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The Regge symmetry, confocal conics, and the Schlafli formula

Arseniy Akopyan and Ivan Izmestiev

ABSTRACT

The Regge symmetry is a set of remarkable relations between two tetrahedra whose edge lengths
are related in a simple fashion. It was first discovered as a consequence of an asymptotic formula in
mathematical physics. Here, we give a simple geometric proof of Regge symmetries in Euclidean,
spherical, and hyperbolic geometry.

1. Introduction

The goal of this article is to give an elementary proof of the following theorem known as the
Regge symmetry.

THEOREM 1.1. Let A be a spherical, hyperbolic, or Euclidean tetrahedron with edge lengths
z,y,a,b, c, and d as shown in Figure 1, left. Then there is a (respectively, spherical, hyperbolic,

or Fuclidean) tetrahedron A with edge lengths x, y, s —a, s—b, s —c, and s —d, where
5= L;”‘i, see Figure 1, right. Besides, the following holds.

(1) The dihedral angles at the z-edge in A and A are equal. The same holds for the dihedral
angles at the y-edge.

(2) Ifa, B, v, and 6 are the dihedral angles at the edges a, b, ¢, and d of A, then the dihedral
angles at the edges s —a, s — b, s — ¢, and s —d in A are equal to 0 — a, 0 — 3, 0 — 7, and
o — 0§, where o = w.

(3) Tetrahedra A and A have equal volume.

There are more relations between the metric elements of the tetrahedra A and A:

e the solid angle at the (x,a,d) vertex is equal to the solid angle at the (x,s —b,s —¢)
vertex, etc.;

e the logarithms of tangents of half-angles at the side x are subject to the same linear
transformations as a,b, ¢, d and «, 3,7, 9.

The first of these follows directly from parts (1) and (2) of Theorem 1.1. The second relation
is Lemma 3.1 below.

The Euclidean case of Theorem 1.1 was first stated by Ponzano and Regge in [11] as a
corollary of a symmetry and a conjectured asymptotics of 6j-symbols. This asymptotic formula
was proved by Roberts in [12]; similar formulas involving spherical and hyperbolic tetrahedra
were obtained in [17]. Of course, one would like to have a more direct and geometric proof of
Theorem 1.1.

A Dbrute-force proof of the Euclidean case was given in the Appendices B and D of [11].
Roberts observed that the Dehn invariants of A and A coincide. In the Euclidean case, Sydler’s
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FIGURE 1. The Regge symmetry.

theorem [15] implies that A and A are scissors congruent. In fact, it would be interesting to
prove Theorem 1.1 by exhibiting a scissors congruence between A and A such that the sides
and dihedral angles fit in an appropriate way.

Scissors congruence of A and A in the hyperbolic case was proved by Mohanty in [10].
Mohanty extends the tetrahedra to ideal polyhedra, which are then cut into pieces, therefore
her construction does not apply in the Euclidean and spherical cases. It is unknown whether
hyperbolic and spherical analogs of Sydler’s theorem are true. Thus, it remains an open question
whether A and A are scissors congruent in the spherical case.

The proof of Theorem 1.1 given in this article uses classical geometric theorems such that
Ivory’s lemma about confocal quadrics and Schlafli’s differential formula for the volume of a
tetrahedron. There are some trigonometric computations, but they are kept to a minimum.

2. Confocal conics

2.1. Ellipses and hyperbolas revisited

In this section, a, b, ¢ denote the side lengths of a triangle, and «, 3, v the angles opposite to
the corresponding sides.

LEMMA 2.1. (1) Let the side length ¢ in a spherical, hyperbolic, or Euclidean triangle be
fixed. Then the sum of the other two side lengths a + b determines and is determined by

the product of tangents of half-angles tan § tan g, and the difference a — b determines and is
tan &
tan é :

(2) Let the angle v in a spherical or hyperbolic triangle be fixed. Then the sum of the other
two angles « + [ determines and is determined by the product of (hyperbolic) tangents of

half-sides tan & tan & or tanh £ tanh £, respectively, and the difference o — 3 determines and is
2 2 2 5, I'esp Y,

tan & tanh

tan g

determined by the ratio

a

3 ;
respectively.

b

tanh 3’

determined by the ratio

Part (1) of Lemma 2.1 gives an alternative description of ellipses and hyperbolas: instead of
fixing the sum (or difference) of distances to the foci, one may fix the product (respectively,
quotient) of the tangents of half-angles formed by the principal axis with the lines from the
foci to a moving point, see Figure 2.

In the spherical case, part (2) is dual to (and thus directly follows from) part (1). In the
hyperbolic case, parts (1) and (2) become dual if they are extended to hyperbolic de Sitter
triangles. Conics also appear in part (2): when the lines containing the sides a and b are fixed,
and the line containing the third side moves in such a way that the sum or difference oo + 8
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FIGURE 2. a + b = const < tan § tan 5 = const.

remains constant, then the moving line remains tangent to a (spherical or hyperbolic) conic,
see [7].

Finally, note that part (2) of the lemma can be reformulated so as to include the case
of Euclidean triangles. Let the angle v in a spherical, hyperbolic, or Euclidean triangle be
fixed. Then the area of the triangle determines and is determined by the products tan § tan %,

tanh § tanh g, and ab, respectively, and the angle difference @ — 5 determines and is determined
tan ¢ tanh &

tan % ’ tanhg ’
The proof of Lemma 2.1 is given in the last section of the paper.

by the quotients and ¢, respectively.

2.2. Confocal conics and quadrics

For two points F; and F5 in the Euclidean plane, the loci
{X | XF, + XF, =const} and {X | |XF; — X Fy| = const} (1)

form a confocal family of conics: ellipses and hyperbolas with foci F} and F5. In a suitable
coordinate system, the confocal family is described by the family of equations

with parameter \.

A spherical or hyperbolic conic is defined as the intersection of a quadratic cone with
the unit sphere, respectively, with the hyperboloid in the Minkowski space modeling of the
hyperbolic plane. Spherical and hyperbolic conics share many properties with Euclidean conics,
in particular they can be described by the same equations (1) (some of the foci of a hyperbolic
conic may be ideal or hyperideal). For a suitable choice of coordinates in R?* D §2 or R%! > H?,
a confocal family of spherical or hyperbolic conics (1) is described by the equations

£E2 y2 22

2N RN Zin

where the + sign is used in the spherical, and the — sign in the hyperbolic case. In other words,
a confocal family is dual to a pencil of conics containing the absolute 22 + y? 4 2% = 0. For
more details, see a recent survey [7]. Figure 3 shows families of confocal conics on the sphere
and in the Poincaré model of the hyperbolic plane.

The following theorem gives another description of confocal families, which follows directly
from part (1) of Lemma 2.1.

0,

THEOREM 2.2. Let Fy and F» be two points in E? or S? or H2. For any point X distinct
from F| and F5, denote

/XF\F, LXF>F
kr :tan#, ko = tan%.
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F1GURre 3. Confocal spherical and hyperbolic conics.

Then the conics with foci Fy and Fy are described by the equations

k
k1ko = const and k—l = const.
2

2.3. Ivory’s lemma
In higher dimensions, a confocal family of Euclidean quadrics is described by the equations

2
! T2 Tn 2 2

:17 > > . 2
a%—A+a§—)\+ +a%7)\ ai a;, (2)

The parameter \ varies from —oco to a?. All quadrics with A\ < a? are ellipsoids. As \ passes
through a?, the type of the quadric changes. Quadrics of different type intersect orthogonally,
see, for example, [16].

Choose two quadrics of each type, that is, choose pairs of distinct numbers

A, Ay € (—00,a2), Mg, Ny € (a2,a2 1), ..., A, N, € (a3,a?).

If we denote by Q(X) the quadric (1), then the quadrics Q()\;) and Q(\;) bound a
layer homeomorphic to Q(A;) x [0,1]. The intersection of these layers is a right-angled box
bounded by quadrics. Denote this box by B(A), where A = (A1, \],..., \n, \,) are the chosen
parameter values.

Similarly, in the spherical or hyperbolical space, confocal quadrics are intersections of the
cones

2 2 2 2
xy 5 Ty, Tl 2 2
+ TR - =0, a?>-->a
a?— X ai— A\ a2—X at,Ex ! "

with the unit sphere, respectively, with the standard hyperboloid of two sheets. As above,
one chooses n pairs of quadrics of different types; they bound a box B(A) in the spherical or
hyperbolic space.

THEOREM 2.3 (Ivory’s lemma). For any box B(A) in any confocal family of quadrics in E™,
S™, or H", the following are true.

(1) The great diagonals of B(A) are equal.
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FIGURE 4. Ivory’s lemma in the plane.

FIGURE 5. To the proof of Theorem 1.1, part (1).

(2) Let D;: R™ — R™ (in the spherical and hyperbolic cases D;: R"*1 — R"*1) be the linear
transformation with a diagonal matrix which sends the quadric Q(X) to the quadric Q(X}). Then
D; sends the vertices of B(A) situated on Q()\;) to the vertices of B(A) situated on Q(X\;).

Figure 4 illustrates the case n = 2.

Ivory’s lemma holds also for degenerate confocal families obtained from non-generic pencils.
An example of such a family is obtained by rotating the family shown in Figure 4 about the
major axis and adding planes passing through this axis, see Figure 5, top.

The original statement of Ivory’s lemma (implicit in Ivory’s work [5] but made explicit by
Chasles [4]) deals with ellipsoids in E3. The spherical and hyperbolic cases are discussed in
[7, 8, 14]. The equality of great diagonals in boxes bounded by the coordinate hypersurfaces
characterizes Liouville nets on surfaces and Stéckel nets in higher dimensions [3, 8, 18].
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3. Dihedral angles

Proof of Theorem 1.1, part (1). Denote the vertices of the tetrahedron A by Fy, Fy, K, L so
that

|F1F2| =T, ‘FlK‘ = a, |F2K‘ =b.

In the plane of the triangle Fy F> K, choose a point L so that the triangle F} F5L lies on the
same side of I I5 as the triangle F} F5 K and has side lengths

|l =s—c, |FRL|=s—d.

Similarly, in the plane F} F5L, construct a triangle F} F, K on the same side of F} Fy as FiF>L
with side lengths

|FIK|=5—-0b, |FRK|=s5-—a,

see Figure 5. The segments K L and K L are great diagonals of a ‘parallelepiped’ bounded by a
degenerate confocal family of quadrics. Indeed, due to (s —¢)+ (s—d) =a+b and (s —b) +
(s —a) = ¢ +d, each of the pairs of points K, L and K, L lies on an ellipse with the foci F}
and Fy. And due to (s —b) — (s —a) =a—b and (s —¢) — (s — d) = d — ¢, each of the pairs
K, K and L, L lies on a two-sheeted hyperboloid obtained by rotating a hyperbola with foci
Fy and Fy about the focal axis. Thus, by Ivory’s lemma, one has |[KL| = |KL| = y.

It follows that a tetrahedron A exists and is isometric to the tetrahedron FyF>KL. By
construction, the dihedral angle of A at the z-edge is equal to the dihedral angle of A at
the x-edge. By exchanging = and y, one proves the equality of the dihedral angles at the
y-edges. O

LEMMA 3.1. Denote by Z(a,z) the angle between the a-edge and z-edge of the tetrahedron
A and let

/ Z(b

A = logtan (e, x)7 B =logtan ( ,33)’
2 2
Z Z(d

C = logtan (02’ x), D = logtan (2’ 2)

Similarly, let A, B, C, D be the logarithms of the tangents of the half-angles between the sides
s—a,s—b,s—c, s—d and the side x of the tetrahedron A. Then one has

-A+B+C+D

A= 3

, etc.

Proof. Consider the triangles (z,s — a, s — b) and (x, ¢, d). One has (s —a) + (s — b) = c+d.
Therefore, by part (1) of Lemma 2.1, the products of tangents of half-angles adjacent to the
side x in these triangles are equal. In other words, one has A+ B = C + D.

Similarly, in the triangles (z,s —a,s —b) and (z,a,b), one has (s—a)—(s—b)=b—a.
Therefore, by part (1) of Lemma 2.1, one has A — B = B — A.

The formula for A follows; formulas for B, C, D are proved similarly. U

REMARK 3.2. A consequence of part (1) of Theorem 1.1 is that the tetrahedron A flattens
if and only if the tetrahedron A does. In other words, for every quadrilateral with side lengths
a, b, c,d (in this cyclic order), there is a quadrilateral with side lengths s —a, s — b, s — ¢, s — d
and the same lengths of diagonals. The set of quadrilaterals with fixed side lengths forms (in
a generic case) an elliptic curve; thus, the quadruples (a,b,¢,d) and (s —a,s — b, s — ¢, s — d)
define the same elliptic curve. For details, see [6].



//doc.rero.ch

http

FIGURE 6. Vol(A) = Vol(A) in the Euclidean case.

Proof of Theorem 1.1, part (2). Denote the dihedral angles in the tetrahedron A at the
edges s —a, s —b, s —c, and s —d by &, 3, 7, and 4.

Consider the spherical section of the tetrahedron A at the vertex adjacent to the sides
x, b, and ¢ and the spherical section of A at the vertex adjacent to x, s —a, and s —d.
These spherical triangles have a common angle: the dihedral angle at the edge . Besides, by
Lemma 3.1, one has A + D = B + C, which implies that the products of tangents of half-sides
adjacent to the common angle in these triangles are equal. Thus, by part (2) of Lemma 2.1,
one has &+ 6 = B+ 1.

Apply Lemmas 3.1 and 2.1 to the spherical sections at the vertices (z,a,d) and (x,s — a,s —
d) to obtain @ — 6 = § — a.

It follows that & = w = 0 — « and similarly for the other dihedral angles. O

4. Volume

Let A; and As be the areas of two faces of a Euclidean tetrahedron A, let ¢15 be the length of
their common edge, and let 615 be the dihedral angle at this edge. Then one has

. g A1A2 sin 912

(A
Vol(A) 3 "

This formula easily follows from the ‘height times base’ formulas for the area of a triangle and
the volume of a tetrahedron. We now use it in combination with the Ivory lemma in order to
establish the equality of volumes of A and A in the Euclidean case.

Proof of Theorem 1.1, part (3), Euclidean case. Tetrahedra A and A are shown in Figure 5,
bottom, as F1 F5 KL and Fy Fo K'L’. The above volume formula implies

Vol(A) = 2AKAL sin(b’ Vol(A) — 2ARAL sin(b7

3 x 3 x
where ¢ is the angle of both A and A at the edge x. Thus, it suffices to show that AxA; =
A Aj or, since all four triangles share a common side, that hxhy, = hzhz, where hy denotes
the distance from K to the line I} F5, etc.

By Theorem 2.3 (applied to a degenerate family of confocal conics), the affine transformation
(x,y,2) — (px, qy, qz) that sends the smaller ellipsoid to the bigger one maps K to a point K’
lying on the same hyperboloid. The points K’ and K are related by the rotation by the angle
¢ about the axis Fy F5, see Figure 6.

It follows that

hf( = hK/ = th.
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Similarly, if L' is the image of L under the above affine transformation, then one has
hL = hL/ = qh[j.
This implies hxhy = hghy, and the equality of volumes is proved. 0

REMARK 4.1. The equality of volumes in the Euclidean case can also be proved by a
straightforward calculation using the Cayley—Menger formula:

0 1 1 1 1
1 0 a2 b2 g2
Vol(A)? = §18 1 & 0 22 d&°
1 v 22 0 2
1y d2 2 0

Volume of spherical and hyperbolic tetrahedra is a very different story from the volume of
a Fuclidean tetrahedron: formulas for the volume are much more complicated, see a recent
survey [1]. In order to prove the equality of volumes in S* or H?, we use the following theorem
([13], for modern expositions see [2, 9]).

THEOREM 4.2 (Schlifli). For every smooth deformation of a spherical or hyperbolic
tetrahedron, one has

6
1
dVol = 1524@9“

where the sum is taken over the edges of the tetrahedron, ¢; is the length of the ith side, and
0; is the dihedral angle at the ith side. The sign on the right-hand side is + in the spherical
and — in the hyperbolic case.

For a deformation of a Euclidean tetrahedron, one has Z?:l £;df; = 0, but we do not need
this formula.

Proof of Theorem 1.1, part (3), spherical and hyperbolic cases. Deform the tetrahedron A
by increasing the length of the side y until the tetrahedron flattens (the angle at the z-edge
becomes equal to 7). Let A; be the tetrahedron with y = ¢, and let A; be the tetrahedron
corresponding to A; under the Regge symmetry. Since the dihedral angles of A; and A; at the
x-edges are equal, at ¢ = ymax both tetrahedra flatten. Thus, we have

VO](At =0= VO](A_t

) ’t:ymax ) ‘t:ymax ’

By the Schléfli formula, one has

d 1 . . . .
7 Vol(A;) = ii(ad + b8+ ¢y + do + xo + t)),

d ~
% VOI(At)

%((s—a)(d—a)+---+(s—d)(d—5)+:c<i>+tz/}).
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A simple computation
(s—a) (G —a)+ -+ (s—d)(o—9)
=456 — (a+b+c+d)s—s(@+B+5+0) +ad+bf+cy+dd
= ad + bB + ¢ + do
shows that the derivatives of the volumes coincide for all ¢. It follows that Vol(A;) = Vol(A;)

for all ¢, and in particular Vol(A) = Vol(A). O

REMARK 4.3. Note that the Euclidean case can be derived from the spherical or hyperbolic
cases by taking the limit over a sequence of spherical tetrahedra shrinking to a point and
tending in their shape to A.

5. Proof of Lemma 2.1

The lemma can be proved by synthetic methods, especially in the Euclidean case. For the
hyperbolic and the spherical cases, one uses the Poincaré model or the stereographic projection.

Since synthetic proofs are somewhat lengthy, here we provide a short analytical proof.

The cosine law expresses an angle of a triangle in terms of its side lengths. In the spherical
and hyperbolic case, there are dual cosine laws that express a side in terms of the angles. By
using classical trigonometric identities, one can give these expressions a different form, known
as half-angle and half-side formulas (see, for example, [20] for the proof of the spherical case).
Below s = %b“ is the semiperimeter of the triangle.

e For a spherical triangle:
tan & — sin(.s — b) sin(s — c)7 tan & — —cos o cos(o — a) .
2 sin ssin(s — a) 2 cos(o — f3) cos(o — )
e For a hyperbolic triangle:
tan & — sinlll(s - b) sinh(s — ¢) tanh & = cos o cos(o — ) .
sinh ssinh(s — a) 2 cos(o — ) cos(o — 7)

2
e For a Euclidean triangle:

tang = 7(8 —b)(s— C).

2 s(s—a)
Multiplying two half-angle formulas for a spherical triangle, one obtains
L fatb ¢ a+b c
a B sin(s—c) s ( 2 2) tan 9 tan 9
tan — tan — = - = = .

2 2 sin s . [a+b ¢ a+b c

sin + - tan + tan —

2 2 2
Thus, for a given ¢, the value of tan § tang is uniquely determined by the value of a 4+ b. The

equation can be solved for tan %rb, so that a + b is uniquely determined by tan § tan g

Similarly, dividing two half-angle formulas for a spherical triangle, one obtains

= — _b
sin(s — a) sin( <2 b tan < — tan -
2 2 2 2

« . (C a—b c a—>b
tan§ sin(s — b) sm<2—|— B) ) t311§+tan 5
B
an —

t
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Computations are similar in the hyperbolic case, as well as for the products and ratios of
tangents of half-sides.
In the Euclidean case by multiplying and dividing the half-angle formulas, one gets

«
_ tan — -
tangtané:a—i_b C7 2:c—|—(a b).
2 2 a+b+c B c—(a—0)
tani
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