh) Qe ()
R ,le > k-1~
T-1: 87 4 <IP’R1,¢ (RO)’PR¥f1(RO)>

T—1

In Corollary 3.8 the part wf,_,x7_j of the optimal policy is proportional to the total assets

value z7_j at any time T' — k. Notice, that the coefficient u7._,, is time-invariant and depends
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only on the (second) moments of the assets return process. Similarly, the part uép_ wlT— 1S pro-
portional to the total value of liabilities I7_;. However, the coefficient uif_k is time-dependent
and depends on the joint (second) moment structure of the AL return process. Finally, the
state independent, but risk-aversion dependent, deterministic assets portfolio 'yu%ﬂfk is (as
uéf_k) time-variant and depends (as u7._,) only on the moments of the assets return process.
By contrast to u}_;, in U%Lk both the first and the second moments of the assets return
process are present.

Clearly, whenever ule ;. is zero for all k, the presence of liabilities does not affect the implied
optimal solution. Two cases can be identified for which the optimal portfolio composition is

independent of liabilities. The first case requires the scalar product of the benchmark liability

return and the excess asset return to be zero, i.e.,

(3-21) <Q(1]“—17R%—1> = 0.

The second condition requires the benchmark liability return to be orthogonal to P11 (RY),
T—-1
which is the part of benchmark asset return orthogonal to the excess asset return. Specifically,

this boils down the condition

(3.22) 0= <Q0T717 R%71> <R%‘717 R%Ll> - <R(%717 RlT71> <R%‘717 Q%71> )
which can be interpreted as a singularity condition on the matrix

(B Q) ) (R B
<RT717 QT71> <RT717 RT71>

of AL returns second moments. Corollary 3.8 also identifies clear conditions for a myopic
strategy to be optimal also in the multiperiod setting. Indeed, from the definition of u%ﬂi i and
ulT_k we see that a myopic strategy can be optimal also in the multiperiod model if and only
if

<]17PR1TL_1(RO)> = <Q(7)“717PR%}_1(R0)> = <PR1TL_1(RO)7PR1TL_1(RO)> .
As a consequence, for a given arbitrary joint moment structure of assets and liabilities the

myopic strategy yields typically a suboptimal dynamic portfolio in the multiperiod context.
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Moreover, the final assets value of an optimal and a myopic strategy can be computed explic-
itly using our projection formalism, and the differences between the final pay-offs of the two

strategies can be clearly identified, as in the next immediate corollary.

COROLLARY 3.9. If returns are i.i.d., the final asset value for the myopic investor, x17, is given

by

k k-1 k-1 i1
Ty = Tr—g H PRlTL_k(RO) + g Z Pri ., (Q°) H Prit .., (R%) H QT—k+j
i=1 i=0 =0

j=i+1
k—1
ey T1 Pry,, (7
+7 Z R%"—k+z R%"L k+] ) ’
i=0 Jj=t+1

whereas the final asset value implied by a dynamically optimal strategy, x7., is given by

k k—1
Ty = xT*kHPRlTL_k( )+l kz ]PRT k+1(Q0) H R%"L (RO) HQT wt
i=1 Jj=i+1
k—1
+VZ [PRIT k+z H PPRU-k (RO)(]I)
=it —k-+j

Comparing the final asset values 7 and z7%. in Corollary 3.9, the differences arise only be-
cause of the different projections IP’P (roy(RY), Pp o (roy(RY) in 2} and Pp - roy(1),

Lt “kti ~ktj
( Ro)(QO) in o7, respectively. More specifically, the following features hold:

]P’]pRl .
e In the simple case, where there are no liabilities, [7_; = 0, and the investor is arbi-
trarily risk averse, i.e. v — 0, the investor is not concerned about time-diversification
effects arising from multiperiod optimization. The myopic strategy coincides with the
dynamically optimal strategy. However, as soon as there are non-zero liabilities, the two
strategies diverge, even when v — 0.
e For z7_; — oo (“unbounded wealth”),l7_, — 0, the accumulation of assets (27} /zp_j
and x%./x7_f, respectively) is equal for both the myopic and the dynamically optimal
strategy. The final assets return corresponds to the one of the global assets-only MSM

strategy. In this case, the investor is indifferent between the two strategies, at least in an

approximate way.
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e The difference of the two strategies only enters in the parts, which are dependent on the
current value of liabilities [7_ and the risk aversion . However, the part that depends
on the current asset value z7_j remains unaffected, i.e. the assets-only MSM portfolio is

the same for both strategies.

To study the behavior of the MV frontiers in a general multiperiod AL setting, we also
need an explicit expression for the surplus variance in terms of E(S7). The next corollary

accomplishes this task and provides explicit expressions for the implied MVF in the i.i.d. case.

COROLLARY 3.10. If returns are i.i.d., the k-period MVF in (E (St), var(St))-space is given
by:
var(St) = Ap_i - [E (ST)]2 —2Br_-E(St)+Cp_y , k=1,..,T,

where Ap_k, Br_i, Cr_ are defined in (3.18) and the following explicit expressions hold true:
k—i—1
<]l RT k+z> = <117]P>R1T_1 (]l)> <]1 Pp L L (R9) (Il)> )
T 1
k
LREL) = (LPu. (R)

k—1 k—i—1
<]la Q%e—k> = ]1 QT 1 Z Il QT 1 <]l7 IPR%Ll (QO)> <H7PPR1,L (RO) (Q0)> ’
i=0 T=1

and

(R k,R%im = (1P (RY)
(@ R = (@ P (R0))
(@94, Q%) = (@91, Q%)

k—1

- k—i—1
(@108 ) (@ Py, @) (@ 1P, ) (@)
i=0 =1

Since all required scalar products in Corollary 3.10 can be expressed as sums and powers
of simple scalar products of single-period returns and projections of single period returns,
computation of the desired multiperiod frontiers becomes a straightforward task in applications.

In Section 4 we illustrate the usefulness of the representation in Corollary 3.10 by quantifying
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the impact of the investment horizon on the AL multiperiod MVF in some numerical examples

and by characterizing analytically the set of inial funding ratios.

3.5. Several Assets

When using the geometric projections formalism introduced above, the generalization of the
solutions for a two assets-one liability model to a general setting with an arbitrary number of
assets becomes a straightforward task. In this section we briefly show how this can be achieved
without modifying the basic geometric structure of the previous sections.

First, we extend the asset return processes to an R("1_valued process given by:
(R}, R, R, Ry io, 1 -
Then, we define by R; = (R}, R?, .., R?) the row vector of the extended matrix of assets excess
returns,
R= (Ré‘)lgign,ogngfl ’
with R; = R; - R?. By u} we denote the amount of current total assets value x; that is
allocated to the asset with return R! at time ¢. The implied assets and liabilities dynamics for

the multi-assets case is
Tep1 = Ry + Rewe i1 = QY + Qjor

with u) = (u%, ,u?) Hence, the state dynamics for assets and liabilities can be written in
matrix form as

2t41 = Dz + Gydy
with D; defined in Notation 3.1 and G, d; given by

Rt 0 ("

=Lom @ ]a=()

Formally, the relevant multiperiod portfolio problem is of the same general form as in (3.8):

{ maxy,, [E(vSt — S7)]

(3.23) st (21) , vp_p=0,k=1,..,T ~’
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with the only difference that now the control variable u is a vector valued process. Define now

recursively for k = 1,2, .., T, the following matrix sequence of excess returns

. ROef 0
DT—k: |: =F Oe :| )

0 T—k
where
R(J)“efk = R%fkR%ofk+1
_RTfkR%O—kH [E (R/T—kRS“O—kHRTfkR%Okarl)] ! E (R/T—kRsp—kHRg“—kReTO—kH) ’
OTefk = QGT(LkJrng‘—k

0 0 0 -1 0 0 0
_RT—kReT—kH [E (R/T—kReT—kHRT—kReT—kJrl)] E (R/T—kReT—kHQT—kQ%—kJrl) )
for an initial identity matrix DS € R2*2 With these definitions, the optimal policy to the n

assets - one liability problem in (3.23) is immediately obtained as for the simpler case analyzed

in the previous sections.

PROPOSITION 3.11. Fork =1,2,..,T, the optimal policy d¥_, = (u}lfk, 0) for problem (3.23)

s given by:

* e e 71 e
Wy = v[E (R R a Rr—ikRY 1) E(Rp_RY i)

-1
- [E (Rél“—kR%e—k—i-lRT—kRg“e—k-&-l)] E(Ra“—kRg“e—k+1iDT—kD%—k+l)ZT—k'

For the implied optimal surplus at time T it follows:
k—1

(3.24) St = RY jar i+ Q¥ wlr—i+7 Y Paryy (1),
i=0
where Mp_jy; is the linear span of the vector Rpr_j4+; weighted by the orthogonal returns

R%e_ k+ir1- Following the same arguments as for the case with two assets, the same geometric

structure for the optimal portfolio policy arises.

COROLLARY 3.12. If returns are i.i.d. the optimal policy d¥_, = <u*Tl_k, 0) for problem (3.23)
s given by:

* 1 x l
Up_j, = YUp_f — (qukwak - qulefk> ,
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where
1 o\ E-1
P,.. (R >
(1P (R)
. G\ R
P... (R%,P,. (R >
<MTL_1( )sPass (RY)
T _ / -1 / 0
Ur— = [E(RTART—l)] E(RTARTA)v

Wby = [ERy_Rr1)] " E(Rp_i0) -

<Q%717 PMZ{I (R0)>k_1

(Bas (RO).Byy (RO))

and Pys,, | denotes the projection on the linear span generated by Rr—_i.

iy = [E(RroRea)]” B (Rp_1Q9-) -

As expected, the same basic geometric structure as for the two assets case arises. Specifi-
cally, u}_,x7_j is now a vector of allocations proportional to the current assets value xr_y,
with weights u7._, that are time invariant and that depend only on the joint second moment
structure of assets returns. The portfolio part ulele_k is defined by time varying weights
ulT_k that depend on the joint second moment structure of assets and liabilities. Finally, u%r_ I
depends again on the first two moments of assets returns. Moreover, notice that in the time
varying coefficients defining the time varying part of ulT_ . and ulT_ > brojections are now on
the space orthogonal to all assets excess returns.

Using Corollary 3.12 we can easily derive for the implied AL-MVF analogous features as the
ones proved for the simple two-assets model. We omit the corresponding proofs and results
since they are identical to those presented in the previous sections (cf. for instance Proposition
3.6), basically only with projections on the space spanned by RL_; in the two assets model

that are replaced by projections on the space spanned by the n — 1 dimensional set Rp_; in

the multi assets context.

4. APPLICATIONS

In this section we illustrate the usefulness of a geometric approach to multiperiod mean
variance portfolio selection by analyzing in some numerical example a few specific issues related
to the multi period optimization of AL portfolios. We illustrate (i) the time diversification

effects arising through a dynamic policy selection, (ii) the impact of the investment horizon
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on the dynamically optimal portfolio weights, and (iii) the determination of an optimal initial

funding ratio for AL portfolios.

4.1. Time Diversification and MVF

We consider a model with i.i.d. returns and an investment horizon of one year split into
h transaction periods. We compare the MVF implied by a dynamically optimal investment
strategy and the one implied by a static strategy that fixes the optimal portfolio once at the
beginning of the investment period. This helps in quantifying the time diversification effects
deriving from adopting a dynamically optimal AL strategy in mean variance portfolio selection,
given an a priori moment structure of the AL return process.

The dynamic strategy rebalances the portfolio h times according to the optimal portfolio
weights calculated by the dynamically optimal multiperiod strategy of the previous sections
(cf. Corollary 3.8) and uses h i.i.d returns with the associated first and second moments to
model the implied AL dynamics. By contrast, the static strategy optimizes the portfolio once
at the beginning of the investment horizon and based on yearly returns with the associated
first and second moments. In this case no portfolio rebalancing occurs after the initial date.

We fix the inial assets and liabilities as xg = lp = 1. The vector of expected returns of the
two assets and the benchmark liability, respectively, is u = (u1, g2, p3)’, so that the expected
excess asset return, F(R'), is given by g2 — 1. In our examples the vector of yearly mean
returns is

p = (1.03,1.13,1.04)’

The matrix of second moments returns is obtained from a yearly covariance matrix X given by

0.0040 0.0026 0.0006
Y= 0.0026 0.0589 0.0149
0.0006 0.0149 0.0100

To obtain the relevant moment matrices for a dynamic strategy optimizing over h transaction
periods we first write each yearly return as R = H?:o R; and then compute the relevant

moments using the i.i.d assumption. Figure 2 plots the implied MVF for h = 1,2,12, 360.
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FiGURE 2. Dynamically Optimal Strategy vs. Static Strategy. The MVF
through point C is the frontier implied by a one-year surplus optimization. The
frontier through point B is the frontier of a one-year surplus optimization with
one rebalancing after six months (i.e. h = 2). The frontier through point A
is the frontier with monthly rebalancing (i.e. h = 12). Finally, the frontier
plotted with a straight line is the MVF implied by a strategy that rebalances
daily the AL portfolio (i.e. h = 360).

For the given parameter choice, the MVF are basically shifted to the left when h increases.
Specifically, point C, B, A, on the different frontiers show that for the given level of expected
surplus the implied variance decreases from about 0.047 to about 0.042 and 0.038, respectively,
when going from a static optimization to one with 2 and 12 subperiods, respectively. Finally,
the MVF implied by h = 360 (the straight frontier in Figure 2) is very near to the one
implied by A = 12. Therefore, in this example it seems that for practical purposes a dynamic
optimization involving no more than 12 subperiods would produce a mean variance performance
that is essentially indistinguishable from the one obtained by an almost continuous optimal

rebalancing.
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4.2. Investment Horizon and MVF

This section quantifies in some numerical example the dependence of the dynamically optimal
AL portfolio structures on the given time horizon. We achieve this by considering an investment
horizon composed by T" = 36 transaction periods and by analyzing the dynamics of the implied
MFYV for the terminal surplus as a function of a decreasing time horizon 7' — k (an increasing
current time k). Specifically, we focus on the changes in curvature of the MVF that are implied
by the dynamically optimal strategy when the investment horizon 1" — k shrinks to 0.

Recall that the MVF at time k for the time horizon T is given by
var (ST) =Ap_p - [E (ST)]2 —2Br_1 - F (ST) + Cp_p, .

As already noted, we restrict ourselves to the discussion of the curvature parameter Ap_j.

Using Proposition 8 the dynamics of the curvature parameter Ap_j in terms of Ap_g, s > k,

are

1=y L R ([ O
(425) AT_k - ?WAT_S + 1 — w (1 — wk) 9
where

<]17 PR;"fl (R0)>2
VT P (RO), s (R0

For the given time horizon T we determine the initial curvature Ay and compute recursively

Ar_p assuming x7_p = lp_ = 1 and for k£ = 1,..,30. The dynamics of the implied MVF are
plotted in Figure 3 under the simplifying assumption Byr_; = By and Cr_ = Cp, k =1, .., 30.

The curvature parameter Ap_p is an increasing function of the relevant investment horizon
T — k. Graphically, this induces in Figure 3 a flatter MVF in mean-variance space at longer
horizons. Therefore, the dynamically optimal portfolio strategy perceives a less favorable mean
variance trade-off at the beginning of the investment period, which becomes better as times
goes on. Intuitively, this induces a more cautious portfolio structure at the beginning of the

investment period, when compared with investment dates short before the final date 7.
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Evolution of MVF with 36 Subperiods
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FiGURE 3. Impact of the investment horizon on the curvature of the MVF. The
figure shows the evolution of the MVF for a 36-period optimization problem.
We only plotted the first 30 MVF.

4.3. Iso-Moment Curves and Optimal Funding Ratios

In Proposition 3.6 the efficient frontier depends on the initial AL structure only through the

expectations:

E(Sr—ko) = z7-k <<]1, RY ) — ﬁ@, QOTek>> :

1 2
2 2 0 0 0 0 0 0

E (ST—k,O) = a7 4 | (BE b R )+ 5 (QF 1 QF ) — — (R 1, Q7 k) |

Tr i Jr—k

where fp_ = lp_p/xp_j. Therefore, for a given level of initial assets xzp_j the correspond-
ing efficient frontier can be parameterized by the initial funding ratio fr_;. On the other
hand, different levels of initial assets can imply the same efficient frontier when adapting the
corresponding funding ratios in an appropriate way. As a consequence, an important issue
for portfolios of assets and liabilities is to characterize the optimal trade-off between initial
assets and liabilities that is available to an investor with given risk aversion parameter 7.

Specifically, an assets and liabilities investor can then be interested in the following ”inverse”

problem. Given a desired expected final surplus F(S7), what are the initial assets xp_ and
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liabilities [7_j necessary to obtain a minimal variance when adopting an optimal portfolio
strategy? This is the issue of characterizing the optimal funding ratio for portfolios of assets
and liabilities.

To answer this question it is sufficient to consider the iso-variance curves in (xp_g, l7_k)-
space that are implied by a given expected final surplus or, equivalently, the implied iso-second

moment curves in (zp_g, l7_j)-space. Using the orthogonal decomposition in (3.19) it follows:

E(S7) = af_ (RY 1 RY ) + 15 (QF 1, QF 1) — 2x7_plr—p (RY 4, QF
(4.26) A2 (ST ke STk e) -
Consider now an investor selecting an optimal policy and note that all moments on the RHS of
(4.26) are determined by the moments structure of the underlying assets and liabilities return
process. The form of the iso-second moment curves implied by (4.26) depends on the second

moment matrix:

yo | (RELEE) - (¥ 0¥
—(R¥ 4, QF 1) (QF 1 QF

Since VU is positive definite, the iso-second moment curves are ellipses (for the relevant case
where Rg{k, %ﬂk are not perfectly correlated.). For a positive (negative) scalar product
<R%e_k, QOTe_ k>7 they are rotated counter-clockwise, (clockwise). The symmetry center of these
ellipses is (0,0). On the other hand, the iso-first moment curves in (xp_g, l7_j)-space are

straight lines implied by level sets of the form:

{(@r—plr—r) € R* txp_y (L, RY ) — lr—i (1, Q%) + v (1, Sr_pe) = 6}
0 € R. Hence, the optimal initial AL structure implied by a targeted expected surplus é can be
obtained geometrically as a tangency point between iso-first moment and iso-second moment
curves (see Figure 4). The set of optimal initial AL structures for different surplus targets is a
straight line in the (z7_g, lp_g)-space with a pendency equal to the implied optimal funding

ratio, which is determined as

(QF 1 Q) (L RY ) — (BT 4, Q7 ) (L, Q)
(R g Q) (L RYE ) — (B, By ) (L Q)

fror =
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Iso—Second Moment Curve (T=120)

assets

liabilities

Iso-First and Iso-Second Moment Curve (k=120)

Optimal Funding Ratios

assets

liabilities

FIGURE 4. Iso-First Moment and Iso-Second Moment Curves. The first graph
shows iso-second moment curves as a function of time k. The investment horizon
is fixed to T = 120. In the second graph iso-first and iso-second moment
curves are plotted for a fixed k& but for different levels of targeted first and
second moments. Point A has lower first and second moments than point B.
The tangency points between iso-first and iso-second moment curves define the
optimal initial AL structures and lie on a straight line.

In the ii.d case f1._, can be immediately determined using Corollary 3.10.

5. CONCLUSIONS

We presented a geometric approach to discrete time multiperiod mean variance portfolio
optimization that simplifies the mathematical analysis of these models and highlights their
economic structure. We applied it to a surplus optimization problem in a multiperiod mean
variance portfolio selection model including assets and liabilities. Closed form solutions have
been obtained in the benchmark i.i.d. setting, which have been used to quantify specific
issues like the impact of the investment horizon on the implied dynamic AL portfolio and the
determination of the optimal initial funding ratio. Future research aims at incorporating in

the model an endogenous liabilities optimization and some form of intertemporal constraint
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on, for instance, the downside risk of the AL surplus (cf. for example Leippold, Trojani and

Trojani (2002)).

6. APPENDIX

In this appendix we provide the proofs of all propositions in the paper.

Proof of Proposition 2.1. To prove Proposition 2.1 we adopt arguments as in Li and Ng
(2000). Convexity of U in E(Sz) and E(S2) is obvious. To prove 2., assume that ¢* solves
(P3) and that it is not a solution of (P4) for the parameter choice (d(¢*,w), w). There then

exists a policy ¢ such that

(6.27) ~wE(S7(9)) + d(¢", w) E(Sr(9)) > ~wE(SH(6")) + d(¢", w) E(ST(¢")) ,

or, in matrix notation:

(6.28) (—w,d(¢",w)) < §E§§§§§§ ) > (w, d(¢*,w)) ( i) ) |

By convexity of U it then follows
U(E(SH(¢), E(Sr(¢)) — U(E(ST(¢"), E(ST(¢"))
> o). B | g )~ (Bero )]

Filij

9E(52) = —w and

denoting by V the gradient operator. Since for strategy ¢* it follows

8E(?(ZT) = d(¢*,w), the gradient VU equals (—w, d(¢*, w)). Hence:

U(E(S7(¢), E(Sr(¢)) — U(E(S7(6"), E(Sr(¢"))
. E(S3(¢)) > E(S3(¢")) ﬂ
> (—w,d T - I
> oo [ st )~ ( Esion)
> 0.
Therefore, ¢* can not be an optimal policy for (P3), a contradiction. This proves 2. To prove
3., denote Problem (P4) by A(\, w), making the dependence on (A, w) explicit. Furthermore,

define

D4 (A\,w) ={¢|¢ is a solution of A(A\,w)}.
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For fixed w, the union (J, ®4(A,w) is the set of all solutions to (P4) parameterized by .
In other words, J, ®P4(A\, w) equals the union over A of all solutions ¢(\, w) of (P4). As a

consequence, by 2 of the proposition, a solution (Z) of (P3) can be always expressed as

¢ =9 € JPar w), A= d(¢,w).
A
Hence, (Z) can be also equivalently obtained by solving the problem:
max U (E(SF(\, w)), B(Sr(A,w))
= max [—wB(SEOLw)) +w (B(Sr(\ w))?] + B(Sr(\w)) .
The first-order conditions for the optimal A* (say) are:
—uZESEOLD) (1 4 (o) 22D g

O\ o\
given ¢* € ®4(\, w). On the other hand, if ¢* € ®4(\, w), the optimality condition for (P4)

OE(ST (A", w))

gives:
DE(S3 (N, w)) | OE(Sr(N,w))
B S )

These two optimality conditions imply proportionality of the vectors (—w, (1 + 2wE(S%.(¢%)))

=0.
and (—w, \*). This gives the condition for A* in 3, concluding the proof of Proposition 1.

Proof of Proposition 3.2. We first rewrite the problem in matrix form using the notations
(3.7)and ¢) = (1 0 ). This gives the problem:

maxg E[yl'2p — %z}II’zT]
s.t. I/Zt+1 = I/tht + I,tht ,dy =ue;, t=0,1,..., T —1

The Bellman principle for 7" — 1 implies the optimization problem (omitting for simplicity

current time indices 7' — 1 and writing E(-) for Ep_1(-))

1
max F [fyI’ (Dz 4+ Geju) — 3 (Dz 4 Geyu) I (Dz + Gequ) |
u

taking into account the constraint d’ = ( u 0 ) A maximization with respect to u gives:

E(e/G'T) E (¢,G'II'Dz)
€1 — el .

T =g Ga " B, G Gey]
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Hence, the optimal surplus at time 7T is decomposed as a linear combination of two Lo-

orthogonal pay-offs, that we denote by S% and R'¢, respectively:

E (G'1II'Dz) E(e{G'T)
= I/ _D d* = II D — 1— 1—1/
S =T (Dz+Gd) ( g E[e’lG’II’Gel]Gel> TV B G Gey] - OO
S\S‘E Rlﬁ
where
E (e,G'1I'D E(R'R%) 2 — E (R'Q") 1
S0 — 7Dz — MI’G@ — R% — Q% — R! (BR) s - B (RIQ)L D,
E [elG/II G@l] E [(Rl)ﬂ
with:
0c E (R'RO E (R'QO
DSZ[RO Q%e]’ROe:Ro_ ( )Rl Q% = QY — ( Q)Rl‘

Bl@y] s
Remark that the returns R%, Q%, R' are unaffected by the value of the state vector z while
the "surplus” S% is. For the value function at time 7" — 1 it follows (denoting by (-,-) the

T — 1-conditional scalar product in Ls):

J(z) = E |yT'(Dz+ Geju*) — % (Dz + Geyu*)' 11 (Dz + Gelu*)]
= v [<L SOe> Ty <]17 Rle>] N % hz <R167Rle> + <50e750e>}
2

_ l le Oe _1 Oe gOe
= T (LR +(1,5%) — _ (5%,5%)

0a 1
= 71/01 +~I'Bz — §z/Az,

where in the third equality we used the identity
E(e\G'T)E(I'Gey)

6.29 R'¢ Rl¢) = = (1, R'®
( ) < ’ > E[e\G'II'Geq] < ’ > ’
and A, B, C, are given by:
1
A=F (De’II’De) , B=FE(D% , C= E (Gey) E(e[G") .

E [e|G'II'Ge4]
For the value function at time 7"— 2 it follows (omitting current time indices 7' — 2 and writing

E(:) for Ep_s(+)):

1
J(2) =max E |[I'Cp_11+~1T'D%_, (Dz + uGey) — 3 (Dz 4+ uGey) D§_IU'DS_, (Dz 4+ uGey)| ,
u
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using the law of iterated expectations. Optimizing with respect to w gives the optimal policy

. YE(e,G'DY_|T) o E (e’lG/D%LlII'D%lez) .
E [e{G'DY_II'D5_,Ge | E [e/G'DY_II'D5._,Ge|
/
vE(e; (Ds_,G)'T) B (¢ (Dg_,G) W'D, D=)

== €

B el (D5_,G) TU'D;._,Ge: |

€1

B el (D5_,G) TU'D5._,Ge: |
As a consequence, the return
8% =TDS 2y =TD5 | (Dz+Gd"),
can be decomposed as a further linear combination of two Ly-orthogonal pay-offs (that we
denote again by S% and R'¢, respectively):
59“6,1 = Soe + '}’R167
with
E(e} (D} ,G)'T)

R' = ; I'D5_,Gey ,
E e} (D5 ,G)' TUD5._,Ge: |

and

P GE(e’l (D§_,G)'II'D._, Dz)
= T—1 2

€1
E el (D5 ,G) TUD;._,Ge: |

/
. . E (¢} (D§_,G)' T'D;_, D)
= I DT—IDZ — I DT_1G61

z
E el (D5 ,G) TU'D;._,Ge: |

B (RY \RIRY \F)x — B (RE R'QY Q")

= Ry Rz — Q. Q" — R\ R
B [(RYe R’

= I'D°z,
where:
e ROe 0
D* = [ 0 QO@ ] 3
with
B (RS R'RYE )
E (R RY)’]

B (R R Q@)
ol

ROe — R’g"eflRO_ R%e,1R1 , QOe — Qg"eleO_ Rg"eflRl .

Hence, the value function for time 7" — 2 is

1 g 1
J(z)=FE [I’CT_J +I' D¢z — §z’D6’II’Dez = %I’CI ++I'Bz — §Z/AZ’
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where

1
A=E(D“I'D) , B=E(D) , C=Cri+ % BE (Gey) E(¢,G')B' .

(]G’ AGe;]
The expression for C' is derived from the same type of identity as in (6.29):
E(e} (D5,G) DE (ID5_,Ge1)

<R1€, R16> — :
E el (D5_,G) D5, Ge: |

~ (LR),

with (-, -) denoting the T — 2-conditional scalar product in Lgo. Therefore, Jy_o is of the same
functional form as Jr_; and the optimal rules for T' — k, k > 2, follow recursively in the same

way as for T — 2. This concludes the proof of the proposition.

Proof Proposition 3.5. Clearly, a final surplus S7 has minimum variance var (St) for a
targeted expected value E (St) if and only if it has minimum second moments E (5’%) for the
same targeted expected value. Using the orthogonal decomposition (3.11) it then follows for

any surplus St on the MVF:
E(St) = E(Sr-10) +7E (Rf1)
E($3) = B(S}i0) +4°E [(R)]

Solving for ~ it follows:

(E (Sr)— E (ST_LO))Q _B(sp) - (83_10) var(Sr)+[E(Sr)— E (S3_1) |

B (R,) B[R] B[(RE)’
Noting that
Bl(REY)']

(B (R,))” B (R)
we finally get:
(E (S1) = E (Sr-10))”

var (St) = B (R —[E(ST)* + E (S3_1,)

- ! E (Sr-10) [E (Sr-1.0))?
- (m - 1) (B (ST)]2 - 2mE (St) + W + F (S%—LO) .

This concludes the proof of the proposition.
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Proof of Proposition 3.6. The proposition is proved with conceptually identic arguments
as for Proposition 3.5. Using the orthogonal decomposition (3.17) it follows for any surplus

St on the MVF:
E(St) = E(Sr—io0) +7E (ST—ke) ,
E (S%) =k (S:QF—k,o) ++°E (S%—k,e) :

Solving for ~ it follows:

(£l E <sT_k,o>)2 _ E(53) = B (S ko)  var(Sr) + 1B (S - B (5F40)
E(S7—ke) > (S%#m) . (5%,;676) .

Orthogonality of {RT 1,R¥_2, ...,RlTefk} and the identities F (R%e_i) = F [(R%?_i)z], i =

1,.., k, imply:
E(sa) _F|CRAS)] sepmy
(E(Sr—ie)? (ZleE (R%ZD2 : (Zle L (RlTefi))Q - Erke)
Hence:
arisr) = POl (1 s (55 )

- (E (S7—re) 1) [E (ST)] 25 (STfk,e)E (St) + F (5rrs) + E (ST ko)

as stated. This concludes the proof of the proposition.

Proof of Proposition 3.7. We have under the i.i.d. assumption:
<R%e k+1RT k’RT k+1R%fk> _ <R%6 k+1’RT k+1 <R1T717R%71> <R1T 17R%71>
(RY o B BY o By (BY o B ) (Bp_o Bry) (Bpoy  Bpy)
Hence, for RoTe_ I

RTk_ RTk MRT’C Rg’ekIZPlJ—( Tkl HPM
<RT—17RT71> o Rr=i + RpZ k+z
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Similarly for R%pe_ ki using this last result:

<]1 R%“kariRg’e k+i+1>
<RT k—‘,—zRT k+z+1’RT k-‘,—zRT k+i+1
<]17 RT71> 1 <Il7 RT7k+i+1>
<R%—1’R%“ 1> ok <RT k+z+1’Rg“e—k+i+1>

= Pr k+z H1PP it (B9) OF
Jj=i+

le 1 Oe
RY_pt 3 Ry i BT jyin

RT k+i+1

For QT i Wwe first have:

Qfy = P(RlT ) QP QT k1)

0 0 0
= Q1 QY py1 — P Qr_1QT 1)

Oe
T— kR

T—k+1 (

= QT kQT k+1 PRl WRY <QT kP(RlT w1 B9 HQ) (QT k+1QT k+2)>
0 0

= Qr Q7 11 —Ppr

0
W BY (QT—kQT—k+1QTe—k+2)

k-1
_ A0 0e 0
= Qr QT k41— IP)R;_,CR%E_,C+1 (H QT—k‘—l—i) )
i=0
because by construction
Oe 1 Oe
Ry py1 L Ry o1 R pyo
Further:

k—1
P |J e
Ry G RY 44y QT_k+Z
=0

<RT RRY e TS0 Q- k+1>
>RT RBT e

<RT k:RT k+1’RT kRT k+1

<R%lk Hf:_f Ppblvfk ( ) H QT k+z>

(Ry IS Py (RO RE T P (RY))
k—1
xRp_ [[ P rit,, (R°)
i=1
= HP]P’ 1,1 (RO (QO) :
T k-H
Therefore:
(6.30)

Tk = Q1 Q¥ 11—Pry_ (@ HP]P’ 1@ (@) = Q1 QF 1Py (Q°) Ar—gi,

T k+1i
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say. Hence, Q(:)Fe_k satisfies a linear first order difference equation with solution given by:

T = QF 1QF ji— Pri . (Q") Ar_k+1
= Q% (QT 1 QT g — Pri o1 Q") AT—k+2) —Ppt_, (Q°) Ar_k+1
= Q1 3 Q7 1 QT k2 — Q74P RY o (Q%) Ar_pq2 — Pre_, (Q°) Ar—jia
k-1 k=1 [i-1
= 1@ wvi=D (I1Q7 kss | Bay_,, w0y (@) Arpsrsa,
=0 =0 \ j=0

giving the claim of the proposition.

Proof of Corollary 3.8-3.10. Given the i.i.d. assumption it follows for Rg{k:

k—1
E(RY.,) = H0<11 et (R%)) = (LPgs (R%))%.
Further: Z
k—1
(R B) = 1L g, (R0) Py, | (RO = (g, () Py, (R,
and l

T 1

39

B(r) = (e ) 1 (LB, @)= (LB ) (1P, o >>H

j=it1 T—k+i+j

Moreover (eg. 6.30):

<]1, QF 4k QF i1 — Pri Q") AT—k+1>
= (LQY 1) (1L, Q¥ i) — <H’PR1T7;C (Q0)> (L, Ar_pt1)

E (Qr-y)

k-1 [i-1

= (L) =Y | TT(1Qh—isy) <]1 Pri ... (QO)><]17AT7k+i+1>
j=0

~
[e=]

E‘
,_.

= (1Y) - <]1 Q7-1)’ <]17PR%F71 (QO)> (L A7 pqig) -

7

I§
o

Reminding that:

k—1 k—i—1
(LAT _gyiq1) = H <]1 L5 SNCD (QO)> <]1 Pe , 1 (o) (Q0)> ;

]:Z+1 T k+i T 1
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the result for & (Q(:)Fe_k) is obtained. Now, for <R£_)Fe k,Qoe k
< T k?Q = <HP ;Lkﬂ RO) QT kQT k+1 — IPRlT_k (QO) ATk+1>

- <PRT ( ) QT 1><RT k—i—laQT k41
<]P)R1va (R )7QT—1> )

1

because
<111)IP) 1TLk+ IP’R1 . (QU) AT—k;+1> = <PR1T’fk (RO) ’PRIT* (Q )> <RT k+1,AT—k+1> =0.

Finally, to compute <QT s QOTe_k> we first remark (eg. again (6.30)):

(QF ki1 Ar—is1) = <Q%7k+1Q(Y)“€fk+2 —Pr . (Q°%) AT—kz+2,AT—k+1>
= <Q%—k+l@9’e—k+2aAT—k+l> ,

because:

<PRIT o (@) AT‘k+2’AT—k+1> - <PRIT_1 (@) Pp . (QO)> (Ar—ky2, Ar—k42) = 0.

1,
T—-1

This gives
<QT k+1’AT*k+1> = <QT k+1QT k+27ATfk+1>

k-1
= <HQ%1:ATk+1> <QT 1, Pp RLL (QO)>

=1 RpZy

Moreover

T—-1

k—1
(6.31) (Ar_py1, A1) = <IP)PR1,L (QO) vPPRM (QO)> :

Together with the identity <PR1T_k (Q ) Pr1

T—k

(QO)> = <QCOF—I~:7PR1T_k (QO)> this yields:

(QF 1 QT 1) <Q9f-kQ0Te_k+1 ~Prr (Q) Ar—pi1, Q7 QT ks — Py (Q°) AT—k+1>
= <Q(’1]“—k7 Q’%—k> <Q’[1)“€—k+17 Q%e_k+1>

- <]P)R1T_k (@Q°) . Pry_, (QO)> (Ar—p1, Ar—p1) -
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Using the notation

C= <PIPR1,L (o) (Q7) P,y vy (QO)> ’

T—1

the solution to this first order difference equation is

(O 1 Q1) = (@1 @) — (Pry_ () Py, (@)D (@1, 1) €2
Since: -
(Pry_, (@) Py, (Q°)) = (Q"Prs_ (@)
and

T-1 T-1 T—-1

<PPR1,L (RO) (QO) ’PPRLL (RO) (Q0)> - <QO’]P)]P)RLL (RO) (QO)> )

the result follows.
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