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DEHN FUNCTIONS AND H ÖLDER EXTENSIONS IN ASYMPTOTIC
CONES

ALEXANDER LYTCHAK, STEFAN WENGER, AND ROBERT YOUNG

Abstract. The Dehn function measures the area of minimal discs that fill closed
curves in a space; it is an important invariant in analysis, geometry, and geomet-
ric group theory. There are several equivalent ways to definethe Dehn function,
varying according to the type of disc used. In this paper, we introduce a new
definition of the Dehn function and use it to prove several theorems. First, we
generalize the quasi-isometry invariance of the Dehn function to a broad class of
spaces. Second, we prove Hölder extension properties for spaces with quadratic
Dehn function and their asymptotic cones. Finally, we show that ultralimits and
asymptotic cones of spaces with quadratic Dehn function also have quadratic
Dehn function. The proofs of our results rely on recent existence and regularity
results for area-minimizing Sobolev mappings in metric spaces.

1. Introduction and statement of main results

Isoperimetric inequalities and other filling functions describe the area of min-
imal surfaces bounded by curves or surfaces. Such minimal surfaces are impor-
tant in geometry and analysis, and filling functions are particularly important in
geometric group theory, where the Dehn function is a fundamental invariant of a
group. The Dehn function, which measures the maximal area ofa minimal surface
bounded by curves of at most a given length, is connected to the difficulty of solv-
ing the word problem, and its asymptotics help describe the large-scale geometry
of a group.

In this paper, we study spaces with a local or global quadratic isoperimetric in-
equality. The class of spaces that admit a global quadratic isoperimetric inequality
includes not only spaces that satisfy a nonpositive curvature condition (such asδ–
hyperbolicity or the CAT(0) condition), but also spaces with a mix of positive and
negative curvature, such as the higher-dimensional Heisenberg groups and many
solvable Lie groups.

Roughly speaking, spaces with a quadratic isoperimetric inequality tend to have
many two-dimensional discs. Many techniques for proving that a space has a qua-
dratic isoperimetric inequality show that in fact the spaceis Lipschitz 1–connected,
i.e., that curves of lengthL are the boundaries of discs with Lipschitz constant of
order L. It is an open question whether a quadratic isoperimetric inequality is
equivalent to Lipschitz 1–connectedness. One way to approach this question is
to study ultralimits and asymptotic cones of spaces with quadratic isoperimetric
inequalities. While Lipschitz 1–connectedness passes to asymptotic cones and ul-
tralimits, it is an open question whether an asymptotic coneor ultralimit of a space
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with quadratic isoperimetric inequality also has a quadratic isoperimetric inequal-
ity.

In [31] it was shown that every asymptotic cone of a finitely presented group
with a quadratic Dehn function is simply connected. In [37] it was shown that
a homological quadratic isoperimetric inequality (using metric currents) is stable
under taking ultralimits and asymptotic cones. This was used in [37] to produce the
first examples of nilpotent groups whose Dehn function does not grow exactly like
a polynomial function. A weaker version of the stability wasalso used in [36] to
exhibit the smallest isoperimetric constant in a quadraticisoperimetric inequality
at large scales which implies that the underlying space is Gromov hyperbolic.

The aim of this article is to prove several facts about spaceswith a quadratic
isoperimetric inequality. First, we will generalize the fact that the Dehn function
of a manifold or simplicial complex is quasi-isometry invariant to broader classes
of spaces (Theorems 1.2 and 4.5). Second, we will show that quadratic Dehn func-
tions are nearly stable under ultralimits (Theorem 1.6). Third, we will prove Hölder
extension properties for spaces with quadratic Dehn functions (Theorems 1.4 and
6.5).

For the convenience of the geometrically minded reader we will first formulate
our results using Lipschitz maps, but the proofs rely on a generalization of the Dehn
function based on Sobolev maps with values in metric spaces.In manifolds, sim-
plicial complexes, or other spaces that are Lipschitz 1–connected up to some scale,
this Dehn function is equal to the usual Dehn function based on Lipschitz maps
(Proposition 3.1), but this definition is better suited to some analytic arguments.
For example, we will show that an ultralimit of spaces with quadratically bounded
Dehn functions has a quadratically bounded Sobolev Dehn function (Theorem 1.8).

1.1. The Lipschitz Dehn function and quasi-isometry invariance. Let (X, d) be
a complete metric space, and letD denote the open unit disc inR2 andD its closure.
The (parameterized Hausdorff) area of a Lipschitz mapu: D→ X is defined by

(1) Area(u) =
∫

X
#{z | u(z) = x} dH2(x),

whereH2 denotes the 2-dimensional Hausdorff measure onX. In particular, ifu
is injective then Area(u) = H2(u(D)). If X is a Riemannian manifold or simplicial
complex with piecewise Riemannian metric then our definition of area coincides
with the usual one which one obtains by integrating the Jacobian of the derivative
of u, see Section 2. The Lipschitz filling area of a Lipschitz curve c: S1 → X is
given by

Fill AreaLip(c) := inf
{

Area(v)
∣

∣

∣ v: D→ X is Lipschitz,v|S1 = c
}

.

Finally, the Lipschitz Dehn (or isoperimetric) functionδLip
X of X is defined by

δ
Lip
X (r) = sup

{

Fill AreaLip(c)
∣

∣

∣ c: S1→ X Lipschitz,ℓ(c) ≤ r
}

for everyr > 0, whereℓ(c) denotes the length ofc. Thus,δLip
X measures how the

filling area of a curve depends on its length. It is important to notice thatδLip
X (r)

provides an upper bound on the area of suitable fillings of a given curve of length
at mostr but does not give control on the Lipschitz constants of such fillings.

There are several other notions of isoperimetric functionscommonly used in
the setting of large scale geometry and geometric group theory. One of them is the
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coarse isoperimetric function ArX,ε(r) introduced by Gromov [17]. Roughly speak-
ing, this function measures how difficult it is to partition a given closed Lipschitz
curve into closed curves of length at mostε. For the precise definition of ArX,ε we
refer to Section 2 below, see also e.g. [13] or [9].

Our first result below shows that under mild conditions on themetric spaceX the
functionsδLip

X (r) and ArX,ε(r) have the same asymptotic growth asr → ∞. In order
to state our theorem, we recall the following definition. A metric spaceX is called
Lipschitz 1-connected up to some scale if there existλ0 > 0 andL ≥ 1 such that
everyλ-Lipschitz curvec: S1→ X with λ < λ0 extends to anLλ-Lipschitz map on
D. If the above holds withλ0 = ∞ thenX is called Lipschitz 1-connected. Spaces
that are Lipschitz 1-connected up to some scale include Riemannian manifolds,
finite dimensional simplicial complexes, and Alexandrov spaces when equipped
with a cocompact group action by isometries, as well as CAT(κ)-spaces.

Theorem 1.1. Let X be a locally compact, geodesic metric space. If X is Lipschitz
1-connected up to some scale and satisfiesδLip

X (r) < ∞ for all r > 0 thenδLip
X ≃

ArX,ε for all ε > 0.

For the precise definition of the equivalence relation≃ for functions, see Sec-
tion 2.

The assumptions onδLip
X made in the theorem are not restrictive. Indeed, every

locally compact, geodesic metric spaceZ which satisfies ArZ,ε0(r) < ∞ for some
ε0 > 0 and allr > 0 is quasi-isometric to a spaceX satisfying the hypotheses of
Theorem 1.1. In fact,X can be obtained by suitably thickening upZ andZ then
even embeds isometrically intoX, see Section 3. In particular, for suchX we have
δ

Lip
X ≃ ArX,ε ≃ ArZ,ε for everyε ≥ ε0.

It is well-known and easy to prove that the coarse isoperimetric function is a
quasi-isometry invariant. Thus, Theorem 1.1 implies the quasi-isometry invariance
of the Lispchitz Dehn function as well.

Theorem 1.2. Let X and Y be locally compact, geodesic metric spaces such that
δ

Lip
X (r) < ∞ and δLip

Y (r) < ∞ for all r > 0. If X and Y are quasi-isometric and

Lipschitz1-connected up to some scale thenδLip
X ≃ δLip

Y .

Theorems 1.1 and 1.2 generalize results in [2], [15, 10.3.3], [8], and [12], which
proved similar results for Riemannian manifolds and simplicial complexes. Our
proof is most similar to that of Bridson in [8], which proves that a geometric version
of the Dehn function is equivalent to a coarse version by using a characterization
of minimal surfaces in a manifold.

1.2. Spaces with quadratic Lipschitz Dehn function. We now turn to metric
spaces whose Lipschitz Dehn function has at most quadratic growth. A complete
metric spaceX is said to admit a quadratic isoperimetric inequality with respect to
Lipschitz maps if there existsC ≥ 0 such thatδLip

X (r) ≤ C · r2 for all r ≥ 0. Any
complete metric spaceX that is Lipschitz 1-connected admits a quadratic isoperi-
metric inequality. These include Banach spaces, complete CAT(0) spaces, and,
more generally, spaces with a convex geodesic bicombing. The higher Heisenberg
groups (with a left-invariant Riemannian or Carnot-Carathéodory distance) are also
Lipschitz 1-connected.
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More generally, every complete length spaceX that satisfies ArX,ε(r) � r2 for
someε > 0 is quasi-isometric to a complete length spaceY which admits a qua-
dratic isoperimetric inequality with respect to Lipschitzmaps, see Proosition 3.7.
If X is locally compact thenY can be chosen locally compact as well. See Sec-
tion 2 for the definition of the relation�. Consequently, ifX is the universal cover
of a closed Riemannian manifold or compact simplicial complex M, thenX admits
a quadratic isoperimetric inequality with respect to Lipschitz maps if and only if
π1(M) has a quadratic Dehn function.

We first study Hölder extension properties of spaces with a quadratic isoperi-
metric inequality. LetZ and X be metric spaces. A mapϕ : Z → X is called
(ν, α)-Hölder continuous, whereν ≥ 0 and 0< α ≤ 1, if

dX(ϕ(z), ϕ(z′)) ≤ ν · dZ(z, z′)α

for all z, z′ ∈ Z. Whenα = 1, this is equivalent to Lipschitz continuity.

Definition 1.3. Let 0 < α ≤ 1. A pair (Z,X) of metric spaces Z and X is said to
have theα-Hölder extension property if there exists L≥ 1 such that every(ν, α)-
Hölder mapϕ : A→ X with A⊂ Z andν > 0 admits an(Lν, α)-Hölder extension
ϕ̄ : Z→ X.

If X is a complete metric space and the pair (R
2,X) has the 1-Hölder (thus Lip-

schitz) extension property thenX admits a quadratic isoperimetric inequality with
respect to Lipschitz maps. The following theorem gives an ”almost” converse.

Theorem 1.4. Let X be a locally compact, geodesic metric space admitting a
quadratic isoperimetric inequality with respect to Lipschitz maps. Then the pair
(R2,X) has theα-Hölder extension property for everyα ∈ (0, 1).

For every 0< α ≤ 1, theα-Hölder extension property for (R2,X) is stable under
taking ultralimits (Corollary 2.5). We thus obtain a strengthening of Papasoglu’s
result [31] that every asymptotic cone of a finitely presented group with quadratic
Dehn function is simply connected.

Corollary 1.5. Let X be a locally compact, geodesic metric space admitting a
quadratic isoperimetric inequality with respect to Lipschitz maps. Then X is simply
connected. Moreover, every asymptotic cone Xω of X is simply connected and the
pair (R2,Xω) has theα-Hölder extension property for everyα ∈ (0, 1).

More generally, these two results will hold for metric spaces admitting a qua-
dratic isoperimetric inequality with respect to Sobolev maps; see Section 1.3.

For sufficiently smallα ∈ (0, 1), only depending on the isoperimetric constant,
we produceα-Hölder extensions with additional properties, see Theorem 6.5.

Our next result yields almost-stability of a quadratic isoperimetric inequality
under taking asymptotic cones.

Theorem 1.6.Let X be a locally compact, geodesic metric space such thatδ
Lip
X (r) ≤

Cr2 for all r > 0. Let Xω be an asymptotic cone of X and letε > 0. Then Xω is
(1, ε)-quasi-isometric to a complete length space Y such thatδ

Lip
X (r) ≤ C′r2 for all

r > 0, where C′ is a constant depending only on C.

See Section 2 for the definition of an (1, ε)-quasi-isometry. It is an open question
whetherXω itself admits a quadratic isoperimetric inequality with respect to Lip-
schitz maps, but we will see that it admits a slightly weaker version of the quadratic
isoperimetric inequality based on Sobolev maps (see Theorem 1.8).
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As an application of Theorem 1.6 we obtain the following special case of the
main result of [36]. Unlike the proof in [36] our arguments donot rely on the
theory of currents in metric spaces.

Theorem 1.7. Let X be a locally compact, geodesic metric space andε, r0 > 0.
If every Lipschitz curve c: S1 → X with ℓ(c) ≥ r0 extends to a Lipschitz map
v: D→ X with

Area(v) ≤ 1− ε
4π
· ℓ(c)2

then X is Gromov hyperbolic.

Theorem 1.6 can also be used to recover results in [37] (whoseproofs relied
on the theory of metric currents) concerning super-quadratic lower bounds for the
growth of the Dehn function of certain Carnot groups, see Theorem 5.5 below. This
result plays a role in the construction of nilpotent groups whose Dehn function do
not grow exactly polynomially, see [37].

1.3. Sobolev filling functions. The proofs of the results above are based on the
theory of Sobolev mappings from a Euclidean domain to a complete metric space
X and our recent results on the existence and regularity of area-minimizing discs in
proper metric spaces [27], [29], [30]. These results let us connect Gromov’s coarse
isoperimetric function ArX,ε(r) to a filling function based on Sobolev maps.

There exist various equivalent definitions of Sobolev mappings with values in
metric spaces, see [23], [32], and Section 2 below and the references therein. For
p > 1 the space ofp-Sobolev maps fromD to X will be denoted byW1,p(D,X).
Elements ofW1,p(D,X) are equivalence classes of maps fromD to X, so they are
defined only up to sets of measure zero. Every Lipschitz map isp-Sobolev for
everyp > 1, but a Sobolev map need not even have a continuous representative.

Nevertheless, ifu ∈ W1,2(D,X), then one can define a parameterized Hausdorff

area ofu, denoted by Area(u), see Section 2. This coincides with (1) whenu is
Lipschitz. Moreover, ifu ∈ W1,p(D,X), then there is a map tr(u) ∈ Lp(S1,X),
called the trace ofu, such that ifu has a continuous extension ˆu to the closed unit
discD, then tr(u) = û|S1.

We can thus define a variant of the Lipschitz Dehn functionδLip
X (r) by replacing

the Lipschitz filling area Fill AreaLip(c) of a Lipschitz curvecby its Sobolev variant

Fill Area(c) := inf
{

Area(v)
∣

∣

∣ v ∈W1,2(D,X), tr(v) = c
}

.

Using this definition of filling area we obtain a Sobolev variant of the Dehn func-
tion which we denote byδX(r) and call the Dehn function ofX, see Section 3.

A complete metric spaceX is said to admit a quadratic isoperimetric inequality
(with respect to Sobolev maps) if there existsC such thatδX(r) ≤ C · r2 for all
r > 0. We will usually omit the phrase “with respect to Sobolev maps” in the
sequel if there is no danger of ambiguity. A key property of Sobolev maps is that
this notion is stable under taking ultralimits and asymptotic cones.

Theorem 1.8. Let C > 0, let (Xn) be a sequence of locally compact, geodesic
metric spaces, and let X be an ultralimit of(Xn). If δXn(r) ≤ Cr2 for all r > 0, then
δX(r) ≤ Cr2 for all r > 0.

Corollary 1.9. Let X be a locally compact, geodesic metric space. If X admitsa
quadratic isoperimetric inequality with constant C then sodoes every asymptotic
cone of X.
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An analogous result for homological quadratic isoperimetric inequalities was
proved in [37] using the theory of integral currents in metric spaces [4]. We men-
tion that the isoperimetric fillings of curves in the ultralimit which we construct can
moreover be taken to be globally Hölder continuous and having Lusin’s property
(N), that is, they send sets of Lebesgue measure zero to sets of Hausdorff 2-measure
zero.

ThoughδX(r) andδLip
X (r) are equal in many spaces, the general relationship be-

tween the two functions is unclear. We clearly haveδX(r) ≤ δLip
X (r) for every

complete metric spaceX, but since Sobolev maps need not have continuous rep-
resentatives it is a priori not clear that a space admitting aquadratic isoperimetric
inequality is even simply connected. However, we will show that if δX(r) ≤ Cr2 for
all sufficiently smallr, then ArX,ε ≃ δX for anyε > 0 (Theorem 4.4). Similarly, if
X is Lipschitz 1-connected up to some scale, thenδX(r) = δLip

X (r) (Proposition 3.1).
These equivalences will imply Theorems 1.1, 1.2, and 1.6.

A particular class of spaces to which the results above applyis the class of
complete geodesic metric spacesX which are Ahlfors 2-regular, linearly locally
contractible, and homeomorphic toR2 or S2. Such spaces are of importance in
various contexts, see e.g. [7]. It follows from the results in [28] that every such
spaceX admits a quadratic isoperimetric inequality (with respectto Sobolev maps).
By Theorem 7.1, every suchX is α–Hölder 1–connected for everyα ∈ (0, 1), and
thus the pair (R2,X) has theα-Hölder extension property. It is not known whether
every such space is Lipschitz 1-connected.

1.4. Outline. In Section 2, we will recall some definitions and facts about Sobolev
maps, isoperimetric inequalities, and ultralimits. In Sections 3 and 4, we will prove
the equivalence of the Dehn function, the Lipschitz Dehn function, and the coarse
isoperimetric function, showing Theorems 1.1 and 1.2. Then, in Section 5, we
show that the Dehn function is stable under ultralimits and asymptotic cones, prov-
ing Theorems 1.6–1.8 and Corollary 1.9. Finally, in Sections 6–8, we prove ex-
tension results for Sobolev and Hölder maps, including Theorem 1.4 and Corol-
lary 1.5.

2. Preliminaries

2.1. Basic notation and definitions. The Euclidean norm of a vectorv ∈ Rn will
be denoted by|v|. The unit circle inR2 with respect to the Euclidean norm is
denoted by

S1 := {z ∈ R2 | |z| = 1}
and will be endowed with the Euclidean metric unless otherwise stated. The open
unit disc inR2 is denoted by

D := {z ∈ R2 | |z| < 1},

its closure byD.
Let (X, d) be a metric space. A curve inX is a continuous mapc: I → X, where

I is an interval orS1. If I is an interval then the length ofc is defined by

ℓ(c) := sup















k−1
∑

i=0

d(c(ti ), c(ti+1))

∣

∣

∣

∣

∣

∣

∣

ti ∈ I andt0 < t1 < · · · < tk
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and an analogous definition applies in the caseI = S1. The spaceX is proper if
every closed ball of finite radius inX is compact. Forλ ≥ 1 the spaceX is λ-
quasi-convex if any two pointsx, y ∈ X can be joined by a curve of length at most
λ · d(x, y). If λ = 1 thenX is called geodesic. A metric space which isλ-quasi-
convex for everyλ > 1 is called a length space. A complete, quasi-convex metric
space is proper if and only if it is locally compact.

For s ≥ 0 the Hausdorff s-measure on a given metric space is denoted byH s.
We choose the normalization constant in such a way that on EuclideanRn the
Hausdorff n-measure coincides with the Lebesgue measure. A map from a subset
of Rn to a metric space is said to satisfy Lusin’s property (N) if itsends sets of
Lebesgue measure zero to sets of Hausdorff n-measure zero.

The Lipschitz constant of a mapϕ : X → Y between metric spaceX andY is
denoted by Lip(ϕ).

2.2. Metric space valued Sobolev maps.In this subsection we briefly review the
main definitions and results concerning Sobolev maps from a Euclidean domain
into a metric space used throughout the present paper. Thereexist several equiva-
lent definitions of Sobolev maps from Euclidean domains withvalues in a metric
space, see e.g. [3], [23], [32], [33], [34], [19], [18], [5].Here, we recall the def-
inition of [32] using compositions with real-valued Lipschitz functions. We will
restrict ourselves to Sobolev maps defined on the open unit discD of R2.

Let (X, d) be a complete metric space andp > 1. We denote byLp(D,X) the set
of measurable and essentially separably valued mapsu: D→ X such that for some
and thus everyx ∈ X the function

ux(z) := d(x, u(z))

belongs toLp(D), the classical space ofp-integrable functions onD.

Definition 2.1. A map u∈ Lp(D,X) belongs to the Sobolev space W1,p(D,X) if
there exists h∈ Lp(D) such that for every x∈ X the function ux belongs to the
classical Sobolev space W1,p(D,X) and has weak gradient bounded by|∇ux| ≤ h
almost everywhere.

The Reshetnyakp-energyEp
+(u) of a mapu ∈W1,2(D,X) is defined by

Ep
+(u) := inf

{

‖h‖pLp(D)

∣

∣

∣ h as in the definition above
}

.

If u ∈ W1,p(D,X) then there exists a representative ¯u of u such that for almost
everyv ∈ S1 the curvet 7→ ū(tv) with t ∈ [1/2, 1) is absolutely continuous. The
trace ofu is defined by

tr(u)(v) := lim
tր1

ū(tv)

for almost everyv ∈ S1. It can be shown that tr(u) ∈ Lp(S1,X), see [23]. Clearly,
if u has a continuous extension ˆu to D then tr(u) is simply the restriction of ˆu to S1.

As was shown in [21] and [27], every Sobolev mapu ∈ W1,p(D,X) has an
approximate metric derivative at almost every pointz ∈ D in the following sense.
There exists a unique seminorm onR2, denoted ap mduz, such that

ap lim
z′→z

d(u(z′), u(z)) − ap mduz(z′ − z)
|z′ − z| = 0.
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Here, ap lim denotes the approximate limit, see [16]. Ifu is Lipschitz then the
approximate limit can be replaced by an honest limit. It can be shown, see [27],
that

Ep
+(u) =

∫

D
Ip
+(ap mduz) dz,

where for a seminormsonR2 we have setIp
+(s) := max{s(v)p | |v| = 1}.

The (parameterized Hausdorff) area of a mapu ∈W1,2(D,X) is defined by

Area(u) :=
∫

D
J(ap mduz) dz,

where the JacobianJ(‖ · ‖) of a norm‖ · ‖ onR2 is set to be the Hausdorff 2-measure
in (R2, ‖ · ‖) of the Euclidean unit square andJ(s) := 0 for a degenerate seminorm
sonR2. If u ∈W1,2(D,X) satisfies Lusin’s property (N) then

Area(u) =
∫

X
#{z | u(z) = x} dH2(x)

by the area formula [22]. In particular, ifu is injective then Area(u) = H2(u(D)).
The area and energy are related by Area(u) ≤ E2

+(u) for everyu ∈W1,2(D,X).
The following well-known properties of Sobolev maps with super-critical Sobolev

exponent will be used later.

Proposition 2.2. Let u∈ W1,p(D,X) with p > 2. Then u has a unique representa-
tive ū: D→ X with the following properties:

(i) ū is (L, α)-Hölder continuous onD with α = 1 − 2
p and L≤ M

[

Ep
+(u)
] 1

p

for some M depending only on p.
(ii) ū has Lusin’s property (N).

Proof. The existence of a continuous representative ¯u which satisfies property (i)
follows from Morrey’s inequality, see e.g. [27, Proposition 3.3]. For the proof of
statement (ii) we refer for example to Proposition 2.4 in [6]. �

2.3. The coarse isoperimetric function. We recall the definition of coarse isoperi-
metric function of a metric space introduced by Gromov [17].Our definition is a
variant of that in [9, III.H.2.1]. In what follows, a triangulation of D is a homeo-
morphism fromD to a combinatorial 2-complexτ in which every 2-cell is a 3-gon.
We endowD with the induced cell structure fromτ. For i = 0, 1, 2 the i-skeleton
of τ will be denotedτ(i) and will be viewed as a subset ofD. The 2-cells ofτ will
also be called triangles inτ.

Let X be a length space andc: S1 → X a Lipschitz curve. Letε > 0. An ε-
filling of c is a pair (P, τ) consisting of a triangulationτ of D and a continuous map
P: τ(1)→ X such thatP|S1 = c and such thatℓ(P|∂F) ≤ ε for every triangleF in τ.
Theε-area ofc is defined by

Arε(c) := min
{

|τ|
∣

∣

∣ (P, τ) anε-filling of c
}

,

where |τ| denotes the number of triangles inτ. If no ε-filling of c exists we set
Arε(c) := ∞. Theε-coarse isoperimetric function ofX is defined by

ArX,ε(r) := sup{Arε(c) | c: S1→ X Lipschitz,ℓ(c) ≤ r}
for all r > 0. If ε0 > 0 is such that ArX,ε0(r) < ∞ for all r > 0 then for any
ε, ε′ ≥ ε0 the functions ArX,ε and ArX,ε′ have the same asymptotic growth, that is,
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ArX,ε ≃ ArX,ε′ . Here, for functionsf , g: [0,∞] → [0,∞) one writesf � g if there
existsC > 0 such that

f (r) ≤ Cg(Cr +C) +Cr +C

for all r ≥ 0, and one writesf ≃ g if f � g andg � f .
If X is the Cayley graph of a finitely presented groupΓ then for every sufficiently

large ε > 0 we have ArX,ε ≃ δΓ, whereδΓ is the Dehn function ofΓ, see [9,
III.H.2.5].

Let λ ≥ 1 andε ≥ 0. A mapϕ : X → Y between metric spaces (X, dX) and
(Y, dY) is a (λ, ε)-quasi-isometry if

λ−1dX(x, x′) − ε ≤ dY(ϕ(x), ϕ(x′)) ≤ λdX(x, x′) + ε

for all x, x′ ∈ X and for everyy ∈ Y there existsx ∈ X with dY(ϕ(x), y) ≤ ε. If
such a mapϕ exists thenX and Y are called (λ, ε)-quasi-isometric. The coarse
isoperimetric function is a quasi-isometry invariant, seee.g. [9, III.H.2.5]. More
precisely, we have the following:

Proposition 2.3. Let X and Y be quasi-isometric length spaces. If there exists
ε0 > 0 such thatArX,ε0(r) < ∞ andArY,ε0(r) < ∞ for all r > 0 thenArX,ε ≃ ArY,ε

for all ε ≥ ε0.

2.4. Ultralimits and asymptotic cones of metric spaces.Letω be a non-principal
ultrafilter onN, that is,ω is a finitely additive measure onN such that every subset
A ⊂ N is ω-measurable withω(A) ∈ {0, 1} and such thatω(N) = 1 andω(A) = 0
wheneverA is finite.

Let (Z, d) be a compact metric space. For every sequence (zn) ⊂ Z there exists a
unique pointz∈ Z such that

ω({n ∈ N | d(zn, z) > ε}) = 0

for everyε > 0. We will denote this pointzby limω zn.
Let (Xn, dn, pn) be a sequence of pointed metric spaces. A sequence of points

xn ∈ Xn is called bounded if

sup
n∈N

dn(xn, pn) < ∞.

One defines a pseudo-metric on the setX̃ of bounded sequences by

d̃ω((xn), (x′n)) := limω dn(xn, x
′
n).

Theω-ultralimit of the sequence (Xn, dn, pn) is defined to be the metric space ob-
tained fromX̃ by identifying points inX̃ of zerod̃ω-distance. We denote this space
by (Xω, dω). An element ofXω will be denoted by [(xn)], where (xn) is an element
of X̃. A basepoint inXω is given by pω := [(pn)]. Ultralimits of sequences of
pointed metric spaces are always complete, see e.g. [9, I.5.53].

We have the following relationship between pointed Gromov-Hausdorff limits
and ultralimits, see [9, Exercise I.5.52]. If (Xn, dn) is proper for everyn and con-
verges in the pointed Gromov-Hausdorff sense to some metric space (X∞, d∞) then
for every non-principal ultrafilterω the ultralimit of (Xn, dn, pn) with respect toω
is isometric to (X∞, d∞).

Let Z be a metric space andα ∈ (0, 1]. Letϕn : Z→ Xn be (νn, α)-Hölder maps,
n ∈ N, whereνn ≥ 0 is uniformly bounded inn. If the sequence (ϕn) is bounded in
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the sense that
sup
n∈N

dn(ϕn(z), pn) < ∞

for some and thus everyz ∈ Z then the assignmentz 7→ [(ϕn(z))] defines an (ν, α)-
Hölder map fromZ to Xω with ν = limω νn. We denote this map by (ϕn)ω or
limω ϕn.

It follows that if Xn is λn-quasi-convex for everyn andλn is uniformly bounded
thenXω is λ-quasi-convex withλ = limω λn. In particular, ultralimits of sequences
of length spaces are geodesic.

Let (X, d) be a metric space, (pn) ⊂ X a sequence of basepoints and (rn) a
sequence of positive real numbers satisfying limn→∞ rn = 0. Fix a non-principal
ultrafilter ω onN. The asymptotic cone ofX with respect to (pn), (rn), andω is
the ultralimit of the sequence (X, rnd, pn) with respect toω. It will be denoted by
(X, rn, pn)ω or simply byXω if there is no danger of ambiguity.

2.5. Lipschitz and Hölder maps to ultralimits. Recall the definition of theα-
Hölder extension property for a pair (Z,X) of metric spacesZ and Y from the
introduction. Whenα = 1 theα-Hölder extension property is known as the Lip-
schitz extension property and has been well-studied, see e.g. [10] and references
therein. If a metric spaceX is such that the pair (R,X) has the Lipschitz extension
property with constantL = λ thenX is λ-quasi-convex. The converse is true ifX is
complete. In the absence of completeness one still obtains Lipschitz extensions of
maps defined on closed subsets ofR.

Proposition 2.4. Let Z be a separable metric space, A⊂ Z and0 < α ≤ 1. Let
Xω be an ultralimit of a pointed sequence of metric spaces Xn such that(Z,Xn) has
theα-Hölder extension property with a fixed constant L for all n.If ϕ : A → Xω
is (ν, α)-Hölder andε > 0 then there exists a bounded sequence of((1 + ε)Lν, α)-
Hölder mapsϕn : Z → Xn such that the restriction oflimω ϕn to A coincides with
ϕ.

Proof. We denote the metric onZ by d and the metric onXn by dn. Let A ⊂ Z be a
non-empty subset,ϕ : A→ Xω an (ν, α)-Hölder map for someν > 0, and letε > 0.
Let {zk | k ∈ N} ⊂ A be a countable dense set. For eachk ∈ N choose a bounded
sequence of pointsxk,n ∈ Xn such thatϕ(zk) = [(xk,n)]. Set

δ j := min{d(zk, zm) | 1 ≤ k < m≤ j}
for every j ≥ 2. Define inductively a decreasing sequenceN = N1 ⊃ N2 ⊃ . . . of
subsetsN j such that for eachj ≥ 2 we haveω(N j) = 1 and

|dω(ϕ(zk), ϕ(zm)) − dn(xk,n, xm,n)| ≤ ενδαj
for all 1 ≤ k,m≤ j and alln ∈ N j . For everyj ∈ N defineM j := N j \ N j+1 and set
M∞ := ∩i∈NNi . Note that theM j are pairwise disjoint and satisfy

N = M∞ ∪
⋃

j∈N
M j.

Let n ∈ N. If n ∈ M∞ then setj(n) := n. If n < M∞ then let j(n) be the unique
number for whichn ∈ M j(n). Defineϕn : {z1, . . . , zj(n)} → Xn by ϕn(zk) := xk,n and
note that

dn(ϕn(zk), ϕn(zm)) ≤ dω(ϕ(zk), ϕ(zm)) + ενδαj(n) ≤ (1+ ε)νd(zk, zm)α
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for all 1 ≤ k < m≤ j(n). This shows that the mapϕn is ((1+ ε)ν, α)-Hölder. By the
α-Hölder extension property there thus exists an ((1+ ε)Lν, α)-Hölder extension
of ϕn to the wholeZ, again denoted byϕn. The sequence (ϕn) is bounded since
ϕn(z1) = x1,n for all n ∈ N and hence the ultralimit mapϕω := limω ϕn exists and is
((1+ ε)Lν, α)-Hölder.

It remains to show thatϕω = ϕ on A. Let k ∈ N and observe thatj(n) ≥ k for
everyn ∈ Nk and henceϕn(zk) = xk,n for suchn. Sinceω(Nk) = 1 it follows that
ϕω(zk) = ϕ(zk). Since this is true for everyk ∈ N we conclude thatϕω = ϕ on all of
A. �

The following consequences of Proposition 2.4 will be useful in the sequel.

Corollary 2.5. Let Z be a separable metric space and0 < α ≤ 1. If Xω is an
ultralimit of a pointed sequence of metric spaces Xn such that(Z,Xn) has theα-
Hölder extension property with a fixed constant L for all n then (Z,Xω) has the
α-Hölder extension property with constant L′ for every L′ > L.

Since theα-Hölder extension property is preserved under rescaling the metric
we obtain furthermore that ifZ is separable andX such that the pair (Z,X) has
theα-Hölder extension property then so does the pair (Z,Xω) for every asymptotic
coneXω of X.

In view of the remark preceding Proposition 2.4 and the fact that the proof of
that proposition only needed extensions of maps defined on finite sets the proof
also yields the following useful fact.

Corollary 2.6. Let Xω be an ultralimit of some sequence of metric spaces Xn each
of which isλ-quasi-convex with the sameλ ≥ 1. Let c: [0, 1] → Xω beν-Lipschitz.
Then for everyε > 0 there exists a bounded sequence of curves cn : [0, 1] → Xn

with c= limω cn and such that cn is (1+ ε)νλ-Lipschitz and satifies

ℓ(cn) ≤ (1+ ε)λ · ℓ(c)

for every n∈ N.

The interval [0, 1] can be replaced by any interval [a, b] or by S1.

3. Lipschitz and Sobolev filling functions

Let X be a complete metric space and recall the definition of the Lipschitz Dehn
function δLip

X given in the introduction. In this section, we compareδLip
X to the

(Sobolev) Dehn functionδX defined as follows. The (Sobolev) filling area of a
Lipschitz curvec: S1→ X is given by

Fill Area(c) := inf
{

Area(v)
∣

∣

∣ v ∈W1,2(D,X), tr(v) = c
}

.

The (Sobolev) Dehn function ofX is defined by

δX(r) = sup
{

Fill Area(c)
∣

∣

∣ c: S1→ X Lipschitz,ℓ(c) ≤ r
}

for r > 0. We will usually omit the word ”Sobolev” in the sequel. The following
proposition shows that for many spacesδLip

X andδX are equal.

Proposition 3.1. If X is a complete length space that is Lipschitz1-connected up
to some scale, thenδX(r) = δLip

X (r) for all r > 0.
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Proof. It suffices to show that Fill Area(c) = Fill AreaLip(c) for every Lipschitz
curvec: S1 → X. Since every Lipschitz map defined onD is Sobolev we have
Fill Area(c) ≤ Fill AreaLip(c). The reverse inequality follows from the proof of [18,
Theorem 8.2.1] and [29, Lemma 10.1] by approximating a givenSobolev disc by
a Lipschitz disc with almost the same area. Indeed, letc: S1 → X be a Lipschitz
curve and letu ∈ W1,2(D,X) be such that tr(u) = c. Let û: B̄(0, 2) → X be the
extension ofu to the closed disc of radius 2 such that:

û(z) =















u(z) z∈ D

c
(

z
‖z‖
)

z< D.

Then Area(u) = Area(û). By the proof of [18, Theorem 8.2.1], for anyε > 0 and
any sufficiently larget > 0, there is a setEt ⊂ B(0, 3/2) such that Lip(ˆu|B̄(0,2)\Et

) ≤ t
and the Lebesgue measure ofEt is at most ε

t2
. Let M be the universal constant

from Section 8, see the remark before the proof of Theorem 6.4. Let λ0 andL be
the constants in the definition of the Lipschitz 1-connectedness up to some scale.
By taking ε sufficiently small, we may assume thatEt contains no balls of radius
greater thanMλ0

t . We can now redefine ˆu on Et to obtain a mapv: B̄(0, 2) → X
such thatv = û outside ofEt and

Lip(v) ≤ ML · Lip(û|B̄(0,2)\Et
) ≤ MLt,

see the proof of Theorem 6.4 and the remark preceding the proof. Then

Area(v) ≤ Area(û|B(0,2)\Et ) + Area(v|Et ) ≤ Area(u) +
ε

t2
· (MLt)2

andv is a Lipschitz filling ofc. It follows that for anyε > 0,

Fill AreaLip(c) ≤ Fill Area(c) + ε(ML)2,

so Fill AreaLip(c) ≤ Fill Area(c) as desired. �

We now compareδX andδLip
X to the coarse isoperimetric function ArX,ε. A sort

of converse to the following statement will follow from Corollary 4.3.

Proposition 3.2. Let X be a complete length space andε > 0. If L := δX(ε) < ∞
then

δX(r) ≤ L · ArX,ε(r)

for every r> ε.

The same statement holds withδX replaced byδLip
X . In the statement of the

proposition we use the convention that 0· ∞ = ∞.

Proof. Let r > ε and letc: S1 → X be a Lipschitz curve withℓ(c) ≤ r. We may
assume that ArX,ε(r) < ∞. By definition, there exists anε-filling (P, τ) of c with
|τ| ≤ ArX,ε(r). Endowτ with the length metric such that each edge inτ(1) has
length 1 and each triangle inτ(2) is isometric to a Euclidean triangle. Then the
spaceτ with this metric is biLipschitz homeomorphic toD. Thus, we may assume
that each triangle inτ, viewed as a subset ofD, is biLipschitz homeomorphic to
a Euclidean triangle. Letν > 0 and letF be a triangle inτ. Sinceℓ(P|∂F) ≤ ε
there exists a Sobolev mapuF ∈ W1,2(F,X) with tr(uF) = P|∂F and such that
Area(uF) ≤ δX(ε) + ν. The gluing of all the mapsuF asF ranges over all triangles
in τ yields a Sobolev mapu ∈W1,2(D,X) with tr(u) = P|S1 = c and such that

Area(u) ≤ |τ| · (δX(ε) + ν).
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See [23, Theorem 1.12.3] for the fact that the gluing of Sobolev maps is again
Sobolev. Sinceν > 0 was arbitrary this completes the proof. �

Every length space is quasi-isometric to a length space thatis Lipschitz 1-
connected up to some scale. In fact, a stronger property holds. Let X andY be
metric spaces andε > 0. We say thatY is anε-thickeningof X if there exists an
isometric embeddingι : X → Y such that the Hausdorff distance betweenι(X) and
Y is at mostε. The embeddingι is then an (1, ε)-quasi-isometry.

Lemma 3.3. Let X be a length space. There is a universal constant M such that
for everyε > 0 there exists a complete length space Xε which is anε-thickening of
X and has the following property. Letλ > 0 and let c0 : S1 → Xε beλ-Lipschitz.
If λ ≤ ε

M , then c0 is Mλ-Lipschitz homotopic to a constant curve. Ifλ ≥ ε
M and

ε′ > 0, then c0 is Lipschitz homotopic to a curve c1 : S1→ X with ℓ(c1) ≤ ℓ(c)+ ε′

via a homotopy of area at most Mελ. Furthermore, if X is locally compact then Xε
is locally compact.

In particular,Xε is Lipschitz 1-connected up to some scale.

Proof. The construction of the spaceXε is as in the proof of [36, Proposition 3.2].
The properties stated in the lemma above all follow from the proof [36, Proposition
3.2], except the very last statement. Since the construction in the proof uses balls
in an infinite dimensional Banach space the resulting spaceXε is never locally
compact. In order to remedy this one replaces the ballsXz in L∞(Bz) of the spaces
Bz appearing in the proof by the the injective hullsXz of Bz, see below. IfX is
locally compact, then theBz and theXz are also locally compact. It follows that the
resulting thickeningXε is locally compact. �

Injective hulls were constructed by Isbell in [20]. A metricspaceE is injective
if for every subspaceY of a metric spaceZ, any 1-Lipschitz mapY → E extends
to a 1-Lipschitz mapZ→ E. An injective hull Eof a metric spaceX is an injective
metric space equipped with an isometric embeddinge: X → E that is minimal in
an appropriate sense among injective spaces containingX. We summarize, without
proof, the properties of injective hulls that we used above and will use in Section 5.
See [20] for the proofs of these properties.

Theorem 3.4. Every metric space X has a unique injective hull E(X) up to isom-
etry. This hull is contractible via a Lipschitz map. If X is compact, then E(X) is
compact, and if X is a Banach space, then E(X) is a Banach space.

The Dehn function of the thickeningXε constructed above is not much bigger
than that ofX.

Proposition 3.5. Let X be a complete length space. Then for everyε > 0 there
exists anε-thickening Y of X that is a complete length space and Lipschitz 1-
connected up to some scale and satisfies

δY(r) ≤ εr + δX(r + ε)

for all r > 0. If X is locally compact, then Y can be chosen to be locally compact
as well.

The proof of the proposition will moreover show that ifX admits a quadratic
isoperimetric inequality with constantC thenY admits a quadratic isoperimetric
inequality with a constant depending only onC.
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The following construction will be needed here and also later. We setI := [0, 1].

Lemma 3.6. There exists M> 0 such that if c, c′ : I → X are two Lipschitz param-
eterizations of the same curve, then there is a Lipschitz homotopy h: I × [0, 1]→ X
such that h(s, 0) = c(s), h(s, 1) = c′(s), and Lip(h) ≤ M · max{Lip(c), Lip(c′)}.
Moreover,Area(h) = 0.

The intervalI can be replaced byS1.

Proof. It suffices to consider the case thatc′ is parameterized proportional to arc-
length. Thenc′(s) = c(̺(s)) for some Lipschitz function̺ . Then the map

h(s, t) = c((1− t)s+ t̺(s))

is a Lipschitz homotopy fromc to c′. The bound on the Lipschitz constant ofh
follows by calculation. Since the image ofh is one-dimensional it follows that
Area(h) = 0. �

Proof of Proposition 3.5.Let M be as in Lemma 3.3. Set ¯ε = ε
2M and letY = Xε̄

be as in Lemma 3.3. Letc: S1 → Y be a Lipschitz curve. Let ¯c be the constant
speed parameterization ofc so that Fill Area(c) = Fill Area(c̄) by Lemma 3.6. Note
that c̄ is λ-Lipschitz withλ = ℓ(c)

4 . If λ ≤ ε̄
M , thenc̄ is Mλ-Lipschitz homotopic to

a constant curve. It follows that

Fill Area(c̄) ≤ 2πM2λ2 ≤ 2πMε̄ · ℓ(c)
4
≤ εℓ(c).

If λ ≥ ε̄
M , then c̄ is Lipschitz homotopic to a Lipschitz curvec1 : S1 → X via a

homotopy of area at mostMε̄λ, andℓ(c1) ≤ ℓ(c)+ ε. We can thus fillc by a disc of
area

Fill Area(c) ≤ Mε̄λ + Fill Area(c1) ≤ ε · ℓ(c) + δX(ℓ(c) + ε),

as desired. �

Similar thickenings allow us to work with spaces arising from geometric group
theory such as Cayley graphs.

Proposition 3.7. Let X be a length space such thatArX,ε(r) < ∞ for someε > 0
and all r > 0. Then there exists a thickening Y of X that is a complete length space,
Lipschitz1-connected up to some scale, and satisfiesδLip

Y � ArX,ε. If X is locally
compact then Y can be chosen to be locally compact as well.

In particular, ifX is such that ArX,ε(r) � r2 then there existsC such thatδLip
Y (r) ≤

Cr2 for all r > 0. Similarly, if X satisfies a quadratic isoperimetric inequality
(with Lipschitz or Sobolev maps) only for curves of length≥ r0 then there exists a
thickeningY of X which is a complete length space, is Lipschitz 1-connected up to
some scale, and satisfiesδLip

Y (r) ≤ Cr2 for someC and allr > 0.

Proof. This is a straight-forward consequence of Proposition 3.2 and Lemma 3.3.
�
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4. The coarse isoperimetric function

We give bounds on the coarse isoperimetric function using the constructions in
[29] and [27]. We then prove the equivalence of the coarse isoperimetric function
and the Dehn function and establish the quasi-isometry invariance of the Dehn
function. This will imply Theorems 1.1 and 1.2.

Let Z be a metric space homeomorphic toD. We denote by∂Z the boundary
circle ofZ, that is, the image ofS1 under the homeomorphism fromD to Z. Recall
the definition of a triangulation ofD given in Section 2.3. Triangulations ofZ are
defined in analogy.

The first result is a variant of [29, Theorem 8.11].

Theorem 4.1. Let Z be a geodesic metric space homeomorphc toD such that
ℓ(∂Z) < ∞ andH2(Z) < ∞. Suppose there exist C, l0 > 0 such that every Jordan
domainΩ ⊂ Z with ℓ(∂Ω) < l0 satisfies

(2) H2(Ω) ≤ C · ℓ(∂Ω)2.

Then for every n∈ N with n> 8ℓ(∂Z)
l0

there exists a triangulation of Z into at most

K · n+ K · n2 · H
2(Z)

ℓ(∂Z)2

triangles of diameter at mostℓ(∂Z)
n each, where K depends only on C. Moreover,

every edge contained in∂Z has length at mostℓ(∂Z)
n .

Proof. We may assume thatC ≥ 1. By the proof of [29, Theorem 8.11] there exists
a finite, connected graph∂Z ⊂ Ĝ ⊂ Z such thatZ \ Ĝ has at most

K · n+ K · n2 · H
2(Z)

ℓ(∂Z)2

components, each of which is a topological disc of diameter at most ℓ(∂Z)
n . Here,

K only depends on the isoperimetric constantC. Note that [29, Theorem 8.11] is
formulated for a special metric spaceZ but the proof only relies on the inequality
(2), see [29, Remark 8.4]. We may assume that every vertex ofĜ has degree at
least 3. We will call the components ofZ \ Ĝ the faces of the grapĥG. By the
above, every faceF of Ĝ has diameter at mostℓ(∂Z)

n . Denote byv, e, and f the
number of vertices, edges, and faces ofĜ, respectively. Notice thate ≥ 3v

2 and
hence, by Euler’s formula,e= v+ f − 1 < 2e

3 + f . This impliese< 3 f .
We now construct a subdivisionG from Ĝ as follows. Firstly, addn new vertices

on∂Z in such a way as to divide∂Z into nsegments of equal lengthℓ(∂Z)
n . Moreover,

for each face ofĜ whose boundary consists of a single edge, add an extra vertex
in the interior of the edge. Denote this new graph byĜ again. The numbere′ of
edges in this new graph is bounded bye′ ≤ e+ n + f . Now, fix a point in the
interior of each faceF of Ĝ and connect it by an injective curve inF to each vertex
of F such that the curves do not intersect except possibly at endpoints. Thus, ifF
hasm vertices thenF is replaced bym new faces. This yields a new planar graph
∂Z ⊂ G ⊂ Z all of whose faces have boundary consisting of three edges and all of
whose faces have diameter at mostℓ(∂Z)

n . The numberL of faces ofG is bounded
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by the sum of degrees of vertices ofĜ, which equals 2e′. Consequently,

L ≤ 2e′ ≤ 2e+ 2n+ 2 f < 8 f + 2n ≤ K′ · n+ K′ · n2 · H
2(Z)
ℓ(∂Z)2

for some constantK′ only depending onC. The triangulation ofZ associated with
G has the desired properties. This completes the proof. �

Theorem 4.2. Let X be a locally compact, geodesic metric space such that, for
some C, r0 > 0, we haveδX(r) ≤ Cr2 for all 0 < r < r0. Let c: S1 → X be a
Lipschitz curve and u∈ W1,2(D,X) such thattr(u) = c. Then for every n∈ N with
n > 8ℓ(c)

r0
there exists a triangulationτ of D with at most

K · n+ K · n2 · Area(u)

ℓ(c)2

triangles and a continuous map P: τ(1)→ X such that P|S1 = c andℓ(P|∂F) ≤ 4ℓ(c)
n

for every triangle F inτ. Here, K only depends on C.

Note that ifX is Lipschitz 1-connected up to some scale, then there existC, r0 >

0 such thatδX(r) ≤ Cr2 for all 0 < r < r0.

Proof. Consider the spaceY := X×R2, which satisfiesδY(r) ≤ C′r2 for all 0 < r <
r0, whereC′ only depends onC, see [30, Lemma 3.2]. Letε > 0 be sufficiently
small. Then the biLipschitz curve inY given byĉ(z) := (c(z), εz) satisfies

ℓ(c) < ℓ(ĉ) < min

{

nr0

8
,
4ℓ(c)

3

}

.

Moreover, there exists ˆu ∈W1,2(D,Y) with traceĉ and such that

Area(û) ≤ Area(u) +
ℓ(c)2

n
,

compare with the proof of [30, Theorem 3.4]. It follows from the results in [29,
Section 1] that there exist a geodesic metric spaceZ homeomorphic toD, and a
1-Lipschitz mapu: Z→ X with the following properties. Firstly, the restriction of
u to the boundary circle∂Z of Z is an arc-length preserving homeomorphism onto
the imageΓ of ĉ, in particular,ℓ(∂Z) = ℓ(ĉ). Secondly, every Jordan domainΩ ⊂ Z
with ℓ(∂Ω) < r0 satisfies

H2(Ω) ≤ C′ · ℓ(∂Ω)2.

Thirdly, the Hausdorff measure ofZ is bounded by

H2(Z) ≤ Area(û) ≤ Area(u) +
ℓ(c)2

n
.

Let τ be a triangulation ofZ as in Theorem 4.1. Then the numberN of triangles in
τ is bounded by

N ≤ K · n+ K · n2 · H
2(Z)

ℓ(∂Z)2
≤ (K + 1) · n+ K · n2 · Area(u)

ℓ(c)2

for some constantK only depending onC. Moreover, the diameter of each triangle
in τ is bounded from above by4ℓ(c)

3n . Finally, the length of each edge contained in

∂Z is also at most4ℓ(c)
3n .

Let nowϕ : S1 → ∂Z be the homeomorphism given byϕ := (u|∂Z)−1 ◦ ĉ. By
the Schoenflies theorem,ϕ extends to a homeomorphism fromD to Z, which we
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denote again byϕ. Let τ̂ be the triangulation ofD given byϕ−1(τ). We define a map
P: τ̂(1) → X as follows. Denote byπ : Y → X the natural 1-Lipschitz projection.
For z ∈ S1 or z ∈ τ̂(0) let P(z) := π ◦ u ◦ ϕ(z). On each edge [v, v′] in τ̂(1) not
contained inS1 defineP to be a geodesic fromP(v) to P(v′). It follows from the
construction that for each triangleF in τ̂ we have

ℓ(P|∂F) ≤ 3 · 4ℓ(c)
3n
=

4ℓ(c)
n

and thatP agrees withc on S1. �

As a consequence of Theorem 4.2 we obtain a bound on the coarseisoperimetric
function as follows.

Corollary 4.3. Let X be a locally compact, geodesic metric space such that, for
some C, r0 > 0, we haveδX(r) ≤ Cr2 for all 0 < r < r0. Then there exists K
depending only on C and r0 such that

ArX,ε(r) ≤ 1+ K · r + K · δX(r)

for every r> 0 and everyε ≥ r0
2 .

Proof. Let ε ≥ r0
2 and letc: S1 → X be a Lipschitz curve. SetL := 8ℓ(c)

r0
, and let

n ∈ N be the smallest integer withn > L. If L < 1 thenℓ(c) < r0
8 < ε and hence

ArX,ε(ℓ(c)) = 1. We may therefore assume thatL ≥ 1 so thatn ≤ 16ℓ(c)
r0

. Since

4ℓ(c)
n
<

4ℓ(c)
L
=

r0

2
≤ ε

it follows from Theorem 4.2 that for everyν > 0

ArX,ε(ℓ(c)) ≤ K · n+ K · n2 · δX(ℓ(c)) + ν

ℓ(c)2

≤ K′

r0
· ℓ(c) +

K′

r2
0

· (δX(ℓ(c)) + ν)

for some constantsK andK′ depending only onC. Sinceν > 0 was arbitrary this
completes the proof. �

We now obtain the following analog of Theorem 1.1.

Theorem 4.4.Let X be a locally compact, geodesic metric space satisfyingδX(r) <
∞ for all r > 0. If there exist C, r0 > 0 such thatδX(r) ≤ Cr2 for all r ∈ (0, r0) then
ArX,ε ≃ δX for everyε > 0.

This follows from Corollary 4.3 and Proposition 3.2. Theorem 1.1 is a conse-
quence of the theorem above together with Proposition 3.1. Finally, the following
result together with Proposition 3.1 implies Theorem 1.2.

Theorem 4.5. Let X and Y be locally compact, geodesic metric spaces such that
δX(r) < ∞ andδY(r) < ∞ for all r > 0 and such that there exist C, r0 > 0 with

δX(r) ≤ Cr2 and δY(r) ≤ Cr2

for all 0 < r < r0. If X and Y are quasi-isometric thenδX ≃ δY.

Proof. This is a consequence of Theorem 4.4 together with Proposition 2.3. Finite-
ness of the functions ArX,ε and ArY,ε follows from Corollary 4.3. �
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5. Stability of the quadratic isoperimetric inequality

The main result of this section is the following theorem, which readily implies
Theorem 1.8 in the introduction.

Theorem 5.1. Let Xω be an ultralimit of a sequence of proper,λ-quasi-convex
metric spaces Xn such that, for some C, r0 > 0, we haveδXn(r) ≤ Cr2 for all
0 < r < r0 and all n ∈ N. Then for every Lipschitz curve c: S1 → Xω with
ℓ(c) < λ−1 · r0 and everyε > 0 there exists u∈ W1,p(D,Xω) with tr(u) = c and
satisfying

(3) Area(u) ≤ (C + ε)λ2 · ℓ(c)2 and
[

Ep
+(u)
]

1
p ≤ C′λ · Lip(c),

where p> 2 and C′ depend only on C andε. In particular, Xω satisfiesδXω(r) ≤
λ2Cr2 for all 0 < r < r0

λ
.

Simple examples show that the constants in the isoperimetric inequality inXω
cannot be improved in general.

The main ingredient in the proof of the theorem is the following result obtained
in [30, Theorem 3.4].

Theorem 5.2. Let X be a proper metric space such that, for some C, r0 > 0, we
haveδX(r) ≤ Cr2 for all 0 < r < r0. Let ε > 0. Then every Lipschitz curve
c: S1→ X with ℓ(c) < r0 is the trace of some u∈W1,p(D,X) with

Area(u) ≤ Fill Area(c) + ε · ℓ(c)2 ≤ (C + ε) · ℓ(c)2

and
[

Ep
+(u)
]

1
p ≤ C′ · Lip(c), where p> 2 and C′ only depend on C,ε.

We can now give the proof of Theorem 5.1.

Proof. SupposeXω is the ultralimit (with respect to some non-principal ultrafilter
ω) of the sequence of pointed metric spaces (Xn, dn, pn).

Let c: S1 → Xω be aν-Lipschitz curve of lengthℓ(c) < λ−1 · r0. Fix ε > 0
and letδ ∈ (0, 1) be such that (1+ δ)λℓ(c) < r0 and (1+ δ)2(C + ε/2) ≤ C + ε.
By Corollary 2.6 there exists a bounded sequence of (1+ δ)λν-Lipschitz curves
cn : S1→ Xn such that limω cn = c and such that

ℓ(cn) ≤ (1+ δ)λ · ℓ(c) < r0

for everyn. By Theorem 5.2 there existp > 2 andC′ depending only onC andε
such that the following holds. For eachn ∈ N there existsun ∈ W1,p(D,Xn) with
tr(un) = cn and such that

(4) Area(un) ≤
(

C +
ε

2

)

· ℓ(cn)2 ≤ (C + ε)λ2 · ℓ(c)2

and
[

Ep
+(un)

]
1
p ≤ 2−1C′ Lip(cn) ≤ C′λν.

In particular, there exists a representative ofun, denoted by the same symbol, which
is (L, α)-Hölder onD, whereα = 1− 2

p and whereL depends onC′, λ, ν andp, see
Proposition 2.2.

Now note that (un) is a bounded sequence since eachun is (L, α)-Hölder. Let
u: D → Xω be the ultralimit of (un). Thenu is (L, α)-Hölder onD and satis-
fies u|S1 = c. In order to complete the proof it thus suffices to show thatu ∈
W1,p(D,Xω) and that the inequalities in (3) hold. Observe first that thesequence
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of subsetsYn := un(D), when endowed with the metricdn, is a uniformly com-
pact sequence of metric spaces in the sense of Gromov. This isa consequence of
the fact that eachun is (L, α)-Hölder. By Gromov’s compactness theorem for met-
ric spaces, there exist a compact metric space (Y, dY) and isometric embeddings
ϕn : Yn ֒→ Y for everyn ∈ N. Let v: D → Y be the ultralimit of the sequence of
mapsvn := ϕn ◦ un. We claim that a subsequence (vnj ) of (vn) converges uniformly

to v and thus also inLp(D,Y). Indeed, letB ⊂ D be a countable dense set. Then
there exists a subsequence (n j) such thatvnj (z) → v(z) as j → ∞ for everyz ∈ B.
Sincevnj is (L, α)-Hölder for everyj it follows thatvnj converges uniformly tov,
which proves the claim. Thus, [23, Theorem 1.6.1] implies that v ∈ W1,p(D,Y).
Moreover,v satisfies the inequalities in (3) by the weak lower semi-continuity of
theEp

+-energy and of area, see [27, Corollaries 5.7 and 5.8]. Finally, setA := v(D).
Since

dY(v(z), v(z′)) = dω(u(z), u(z′))

for all z, z′ ∈ D there exists an isometric embeddingι : A ֒→ Xω such thatu =
ι ◦ v. Sinceι is isometric it follows thatu ∈ W1,p(D,Xω) and that (3) holds. This
completes the proof. �

Proposition 3.7 and Theorem 5.1 imply that every asymptoticcone of a metric
space with a quadratic isoperimetric inequality for sufficiently long curves admits
a quadratic isoperimetric inequality with some constant which may be large. In
the following corollary we show how to obtain a better bound for the isoperimetric
constant of the asymptotic cones. This will be used in the proof of Theorem 5.4
below.

Corollary 5.3. Let X be a locally compact, geodesic metric space. Suppose there
existβ, r0 > 0 such that every Lipschitz curve c: S1→ X withℓ(c) ≥ r0 is the trace
of a map u∈W1,2(D,X) with Area(u) ≤ β · ℓ(c)2. Then every asymptotic cone of X
admits a quadratic isoperimetric inequality with constantβ.

Proof. By Proposition 3.7 and the remark following it, the spaceX isometrically
embeds into a locally compact, geodesic metric spaceY which is at finite Hausdorff
distance fromX and which admits a quadratic isoperimetric inequality withsome
constantC. Note first that ifĉ: S1 → X is a Lipschitz curve of lengthℓ(ĉ) ≥ r0

then, by assumption,

Fill AreaY(ĉ) ≤ Fill AreaX(ĉ) ≤ β · ℓ(ĉ)2.

Here, Fill AreaY(ĉ) and Fill AreaX(ĉ) denote the filling areas inY andX, respec-
tively. This fact together with Theorem 5.2 lets us improve inequality (4) in the
proof of Theorem 5.1 forn large enough. Namely, we can find fillingsun in Y
which satisfy the properties in the proof of Theorem 5.1 and moreover

Area(un) ≤ Fill AreaY(cn) +
ε

2
· ℓ(cn)2 ≤

(

β +
ε

2

)

· ℓ(cn)2

for all n sufficiently large. �

In the rest of this section we give some consequences of the isoperimetric sta-
bility proved above. We first provide the proof of Theorem 1.7. We in fact prove
the following stronger version.
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Theorem 5.4. Let X be a locally compact, geodesic metric space andε, r0 > 0. If
every Lipschitz curve c: S1→ X withℓ(c) ≥ r0 is the trace of some v∈W1,2(D,X)
with

Area(v) ≤ 1− ε
4π
· ℓ(c)2

then X is Gromov hyperbolic.

Proof. By [13, Proposition 3.A.1] it is enough to prove that every asymptotic cone
of X is a metric tree. Let thereforeY = (Y, dY) be an asymptotic cone ofX. Since
X is geodesic it follows thatY is geodesic. Note also thatY admits a quadratic
isoperimetric inequality with some constantC < 1

4π by Corollary 5.3.
We first claim that everyu ∈ W1,2(D,Y) has Area(u) = 0. We argue by contra-

diction and assume there existsu which has strictly positive area. It follows from
[22] or [27, Proposition 4.3(ii)] that for somep ∈ Y and some sequencern → ∞
the ultralimitYω := (Y, rndY, p)ω contains an isometric copy of a two-dimensional
normed planeV. Let Z be the injective hull ofV. ThenZ is a Banach space and
there exists a 1-Lipschitz map fromYω to Z which restricts to the identity onV.
It follows that curves inV can be filled at least as efficiently in Z as inYω. Since
the isoperimetric constant of every normed plane is at least1

4π , see [36], and since
affine discs in normed spaces are area minimizers by [11] it follows that the isoperi-
metric constant ofZ and thus also ofYω must be at least14π . However,Yω is an
asymptotic cone ofX by [14] and thus admits a quadratic isoperimetric inequal-
ity with some constantC < 1

4π by Corollary 5.3, a contradiction. This proves the
claim.

We finally show thatY is a metric tree. For this it suffices to show thatY does
not contain any rectifiable Jordan curve. We argue by contradiction and assume
that there exists a rectifiable Jordan curveΓ in X. Let c: S1 → Γ be a Lipschitz
parameterization and letu ∈ W1,2(D,Y) be such that tr(u) = c. Then Area(u) = 0
by the claim above. Now, letZ be the injective hull ofΓ. SinceΓ is compact it
follows thatZ is compact. Moreover,Z admits a quadratic isoperimetric inequal-
ity. Denote byΛ(Γ,Z) the set of all maps inW1,2(D,Z) whose trace is a weakly
monotone parameterization ofΓ. By [27, Theorem 1.1] and [27, Lemma 7.2], there
existsv ∈ Λ(Γ,Z) ∩C0(D,Z) which satisfies

Area(v) = inf {Area(w) | w ∈ Λ(Γ,Z)}
andE2

+(v) ≤ 2 · Area(v). Let π : Y → Z be a 1-Lipschitz map which restricts to
the identity onΓ. Thenw := π ◦ u is in Λ(Γ,Z) and Area(w) = 0. Sincev is
an area minimizer it follows that also Area(v) = 0 and hence thatE2

+(v) = 0 and
hence thatv is constant. This contradicts the fact that tr(v) weakly monotonically
parameterizes the Jordan curveΓ. �

As mentioned in the introduction, one can also prove the following theorem
from [37] using the results above. For the definitions involving Carnot groups we
refer to [37] .

Theorem 5.5. Let G be a Carnot group of step2 with grading g = V1 ⊕ V2 of
its Lie algebra. Suppose u∈ V2 is such that u, [v,w] for all v,w ∈ V1. Let H
be the Carnot group of step2 whose Lie algebra ish = V1 ⊕ V2/〈u〉 and endow
H with a left-invariant Riemannian metric. Then H does not admit a quadratic
isoperimetric inequality.
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In [37], this is proved by showing that ifH admits a quadratic isoperimetric in-
equality, then minimal surfaces inH converge to integral currents in its asymptotic
cone. By Pansu’s Rademacher theorem for Carnot groups and Stokes’ theorem
for currents, there are curves in the asymptotic cone that donot bound integral
currents, leading to a contradiction. A version of Stokes’ theorem also holds for
Sobolev maps (with Lipschitz trace), so one can use Corollary 5.3 to show that
minimal discs inH converge to Sobolev discs and arrive at the same contradiction.

6. Hölder-Sobolev extensions

In this section we prove the first part of Corollary 1.5 as wellas Theorem 6.5,
which was alluded to in the introduction and which yields Hölder extensions with
additional properties. We introduce the notion of Hölder 1-connectedness of a
space and show that for quasi-convex metric spaces Hölder 1-connectedness im-
plies simple connectedness and is equivalent to the Hölderextension property in
case the ambient space is complete. Theorem 6.5 and the first part of Corollary 1.5
will then become consequences of the results proved in Section 5.

Definition 6.1. Given 0 < α ≤ 1, a metric space X is said to beα-Hölder 1-
connected if there exists L such that everyν-Lipschitz curve c: S1→ X with ν > 0
has an(Lν, α)-Hölder extension toD.

Quasi-convex metric spaces which areα-Hölder 1-connected withα = 1 are
called Lipschitz 1-connected in [25].

Proposition 6.2. Let X be a quasi-convex metric space. If X isα-Hölder 1-
connected for someα > 0 then X is simply connected.

Proof. Letλ ≥ 1 be such thatX is λ-quasi-convex. We denote the metric onX by d.
Let c: [0, 1] → X be a continuous curve withc(0) = c(1). Denote byQ the closed
unit square inR2 and defineϕ : ∂Q → X by ϕ(s, 0) := c(s) andϕ(s, t) := c(0) if
s = 0 or s = 1 or t = 1. It suffices to show thatϕ extends continuously toQ. We
construct such an extension as follows. For everyk ≥ 0 set

bk := max
{

d(c(am
k ), c(am+1

k ))
∣

∣

∣ m= 0, 1, . . . , 2k − 1
}

,

wheream
k := 2−km for 0 ≤ m ≤ 2k. On each segment [am

k , a
m+1
k ] × {2−k} with

k ≥ 1 and 0≤ m ≤ 2k − 1 defineϕ to be a Lipschitz curve fromc(am
k ) to c(am+1

k )
with Lipschitz constant at mostλ2kbk. This definesϕ on the horizontal boundary
segments of each of the rectangles

Rm
k := [am

k , a
m+1
k ] × [2−(k+1), 2−k]

for k ≥ 0 andm= 0, 1, . . . , 2k−1. Extendϕ to ∂Rm
k such thatϕ is a constant map on

each vertical boundary segment. Thenϕ|∂Rm
k

is Lipschitz with constant at most 2kb′k,
whereb′k := 4λ(2bk+1+bk). SinceRm

k is isometric to a 2−k-scaled copy ofR0
0, which

is in turn biLipschitz equivalent toD, it follows from theα-Hölder 1-connectedness
thatϕ|∂Rm

k
extends to a (2kαL′b′k, α)-Hölder map onRm

k , again denoted byϕ. Here,
L′ is a constant only depending on the constant appearing in thedefinition ofα-
Hölder 1-connectedness. This definesϕ on all of Q. Note that

d(ϕ(z), ϕ(am
k )) ≤ 2αL′b′k
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for everyz ∈ Rm
k and allk andm. Sincec is continuous and thusb′k → 0 ask→ ∞

it follows from the inequality above thatϕ is continuous at every point (s, 0) with
s ∈ [0, 1]. Sinceϕ is continuous onQ \ ([0, 1] × {0}) by construction the proof is
complete. �

In the setting of quasi-convex metric spaces,α-Hölder 1-connectedness is stable
under taking ultralimits. We will not need this fact and thusleave the proof to the
reader.

We turn to the relationship between a quadratic isoperimetric inequality and
Hölder extendability of curves. As a direct consequence ofTheorems 5.1 and 5.2
and Propositions 2.2 and 6.2 we obtain:

Corollary 6.3. Let X be a locally compact, geodesic metric space admitting a
quadratic isoperimetric inequality, and let Xω be an asymptotic cone of X. Then
X and Xω are α0-Hölder 1-connected for someα0 ∈ (0, 1) depending only on the
isoperimetric constant of X. In particular, X and Xω are simply connected.

The following result is the link between Hölder 1-connectedness and the Hölder
extension property defined in the introduction.

Theorem 6.4. Let X be a complete quasi-convex metric space and0 < α ≤ 1.
Then X isα-Hölder 1-connected if and only if the pair(R2,X) has theα-Hölder
extension property.

The equivalence is quantitative in the following sense. If one of the two state-
ment holds with some constantL ≥ 1 then the other statement holds with a constant
L′ ≤ MλL, whereλ is the quasi-convexity constant ofX andM is a universal con-
stant. The theorem is well-known in the caseα = 1, see [1]. We refer to the
Appendix below for the proof, which is an adaptation of the arguments in [1].

We conclude this section with the following result.

Theorem 6.5. Let X be a locally compact, geodesic metric space admitting aqua-
dratic soperimetric inequality or an ultralimit of a sequence of such spaces (with
uniformly bounded isoperimetric constants). Then there exist α0 > 0 and L ≥ 1
such that every(ν, α)-Hölder mapϕ : A→ X withα ≤ α0 and A⊂ R2 extends to a
mapϕ̄ : R2→ X with the following properties:

(i) ϕ̄ is (Lν, α)-Hölder continuous onR2.
(ii) ϕ̄ sends compact subsets ofΩ := R2 \ A to sets of finiteH2-measure.
(iii) ϕ̄ sends subsets ofΩ of Lebesgue measure zero to sets ofH2-measure

zero.

The numbersα0 and L only depend on the isoperimetric constant. IfX has
isoperimetric constantC = 1

4π then we may chooseα0 = 1 andL = 1 by [26] and
[24]. Note that properties (ii) and (iii) are in general not shared by (1− ε)-Hölder
maps, no matter how smallε > 0. We mention that Corollary 1.5 for 0< α ≤ α0 is
also a consequence of Theorem 6.5.

Proof. We begin with the following observation. Letc: S1 → X be aν-Lipschitz
curve. By Theorems 5.1 and 5.2 there existsu ∈ W1,p(D,X) with tr(u) = c and

such that [Ep
+(u)]

1
p ≤ Cν for someC andp > 2 only depending on the isoperimet-

ric constant ofX. Setα0 := 1− 2
p. By Proposition 2.2 there exists a representative
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ϕ : D → X of u which is (Mν, α0)-Hölder continuous on all ofD with M only de-
pending on the isoperimetric constant ofX. Moreover,ϕ satisfies Lusin’s property
(N). By this property and the area formula [22], the Hausdorff 2-measure ofϕ(D)
is finite. Finally,ϕ is (2Mν, α)-Hölder continuous for every 0< α ≤ α0.

Now, letα0 andM be as above and fix 0< α ≤ α0. Let A ⊂ R2 be non-empty
andϕ : A → X a (ν, α)-Hölder map. SinceX is complete we may assume thatA
is closed. Letϕ : R2 → X be the map constructed in the proof of Theorem 6.4,
whereϕ|Q is a map given as in the observation above for every cubeQ in the
Whitney cube decomposition ofR2 \ A. Thenϕ is (Lν, α)-Hölder continuous for
someL depending only onM by (the proof of) Theorem 6.4. Moreover,ϕ satisfies
properties (ii) and (iii) in the statement of the theorem because eachϕ|Q satisfies
these properties for everyQ by the observation above. This completes the proof of
the theorem. �

7. Hölder exponent arbitrarily close to one

The aim of this section is to prove the following result which, together with
the results of Sections 6 and 4, yields Theorem 1.4 and Corollary 1.5 and their
generalizations.

Theorem 7.1. Let X be a locally compact, geodesic metric space. Suppose that
there are C> 0 such thatδX(r) ≤ Cr2 for all r > 0. Then, for anyα ∈ (0, 1), X is
α-Hölder 1-connected, with multiplicative constant depending only on C andα.

Theorem 6.4 then implies that the pair (R2,X) has theα-Hölder extension prop-
erty, and Corollary 6.3 implies thatX is simply connected. Because the multi-
plicative constant depends only onC andα, Corollary 2.5 implies the following
corollary.

Corollary 7.2. Let X be a locally compact, geodesic metric space admitting a
quadratic isoperimetric inequality. Then every asymptotic cone Xω of X is simply
connected and the pair(R2,Xω) has theα-Hölder extension property for every
α ∈ (0, 1).

We prove Theorem 7.1 by using the triangulations produced byTheorem 4.2 to
repeatedly subdivide a curve into smaller curves. IfX is a length space, we say
that X is (n, k)–triangulable if for allr > 0, we have ArX,r/k(r) ≤ n. If X admits a
quadratic isoperimetric inequality, then Theorem 4.2 implies that there is aK such
thatX is (Kn2, n)–triangulable for alln ≥ 1.

Lemma 7.3. Let B = [0, 1]2 be the unit square. Let n> 0, k > 1. Divide B
into an n× n grid of squares of side length n−1. Let B1, . . . , Bn2 be squares of side
length(2n)−1, one centered in each of the grid squares, and let E be the closure of
B \⋃i Bi.

There is an L> 0 depending on n such that if X is a space that is(n2, k)–
triangulable and c: ∂B → X is a constant-speed Lipschitz curve, then there is a
map f: E→ X such that:

(i) f agrees with c on∂B.
(ii) For each i, the restriction f|∂Bi is a constant-speed curve and

ℓ( f |∂Bi ) ≤
ℓ(c)
k
.
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(iii) Lip( f ) ≤ L Lip(c).

Proof. Let c: ∂B → X be a constant-speed Lipschitz curve. SinceX is (n2, k)–
triangulable, there is a triangulationτ of the closed discD with at mostn2 triangles,
and a continuous mapP: τ(1) → X such thatP|S1 = c and ℓ(P|∂F) ≤ ℓ(c)

k for
every triangleF in τ. We equipτ with a metric so that each face is isometric to a
equilateral triangle with unit sides and assume thatP parameterizes each edge with
constant speed, so that Lip(P) ≤ ℓ(c). Denote the faces ofτ by F1, . . . , F j. We will
constructf by finding a mapv: E→ τ(1) that sends∂B to ∂τ and sends∂Bi to ∂Fi

for all i ≤ j.
For all i, let xi be the center of the squareBi. For 1≤ i ≤ j, let yi be the center of

the faceFi, and fori > j, let yi be a point in the interior ofτ, chosen so that theyi

are all distinct. Letq: B→ B be a Lipschitz map that fixes the firstj grid squares
of Band collapses∂Bi to xi for i > j. Letg: B→ τ be a Lipschitz homeomorphism
such that for alli, g(xi) = yi andg(∂Bi) is a small circle aroundyi . Theng ◦ q(E)
avoids the center of each face ofτ.

Let
r : τ \ {y1, . . . , y j} → τ(1)

be the retraction such that ifx ∈ Fi , then f (x) is the intersection of the ray from
yi to x with the boundary∂Fi. This map is locally Lipschitz, sov = r ◦ g ◦ q is a
Lipschitz map fromE to τ(1) such thatv(∂Bi) = ∂Fi for all i ≤ j andv(∂Bi) is a
point for all i > j.

The Lipschitz constant ofv depends onτ, but there are only finitely many pos-
sible triangulationsτ with at mostn2 faces. Each of these gives rise to a map
vτ, so if L0 = L0(n) = maxτ Lip(vτ), then Lip(v) ≤ L0. Let f0 = P ◦ v. Then
Lip( f0) ≤ L0 Lip(P) ≤ L0ℓ(c).

This map sends∂B to c and∂Bi to either a curve of length at mostℓ(c)
k or a

point, but the parameterizations of the boundary components may not have con-
stant speed. LetE′ be the spaceE with an annulus of length1n glued to each
boundary component∂Bi and an annulus of length 1 glued to∂B. This is biLips-
chitz equivalent toE, say by an equivalenceh: E′ → E. Define f : E→ X so that
f |∂B = c, f |∂Bi is a constant-speed parameterization off0|∂Bi , and f (h(x)) = f0(x)
for all x ∈ E. This definesf on all of E except for an annulus around each bound-
ary component, and we use Lemma 3.6 to definef on these annuli. Thenf satisfies
the desired conditions on each boundary component and thereis aL1 > 0 such that
Lip( f ) ≤ L1 Lip( f0) ≤ L1L0ℓ(c), as desired. �

Now, we can prove the desired Hölder extension property.

Proposition 7.4. If X is (n2, k)–triangulable, then for any Lipschitz curve c: S1→
X, there is an extensionβ : D→ X such thatβ is

(

CH Lip(c), logk
log 2n

)

-Hölder contin-
uous, where CH depends only on n and k

Proof. We identifyS1 with the boundary∂B, whereB = [0, 1]2. Let E0 beB with
n2 holes of side length (2n)−1 removed, as in Lemma 7.3. We denote these holes
by B1

1, . . .B
1
n2.

Let c: ∂B → X be a Lipschitz curve. By Lemma 3.6, we may assume that
c is parameterized with constant speed. Letβ0 : E0 → X be a map satisfying
Lemma 7.3. The curvesci = β

0|∂B1
i

are Lipschitz curves withℓ(ci) ≤ k−1ℓ(c). Since

ci is a constant-speed curve, we have Lip(ci) ≤ 2nk−1ℓ(c). For i = 1, . . . , n2, let E1
i
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be a copy ofE0, scaled to fit insideB1
i . We can apply Lemma 7.3 to each curveci

to obtain mapsβ1
i : E1

i → X that agree withβ0 on∂B1
i and satisfy

Lip(β1
i ) ≤ L Lip(ci) ≤ 2nLk−1ℓ(c).

Let E1 = E0 ∪⋃i E1
i and letβ1 : E1→ X be the map that extendsβ0 and all of the

β1
i ’s.

Now,E1 hasn4 smaller square holes, which we denoteB2
1, . . .B

2
n4. We can repeat

the process to produceE2
i , β2

i , etc. In fact, for eachj > 0 andi = 1, . . . , n2 j , there

areB j
i , E j

i , andβ j
i : E j

i → X with the following properties:

(i) The setB j
i is one of the holes inE j−1

⌈i/n2⌉; it has side length (2n)− j .

(ii) E j
i is a copy ofE0, scaled to fit inB j

i .

(iii) β j
i : E j

i → X is a map such thatβ j
i agrees withβ j−1

⌈i/n2⌉ on∂B j
i .

(iv) ℓ(β j
i |∂B j

i
) ≤ k− jℓ(c).

(v) Lip(β j
i ) ≤ (2n) j Lk− jℓ(c).

Let Em =
⋃m

j=1
⋃n2 j

i=1 E j
i and letE∞ =

⋃∞
j=1 E j. ThenB \ E∞ is a Cantor set of

measure zero. Letβ j : E j → X be the common extension of theβm
i for m ≤ j. By

(5), Lip(β j) ≤ (2n) j Lk− jℓ(c). Let β∞ : E∞ → X be the common extension of the
mapsβ j . Thenβ∞ is an extension ofc, and we claim thatβ∞ is Hölder continuous.

Suppose thatx ∈ E∞. For eachj, let x j ∈ E j be a point such that|x − x j | =
dist(x,E j). The holes inE j have side length (2n)− j−1, so|x− x j | ≤ (2n)− j−1. Then

d(β∞(x), β∞(x j)) ≤
∞
∑

i= j

Lip(βi+1) · d(xi , xi+1)

≤
∞
∑

i= j

(2n)i+1Lk−i−1ℓ(c) · [(2n)−i−1 + (2n)−i−2]

≤ 1+ (2n)−1

1− k−1
· Lk−( j+1)ℓ(c)

≤ L′k− jℓ(c),

whereL′ is a constant depending onn andk.
Suppose thatu, v ∈ E∞, and letm≥ 0 be such that

√
2(2n)−m−1 ≤ |u− v| ≤

√
2(2n)−m.

Let um, vm ∈ Em be the nearest-point projections ofu andv. Then

|um − vm| ≤
√

2(2n)−m + 2(2n)−m−1 ≤ 3(2n)−m

and

d(β∞(u), β∞(v)) ≤ 2L′ℓ(c)k−m + d(β∞(um), β∞(vm))

≤ 2L′ℓ(c)k−m + 3 Lip(βm)(2n)−m

≤ 2L′ℓ(c)k−m + 3Lℓ(c)k−m

≤ (2L′ + 3L) · ℓ(c) · k−m

≤ CHℓ(c) · |u− v|
logk

log 2n
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whereCH depends onn andk. Therefore,β∞ is logk
log 2n-Hölder continuous, and so

there exists a uniquelogk
log 2n-Hölder continuous mapβ : B→ X that extendsc. �

Proof of Theorem 7.1.Letα ∈ (0, 1). By Theorem 4.2, there is aK depending only
onC such thatX is (Kn2, n)–triangulable for alln ≥ 1. We have

lim
n→∞

logn

log 2
√

Kn2
= 1,

so there is ann such that logn

log 2
√

Kn2
> α. By Proposition 7.4,X is logn

log 2
√

Kn2
–Hölder

1–connected with a constant depending only onK andn. �

8. Appendix: Proof of Theorem 6.4

In this section, we prove Theorem 6.4. The proof is a variation of the proof
of Theorem (1.2) in [1], which is the special case of our theorem forα = 1. The
construction of our Hölder continuous extension is exactly as in [1], while the proof
of the Hölder continuity is slightly more technical than the proof of the Lipschitz
continuity in [1].

The proof of the theorem will moreover show the following. IfX only satisfies
theα-Hölder 1-connectedness condition for Lipschitz curves with Lipschitz con-
stant at most some numberν0 then (ν, α)-Hölder mapsϕ : A→ X with A ⊂ R2 and
ν > 0 arbitrary can be extended to (MLν, α)-Hölder maps defined on the neighbor-
hood















z∈ R2

∣

∣

∣

∣

∣

∣

∣

dist(z,A) <
(Mν0
λν

)

1
α















of A, whereλ is the quasi-convexity constant andM is a universal constant.

Proof of Theorem 6.4.Suppose first that the pair (R2,X) has theα-Hölder exten-
sion property with some constantL. Let c: S1 → X be aν-Lipschitz curve.
Thenc is (2ν, α)-Hölder and thus, by the Hölder extension property, there exists an
(2νL, α)-Hölder extension ofc defined on all ofR2. It follows thatX is α-Hölder
1-connected with constantL′ = 2L.

Now, suppose thatX is α-Hölder 1-connected with some constantL ≥ 1. In
what follows, M will denote a suitable universal constant, which might change
with each occurrence in the text. Denote byλ the quasi-convexity constant of
X. Let A ⊂ R2 and letϕ : A → X be (ν, α)-Hölder continuous for someν > 0.
SinceX is complete we may assume thatA is closed. LetQ be a Whitney cube
decomposition of the complementAc of A, see Theorem VI.1.1 in [35]. Thus,Q is
a collection of pairwise almost disjoint closed squaresQ ⊂ Ac of the form

Q = [p, p+ 2k] × [q, q+ 2k]

with p, q ∈ 2k
Z andk ∈ Z such thatAc = ∪Q∈QQ and

(5) 4−1 diam(Q) ≤ dist(A,Q) ≤ 4 diam(Q)

for everyQ ∈ Q. We first observe that ifQ,Q′ ∈ Q have non-trivial intersection
then diam(Q) ≤ 20 diam(Q′) by (5). Moreover, eitherQ ∩ Q′ consists of a single
point or it contains an entire edge ofQ or Q′. Denote byK0 the set of vertices and
by K1 the union of edges of squares inQ. An edge of a square inQ will be called
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minimal edge inK1 if it does not contain any shorter edges of squares inQ. Note
that for everyQ ∈ Q and every minimal edgeI in K1 with I ⊂ ∂Q we have

(6) diam(I ) ≥ (
√

2 · 20)−1 diam(Q)

by the above.
We extendϕ first to points inK0 as follows. For eachx ∈ K0 chooser0(x) ∈ A

such that
|x− r0(x)| = dist(x,A)

and setϕ(x) := ϕ ◦ r0(x). We next extendϕ|K0 to K1 using the quasi-convexity of
X. For this, letI ⊂ K1 be a minimal edge in the sense above and leta andb denote
the endpoints ofI . It follows from (5) that

|r0(a) − r0(b)| ≤ M|a− b|
and hence

d(ϕ(a), ϕ(b)) ≤ ν|r0(a) − r0(b)|α ≤ νM|a− b|α.
Thus, ϕ extends to some (Mλνdiam(I )α−1)-Lipschitz map onI by the λ-quasi-
convexity ofX. SinceK1 is the union of minimal edges inK1 this definesϕ on all
of K1. We finally extendϕ|K1 to Ac using theα-Hölder 1-connectedness. For this,
let Q ∈ Q. It follows with (6) thatϕ|∂Q is (Mλνdiam(Q)α−1)-Lipschitz. Henceϕ|∂Q
extends to some (MLλν, α)-Hölder map defined onQ. SinceQ was arbitrary this
definesϕ on all of Ac and hence on all ofR2.

It remains to show thatϕ is (MLλν, α)-Hölder continuous on all ofR2. Let
x, y ∈ R2. We first assume thatx ∈ A andy ∈ Ac. Let Q ∈ Q be such thaty ∈ Q and
let y′ be a vertex ofQ. Then

|y− y′| ≤ diam(Q) ≤ 4 dist(Q,A) ≤ 4|x− y|
and hence

|r0(y′) − x| ≤ |r0(y′) − y′| + |y′ − y| + |y− x|
≤ dist(y′,A) + 5|y− x|
≤ dist(Q,A) + diam(Q) + 5|y− x|
≤ 5 dist(Q,A) + 5|y− x|
≤ 10|y− x|.

From this we infer that

d(ϕ(x), ϕ(y)) ≤ d(ϕ(x), ϕ(y′)) + d(ϕ(y′), ϕ(y))

≤ ν|x− r0(y′)|α + MLλν|y′ − y|α

≤ MLλν|x− y|α.
We now assume thatx, y ∈ Ac. Let Q,Q′ ∈ Q be such thatx ∈ Q andy ∈ Q′ and let
x′ andy′ be vertices ofQ andQ′, respectively. We distinguish two cases and first
consider the case that

|x− y| ≥ 1
30

max{dist(Q,A), dist(Q′,A)}.

From this and (5) we infer that|x − x′| ≤ 120|x − y| and |y − y′| ≤ 120|x − y| and
moreover

|r0(x′) − r0(y′)| ≤ M|x− y|.



28 ALEXANDER LYTCHAK, STEFAN WENGER, AND ROBERT YOUNG

It follows that
d(ϕ(x), ϕ(y)) ≤ d(ϕ(x), ϕ(x′)) + d(ϕ(x′), ϕ(y′)) + d(ϕ(y′), ϕ(y))

≤ MLλν(|x− x′|α + |y− y′|α) + ν|r0(x′) − r0(y′)|α

≤ MLλν|x− y|α,
which proves the first case. We now consider the case that

|x− y| < 1
30

max{dist(Q,A), dist(Q′,A)}.

We may assume without loss of generality thatx , y and dist(Q′,A) ≤ dist(Q,A).
Denote byZ the square of side length 2|x− y| centered atx. We claim that at most
4 squares fromQ intersectZ. Indeed, ifQ′′ ∈ Q intersectsZ in some pointz then

diam(Q′′) ≥ 1
4

dist(Q′′,A) ≥ 1
4

(dist(z,A) − diam(Q′′))

and thus diam(Q′′) ≥ 1
5 dist(z,A). Since

dist(z,A) ≥ dist(x,A) − |x− z| ≥ dist(Q,A) − |x− z| > (30−
√

2) · |x− y|
it follows that diam(Q′′) ≥ 5−1(30−

√
2) · |x − y| and hence the side length of

Q′′ is strictly larger than the side length ofZ. This implies thatZ intersects at
most 4 squares fromQ, as claimed. It follows that the straight segment fromx to
y intersects at most 4 squares fromQ. Sinceϕ is (MLλν, α)-Hölder on each such
square it follows that

d(ϕ(x), ϕ(y)) ≤ 4MLλν|x− y|α.
This completes the proof. �
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