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Binomial edge ideals are a noteworthy class of binomial ideals
that can be associated with graphs, generalizing the ideals of 2-
minors. For bipartite graphs we prove the converse of Hartshorne’s
Connectedness Theorem, according to which if an ideal is Cohen-
Macaulay, then its dual graph is connected. This allows us to classify
Cohen-Macaulay binomial edge ideals of bipartite graphs, giving an
explicit and recursive construction in graph-theoretical terms. This
result represents a binomial analogue of the celebrated characteri-
zation of (monomial) edge ideals of bipartite graphs due to Herzog
and Hibi (2005).

1. Introduction

Binomial edge ideals were introduced independently in [10] and [17]. They are a natural general-
ization of the ideals of 2-minors of a (2 x n)-generic matrix [3]: their generators are those 2-minors
whose column indices correspond to the edges of a graph. In this perspective, the ideals of 2-minors
are binomial edge ideals of complete graphs. On the other hand, binomial edge ideals arise naturally
in Algebraic Statistics, in the context of conditional independence ideals, see [ 10, Section 4].

More precisely, given a finite simple graph G on the vertex set [n] = {1, ..., n}, the binomial edge
ideal associated with G is the ideal

Jo = (xy; — x;yi : {i,j} isanedge of G) C R = K|[x;, y; : i € [n]].

E-mail addresses: davide.bolognini@unifr.ch (D. Bolognini), antonio.macchia@uniba.it (A. Macchia), fstrazzanti@us.es (F.
Strazzanti).
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(a) The graph Fs. (b) The graph Fy4.

Fig. 1. The basic blocks.

Binomial edge ideals have been extensively studied, see e.g. [1,5,6,13-15,18,19]. Yet a number of
interesting questions is still unanswered. In particular, many authors have studied classes of Cohen-
Macaulay binomial edge ideals in terms of the associated graph, see e.g.[1,5,13,18,19]. Some of these
results concern a class of chordal graphs, the so-called closed graphs, introduced in [10], and their
generalizations, such as block and generalized block graphs [13].

In the context of squarefree monomial ideals, any graph can be associated with the so-called edge
ideal, whose generators are monomials of degree 2 corresponding to the edges of the graph. Herzog
and Hibi, in [9, Theorem 3.4], classified Cohen-Macaulay edge ideals of bipartite graphs in purely
combinatorial terms. In the same spirit, we provide a combinatorial classification of Cohen-Macaulay
binomial edge ideals of bipartite graphs.

To this aim we exploit the dual graph of an ideal. Following the notation used in [2], we recall this
notion and some facts.

Let I be an ideal in a polynomial ring A = K[x4, ..., X,] and let pq, ..., p, be the minimal prime
ideals of I. The dual graph D(I) is a graph with vertex set [r] and edge set

{{i.j} - ht(pi + p;) — 1 = ht(p;) = ht(p;) = ht()}.

This notion was originally studied by Hartshorne in [8] in terms of connectedness in codimension
one.By [8, Corollary 2.4],if A/I is Cohen-Macaulay, then the algebraic variety defined by I is connected
in codimension one, hence I is unmixed by [8, Remark 2.4.1]. The connectedness of the dual graph
translates in combinatorial terms the notion of connectedness in codimension one, see [8, Proposition
1.1]. Thus, if A/I is Cohen-Macaulay, then D(I) is connected. The converse does not hold in general,
see for instance Remark 5.1. We will show that for binomial edge ideals of connected bipartite graphs
this is indeed an equivalence. In geometric terms, this means that the algebraic variety defined by J;
is Cohen-Macaulay if and only if it is connected in codimension one.

We now describe the explicit structure of the bipartite graphs in the classification. For the
terminology about graphs we refer to [4]. First we present a family of bipartite graphs F,, whose
binomial edge ideal is Cohen-Macaulay, and we prove that, if G is connected and bipartite, then J;
is Cohen-Macaulay if and only if G can be obtained recursively by gluing a finite number of graphs of
the form F,, via two operations.

Basic blocks: For every m > 1, let F,, be the graph (see Fig. 1) on the vertex set [2m] and with
edge set

E(Fn)=1{{2i,2j —1}:i=1,....mj=1i,...,m}.

Notice that F; is the single edge {1, 2} and F; is the path of length 3.

Operation *: Fori = 1, 2, let G; be a graph with at least one vertex f; of degree one, i.e., a leaf of G;.
We denote the graph G obtained by identifying f; and f, by G = (G, f1) * (G, f2), see Fig. 2(a). This is
a particular case of an operation studied by Rauf and Rinaldo in [18, Section 2].

Operation o: Fori = 1, 2, let G; be a graph with at least one leaf f;, v; its neighbour and assume
degg,(vi) > 3. We define G = (Gy, f1) o (Gz, f2) to be the graph obtained from G, and G, by removing
the leaves f1, f; and identifying v, and v, see Fig. 2(b).

For both operations, if it is not important to specify the vertices f; or it is clear from the context, we
simply write G; * G, or Gq o G.
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(a) The graph Fs * Fy. (b) The graph F; o F4.

Fig. 2. The operations * and o.

Notice that, we may assume G connected with at least two vertices since the ideal J; is Cohen-
Macaulay if and only if the binomial edge ideal of each connected component of G is Cohen-Macaulay.

Before stating the main result, we recall the notion of cut set, which is central in the study of
binomial edge ideals. In fact, there is a bijection between the cut sets of a graph G and the minimal
prime ideals of J;, see [10, Section 3]. For a subset S C [n], let c¢(S) be the number of connected
components of the induced subgraph G s. The set S is called cut set of Gif S = Y or S # @ and
cc(S\ {i}) < c¢(S) for every i € S. Moreover, we call cut vertex a cut set of cardinality one. We denote
by M(G) the set of cut sets of G.

We are now ready to state our main result.

Theorem 6.1. Let G be a connected bipartite graph. The following properties are equivalent:

(a) Jg is Cohen-Macaulay;

(b) the dual graph D(J¢) is connected;

() G=A; Ay % --- %Ay, where A = F or Aj = Fy, o - - - o Fyp, for some m > 1 and m; > 3;
(d) Jg is unmixed and for every non-empty S € M(G), there exists s € S such that S\ {s} € M(G).

The paper is structured as follows. In Section 2 we study unmixed binomial edge ideals of
bipartite graphs. A combinatorial characterization of unmixedness was already proved in [10] (see also
[18, Lemma 2.5]), in terms of the cut sets of the underlying graph.

A first distinguishing fact about bipartite graphs with J; unmixed is that they have exactly two
leaves (Proposition 2.3). This, in particular, means that G has at least two cut vertices. In Proposi-
tion 2.8, we present a construction that is useful in the study of the basic blocks and to produce new
examples of unmixed binomial edge ideals, which are not Cohen-Macaulay.

In Section 3 we prove that the ideals Jg,,, associated with the basic blocks of our construction, are
Cohen-Macaulay, see Proposition 3.3. In Section 4 we study the operations * and o. In [ 18, Theorem
2.7], Rauf and Rinaldo proved that Jg,.;, is Cohen-Macaulay if and only if so are J, and Jg,. In
Theorem 4.9, we show that J; is Cohen-Macaulay if G = Fy, o - - - o Fy,,, for every k > 2 and m; > 3.
Using these results, we prove the implication (¢) = (a) of Theorem 6.1.

Section 5 is devoted to the study of the dual graph of binomial edge ideals. This is one of the
main tools in the proof of Theorem 6.1. First of all, given a (not necessarily bipartite) graph G with
Jc unmixed, in Theorem 5.2 we provide an explicit description of the edges of the dual graph D(J¢) in
terms of the cut sets of G. This allows us to show infinite families of bipartite graphs whose binomial
edge ideal is unmixed and not Cohen-Macaulay, see Examples 2.2 and 5.4.

A crucial result concerns a basic, yet elusive, property of cut sets of unmixed binomial edge ideals.
In Lemma 5.5, we show that, mostly for bipartite graphs and under some assumption, the intersection
of any two cut sets is a cut set. This leads to the proof of the equivalence (b) < (d) in Theorem 6.1,
see Theorem 5.7. On the other hand, if G = G; * G, or G = Gy o G, is bipartite and D(J¢) is connected,
then the dual graphs of G; and G, are connected, see Theorem 5.8. Thus, we may reduce to consider
bipartite graphs with exactly two cut vertices and prove the implication (b) = (c) of Theorem 6.1.
This also shows that the converse of Hartshorne’s Connectedness Theorem holds for these ideals.

It is worth noting that, the main theorem gives also a classification of other classes of Cohen-
Macaulay binomial ideals associated with bipartite graphs, Corollary 6.2: Lovdsz-Saks-Schrijver ide-
als [11], permanental edge ideals [ 11, Section 3] and parity binomial edge ideals [12].
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As an application of the main result, in Corollary 6.3, we show that Cohen-Macaulay binomial edge
ideals of bipartite graphs are Hirsch, meaning that the diameter of the dual graph of J; is bounded
above by the height of J;, verifying [2, Conjecture 1.6].

All the results presented in this paper are independent of the field.

2. Unmixed binomial edge ideals of bipartite graphs

In this paper all graphs are finite and simple (without loops and multiple edges). In what follows,
unless otherwise stated, we assume that G is a connected graph with at least two vertices. Given a
graph G, we denote by V(G) its vertex set and by E(G) its edge set. If G is a bipartite graph, we denote
by V(G) = V; U V; the bipartition of the vertex set and call Vy, V5 the bipartition sets of G.

For a subset S C V(G), we denote by Gs the subgraph induced in G by S, which is the graph with
vertex set S and edge set consisting of all the edges of G with both endpoints in S.

We recall some definitions and results from [10]. Let G be a graph with vertex set [n]. We denote
by R = K[x;,y; : i € [n]] the polynomial ring in which the ideal J; is defined and, if S € [n], we set
S = [n]\S. Let cg(S), or simply c(S), be the number of connected components of the induced subgraph
Gs and let Gy, ..., G¢(s) be the connected components of Gs. For each G;, denote by G; the complete
graph on V(G;) and define the ideal

Ps(G) = (U xiyib Jg,s - - ’]5c6(5)> :
ieS
In[10, Section 3], it is shown that Ps(G) is a prime ideal forevery S C [n], ht(Ps(G)) = n+|S|—cg(S)
and J; = ﬂSC[n Ps(G). Moreover, Ps(G) is a minimal prime ideal of J; if and only if S = Jor S # ) and
c(S\ {i}) < EGJS) for everyi € S.In simple terms the last condition means that, adding a vertex of S
to Gs, we connect at least two connected components of Gg. We set

M(G) = {S C [n] : Ps(G) is a minimal prime ideal of J;}
={0lu{ScIn]:S#H, cc(S\{i}) < cg(S) foreveryi € S},
and we call cut sets of G the elements of M(G). If {v} € M(G), we say that v is a cut vertex of G.
We further recall that a clique of a graph G is a subset C C V(G) such that G¢ is complete. A free

vertex of G is a vertex that belongs to exactly one maximal clique of G. A vertex of degree 1in G, which
in particular is a free vertex, is called a leaf of G.

Remark 2.1. Notice that a vertex v is free in a graph G if and only if v ¢ S for every S € M(G), see
[18, Proposition 2.1].

Recall that an ideal is unmixed if all its minimal primes have the same height. By [ 18, Lemma 2.5],
Jc is unmixed if and only if for every S € M(G),
c(S) =151+ 1. (1)

This follows from the equality ht(Ps(G)) = n — 1 = ht(Ps(G)) = n + |S| — ¢5(S).

Moreover, for every graph G, with J; unmixed, we have that dim(R/J¢) = |V(G)| 4 ¢, where c is the
number of connected components of G, see [10, Corollary 3.3].

In this section, we study some properties of unmixed binomial edge ideals of bipartite graphs. It is
well-known that if J; is Cohen-Macaulay, then J; is unmixed. The converse is, in general, not true, also
for binomial edge ideals of bipartite graphs. In fact, in the following example we show two classes of
bipartite graphs whose binomial edge ideals are unmixed but not Cohen-Macaulay.

Example 2.2. For every k > 4, let My, be the graph with vertex set [2k] and edge set

E(Mri) ={{1,2}, {2k —1,2k}} U {{2i,2j — 1} :i=1,...,k—1,j=2,...,k},
see Fig. 3(a), and let My_1 x be the graph with vertex set [2k — 1] and edge set

E(Mk—1x) = {{1,2}, {2k — 2,2k — 1}} U {{2i,2j — 1} :i=1,...,k—1,j=2,...,k— 1},
see Fig. 3(b).
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(a) The graph My 4. (b) The graph M3 4.

Fig. 3. The graphs Mj, .

Notice that the graphs My, and My_1 are obtained by adding two whiskers to some complete
bipartite graph. Recall that adding a whisker to a graph G means adding a new vertex and connect it
to one of the vertices of G.

Let V4 U V, be the bipartition of My, and of My_; i such that V; contains the odd labelled vertices
and V, contains the even labelled vertices. We claim that

MM i) = {9, {2}, {2k — 1}, {2, 2k — 1}, V1 \ {1}, V2 \ {2k}} and
M(Mi-1k) = {9, {2}, {2k — 2}, {2, 2k — 2}, Vi \ {1, 2k — 1}, VL}.

The inclusion 2 is clear. We prove the other inclusion for My k, the proof is similar for My_1 . Let
S € M(My). IfS € {2, 2k — 1}, there is nothing to prove. If there exists v € S\ {2, 2k — 1}, then
S =Vi\{1}orS = V,\ {2k}. Infact, if v € V;\ {1} and thereis w € (V;\{1})\S, thenc(S\ {v}) = c(S),
a contradiction. Hence, V7 \ {1} C S. On the other hand, if w € V, \ {2k}, then w ¢ S. This shows that
S = V1 \ {1} The other case is similar.

Moreover, it is easy to check that Jy, , and Ju,_, , are unmixed. In Example 5.4 we will show that
these ideals are not Cohen-Macaulay.

A first nice fact about bipartite graphs with unmixed binomial edge ideal is that they have at least
two cut vertices.

Proposition 2.3. Let G be a bipartite graph such that J; is unmixed. Then G has exactly 2 leaves.

Proof. Let V(G) = V; u V, be the bipartition of G, with my = |V;| > Tand my, = |V,] > 1.
Assume that G has exactly h leaves, fi, ..., fy, in V; and k leaves, g1, ..., g, in V,. We claim that
S1=Vi\{f1,...,fa}and S, = V5, \ {g1, ..., gk} are cut sets of G. Notice that c5(S;) = |Vo| = m, and
cc(S1\ {v}) < cg(S1) since the vertex v joins at least two connected components of Gs,. By symmetry,
the claim is true for S, and, in particular cg(S;) = |Vi| = my. From the unmixedness of J; it follows
that ht(Py(G)) = ht(Ps, (G)) and ht(Py(G)) = ht(Ps,(G)). Thus n—1 = n+1S;|—cs(S1) = n+my—h—m,
andn—1=n+|S3| —cs(S2) =n+my —k —my.Henceh =m; —my+ land k = my — my + 1.
The sum of the two equations yields h + k =2. O

Remark 2.4. Assume that G is bipartite and J; is unmixed. The proof of Proposition 2.3 implies that:

(i) either h = 2 and k = 0, i.e., the two leaves are in the same bipartition set and in this case
my =my + 1,orh = 1and k = 1, i.e,, each bipartition set contains exactly one leaf and in this
case my = my;

(ii) if G has at least 4 vertices, then the leaves cannot be attached to the same vertex v, otherwise
cc({v}) = 3 > 2 = |{v}| + 1, against the unmixedness of ¢, see (1). Hence G has at least two
distinct cut vertices, which are the neighbours of the leaves.

Remark 2.5. Notice that Proposition 2.3 does not hold if G is not bipartite. In fact, there are non-
bipartite graphs G with an arbitrary number of leaves and such that J; is Cohen-Macaulay. Forn > 2
the binomial edge ideal Jk, of the complete graph K, is Cohen-Macaulay, since it is the ideal of 2-
minors of a generic (2 x n)-matrix (see [3, Corollary 2.8]). Moreover, for n > 3, K, has 0 leaves. Let
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W C [n], with |W| = k > 1. Adding a whisker to a vertex of W, the resulting graph H has 1 leaf and Jy
is Cohen-Macaulay by [ 18, Theorem 2.7]. Applying the same argument to all vertices of W, we obtain
a graph H’' with k leaves such that J,s is Cohen-Macaulay.

In the remaining part of the section we present a construction, Proposition 2.8, that produces new
examples of unmixed binomial edge ideals. It will also be important in the proof of the main theorem.

If X is a subset of V(G), we define the set of neighbours of the elements of X, denoted Ng(X), or
simply N(X), as the set

No(X) = {y € V(G) : {x,y} € E(G) for some x € X}.

Lemma 2.6. Let G be a bipartite graph with bipartition V; U V5, J¢c unmixed and let vy and v, be the
neighbours of the leaves.

(a) If X C V,, for some i, and vy, v, € X, then N(X) is a cut set of G and |[N(X)| > |X]|.
(b) If {v1, v2} € E(G), then m = |V;| = |V,| and v; has degree m, for i = 1, 2. Moreover, v, and v, are
the only cut vertices of G.

Proof. (a) We remark that it does not matter in which bipartition sets vy, v, are. First notice that
N(X) is a cut set. In fact, every element of X is isolated in Ggpgy. Let v € N(X). Then deg(v) > 2, since
v1, U2 & X. Adding v to Gy, it connects at least a vertex of X with some other connected component.

Now, suppose by contradiction that |[N(X)| < |X|. Then Gy has at least |X| isolated vertices and
another connected component containing a leaf, because vq, v; € X. Hence, cc(N(X)) > |X| + 1 >
IN(X)| + 1, against the unmixedness of J.

(b) Assume that v; € Vq. Then v, € Vj, since {vq, v} € E(G). By Remark 2.4(i), it follows that
m = |Vq| = |V,|. Define X = {w € V; : {v1, w} ¢ E(G)} and assume that X # . Since {vq, v,} € E(G),
vy & X, hence N(X) is a cut set and |[N(X)| > |X| by (a). We claim that the inequality is strict. Assume
IN(X)| = |X]. Let f be the leaf of G adjacent to vy, then S = V, \ (X U {f}) is a cut set of G and
|S| = m—|X| —1.Infact, in Gg all vertices of V; \ N(X) are isolated, except for v; that is connected only
to f. Moreover, by definition of X, if we add an element of S to Gz, we join the connected component
of vy with some other connected component of Gs. Thus, S is a cut set and Gs consists of at least
[Vi|—IN(X)|—1 = m—|X|— 1isolated vertices, the single edge {v1, f}, and the connected component
containing the vertices of X and N(X). Hence, c5(S) > m — |X| + 1 > |S| 4 1, a contradiction since Jg
is unmixed. This shows that |[N(X)| > |X]|.

Now, the vertices of X are isolated in Gxgzy. Moreover, the remaining vertices belong to the same
connected component, because, by definition of X, {v{, w} € E(G) for every w € V,\ X and all vertices
in V1 \ N(X) are adjacent to vertices of X. Hence, cs(N(X)) = |X] + 1 < |N(X)| + 1, which again
contradicts the unmixedness of J¢. Hence, X = ¥ and v; has degree m. In the same way it follows that
vy has degree m.

For the last part of the claim, notice that if v € V(G) \ {v1, v}, the first part implies that every
vertex of Gy is adjacent to either v; or v,. Hence, Gy is connected and, thus, v is not a cut vertex
of G. O

Remark 2.7. Let G be a bipartite graph such that J; is unmixed. If G has exactly two cut vertices, they
are not necessarily adjacent. Thus, the converse of the last part of Lemma 2.6(b) does not hold. In fact,
if V4| = V2] + 1, then v; and v, belong to the same bipartition set, hence {v, v} € E(G). On the
other hand, if |V;| = |V;|, let G be the graph in Fig. 4. One can check with Macaulay2 [7] that the ideal
Jc is unmixed, and we notice that the vertices 2 and 11 are the only cut vertices, but {2, 11} & E(G).

Proposition 2.8. Let H be a bipartite graph with bipartition Vi LU V, and |V| = |V;|. Let v and f be two
new vertices and let G be the bipartite graph with V(G) = V(H)U {v, f} and E(G) = E(H) U {{v, x} : x €
Vi U A{f}}. If Jn is unmixed and the neighbours of the leaves of H are adjacent, then J¢ is unmixed and

MG)={B,Vi}U{SU{v}:Se MH}U{T CVi: T e M(H)}.

Moreover, the converse holds if there exists w € V; such that degg(w) = 2.
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Fig. 4. A graph G with J; unmixed, cut vertices 2, 11 and {2, 11} ¢ E(G).

v

f

Fig. 5. The construction in Proposition 2.8.

Proof. Assume that Jy is unmixed and the neighbours of the leaves of H are adjacent. Clearly,
#, Vi € M(G).IfS € M(H), then adding v to GW we join f with some other connected component
of Hs. Moreover, if w € S, adding w to G,y we join at least two connected components of Hg (since
S € M(H)), which are different components of Ggypy. Finally, let T € M(H), T C V3. By Lemma 2.6(b),
in H there exists a unique cut vertex v, € V, and Ny(v;) = V;. Hence, adding w e T to Gf, we join at
least two components since Ng(v) = V; U {f}and T € M(H).

Conversely, let S € M(G) and suppose first that v € S. Then Gg = Hgp U {f} and this implies that
S\ {v} is a cut set of H, since every element of S \ {v} has to join some connected components that
only contain vertices of Hgyry- Therefore cg(S) = cu(S\ {v}) + 1= [S| + 1.

Suppose now that v ¢ § Let w be the leaf of H adjacent to vy, that is also adjacent to v in G. First
of all, notice that S C V. Indeed, in Gg every vertex of V; \ S is in the same connected component
of v. Thus, a vertex of V, cannot join different connected components. Since w is adjacent only to v
and vy, if w € S, then v and v, cannot be in the same connected component of Gs. This means that
Vyi C S, because all the vertices of V; are adjacent to v and v,, by Lemma 2.6(b). Thus S = V; and
c(S) = |Vo| + 1 = |S| + 1. Hence, we may assume that w ¢ S. We claim that, in this case, S € M(H).
In fact, itis clear that v,, w, v and f are in the same connected component C of Gs, which also contains
all vertices of V; \ S, since they are adjacent to v. Then, the connected components of Gs and Hg are
the same except for C, that in Hg is G # (. Therefore, if x € S joins two connected components of
Gs, it also joins the same connected components of Hz (or Cogp if it joins C), hence S is a cut set of H.
Moreover, c(S) = cy(S) = |S| + 1.

Conversely, assume that J; is unmixed and let S € M(H). Notice that w is a leaf of H, hence w ¢ S,
by Remark 2.1. We prove that T = S U {v} is a cut set of G. As before, G = Hg U {f}. Thus the elements
of S join different connected components also in Gy and v connects the isolated vertex f with the
connected component of w. Hence, T € M(G)and cy(S) =cg(T)—1=|T|+1—-1=|S|+ 1.

Finally, let v; be the cut vertex of H in V; for i = 1, 2. Since {v, v1} € E(G), it follows, from
Lemma 2.6(b), that {v, v} € E(G). Then v and v, are adjacent alsoin H. O

In Fig. 5, we show an example of the above construction. The ideal J; is unmixed by Proposition 2.8,
since H = My 4 and Jy is unmixed by Example 2.2. Moreover, it will follow from Example 5.4 and
Proposition 5.14 that J; is not Cohen-Macaulay.

In Proposition 2.8, the existence of a vertex w € V; such that deg;(w) = 2 means that w is a leaf
of H. This is not true in general, see for instance the graph M in Example 2.2 for k > 4. However, if
Ju is unmixed, this always holds:

Corollary 2.9. Let H be a bipartite graph with bipartition ViU V>, V1| = |V5| and such that Jy is unmixed.
Let G be the graph in Proposition 2.8. Then J¢ is unmixed if and only if the neighbours of the leaves of H
are adjacent.
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Fig. 6. A graph G with J; not unmixed by Corollary 2.9.

Example 2.10. The graph H of Fig. 4 is such that J; is unmixed, but the two cut vertices 2 and 11 are not
adjacent. The graph in Fig. 6 is the graph G obtained from H with the construction in Proposition 2.8.
According to Corollary 2.9, J; is not unmixed: in fact S = N(11) = {8, 10, 12} is a cut set and
(S =3#IS|+ 1.

3. Basic blocks

In this section we study the basic blocks F, of our classification, proving that Jg, is Cohen-
Macaulay.
In what follows we will use several times the following argument.

Remark 3.1. Let G be a graph, v be a vertex of G, H' = G \ {v} and assume that M(H') = {S \ {v} :
S € M(G), v € S}, in particular v is a cut vertex of G since ¥ € M(H'). Let Jc = mSeM(G)PS(G) be the
primary decomposition of Jc and set A = ﬂSeM(G},ug{SPS(G) and B = (s p).vesPs(G)- ThenJo = ANB
and we have the short exact sequence

0 — R/Jc — R/A®R/B— R/(A+B) — 0. (2)
Notice that

(i) A =]y, where H is the graph obtained from G by adding all possible edges between the vertices
of Ng(v). In other words, V(H) = V(G) and E(H) = E(G) U {{k, £} : k, € € Ng(v),k # £}.In
fact, notice that v ¢ S for every S € M(H) by Remark 2.1 and all cut sets of G not containing v
are cut sets of H as well. Thus, M(H) = {S € M(G) : v € S}. Moreover, for every S € M(H),
the connected components of Gz and Hz are the same, except for the component containing v,
which is G; in Gz and H; in Hs. Nevertheless, G; = H;, hence Ps(G) = Ps(H) for every S € M(H).

(ii) B = (Xy,¥y) + Jur, where H = G \ {v}.In fact, if S € M(G) with v € S, then S \ {v} € M(H') by
assumption and we have that Ps(G) = (x,, ¥») + Ps\(yj(H'). Thus,

B=(y)+ [ PawmH)=y)+ [| PrH)= (%) +Ju
SeM(G),veS Te M(H)

(iii) A+ B = (xy, y») + Jy, where H” = H \ {v}.

We now describe a new family of Cohen—-Macaulay binomial edge ideals associated with non-
bipartite graphs, which will be useful in what follows. Let K, be the complete graph on the vertex
set [n] and W = {vy,..., v} C [n]. Let H be the graph obtained from K, by attaching, for every
i=1,...,r,acomplete graph Ky, to K; in such a way that V(K;) N V(Ky,) = {vy, ..., v}, for some
h; > i. We say that the graph H is obtained by adding a fan to K, on the set W. For example, Fig. 7
shows the result of adding a fan to Kz on a set W of three vertices.

Lemma 3.2. Let K, be the complete graph on [n] and Wy U - - - LI W), be a partition of a subset W C [n].
Let G be the graph obtained from K;, by adding a fan on each set W;. Then J; is Cohen-Macaulay.
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Fig. 7. Adding a fan to K¢ on three vertices.

Proof. First we show that J; is unmixed. For every i = 1,...,k set W; = {vi1,...,vi,} and
M = {0y U {{vi1, ..., vip} 1 1 < h <r;}. We claim that

M(G):{T1U--~UTI<ITI'EM;‘,T]LJ“-UTkg[n]}. (3)

letT = T{U---UT, # B, withT; € Mijfori = 1,...,k,and T C [n]. Let v € T. Then
v e T; for some j, say v = vj¢, with 1 < £ < r;. Hence, if we add v to the graph G, it joins the
connected component containing K, \ T (which is non-empty since T ¢ [n]) with Ky, \T, where
V(K )N V(G) = {vj1, ..., vj}. This shows that cg(T) > c¢(T \ {v}) forevery v € T, thus T € M(G).

Conversely, let T € M(G). First notice that T # [n], since c¢([n]) = cg([n] \ {vi}) for every i.
Moreover, T does not contain any vertex v € V(G) \ Uf.‘:]w,», otherwise v belongs to exactly one
maximal clique of G, see Remark 2.1. Then cg(T) = ¢g(T \ {v}). Hence T C Uﬁ‘:]wi and T C [n]. Let
T = U;‘:]T,-, where T; € W;. We want to show that, ifv;j € T; C T, thenv;, € T forevery 1 < h <.
Assume v; , ¢ T; forsome h < j.Then cg(T) = c¢(T \ {v;;}) because all maximal cliques of G containing
v;j contain v; , as well, since h < j. This shows that T; € M; for every i.

Finally, for every T € M(G), since Gy consists of |T| connected components that are complete
graphs (K’W \ T foreveryj = 1,...,kand £ = 1,...,|Tj|) and a graph obtained from K \ T by
adding a fan on each W; \ T;, it follows that cg(T) = |T| + 1. This means that J; is unmixed and
dim(R/J¢) = [V(G)| + 1.

In order to prove that J; is Cohen-Macaulay, we proceed by induction on k > 1 and |W,| > 1. Let
k =1andset W; = {1, ..., r}.If [W{| = 1, then the claim follows by [ 18, Theorem 2.7]. Assume that
|[Wi] = r > 2 and the claim true for r — 1. Notice that G = cone(1, G, UG, ), where G; = Kj,_ (graph
isomorphism) and G, is the graph obtained from K, \ {1} by adding a fan on the clique {2, ..., r}. We
know that J¢, is Cohen-Macaulay by [3, Corollary 2.8] and J;, is Cohen-Macaulay by induction. Hence,
the claim follows by [18, Theorem 3.8].

Now, let k > 2 and assume the claim true for k — 1. Again, if |W,| = 1, the claim follows by
induction and by [18, Theorem 2.7]. Assume that |W;| = r, > 2 and the claim true for r, — 1. For
simplicity, let W, = {1,...,r¢}. Let Joc = HSEM(G)PS(G) be the primary decomposition of J; and set

A= mSeM(G),lngPS(G) and B = mSeM(G),leSPS(G)' ThenJc = ANB.

By Remark 3.1, A = Jy, where H is a complete graph on the vertices of {1} U N¢(1) to which
we add a fan on the cliques Wy, ..., Wi_4. Hence R/A is Cohen-Macaulay by induction on k and
depth(R/A) = |V(G)| + 1.

Notice that H' = G\ {1} is the disjoint union of a complete graph and a graph K’, which is obtained
by adding a fan to K, \ {1} = K,_ on the cliques Wy, ..., Wy_1 and W, \ {1}. From (3), it follows that
M(H') = {S\ {1} : S € M(G), 1 € S}, thus B = (x1, y1) + Jyr by Remark 3.1. By induction on |Wj],
Jx is Cohen-Macaulay, hence Jyr is Cohen-Macaulay since it is the sum of Cohen-Macaulay ideals on
disjoint sets of variables. In particular, depth(R/B) = |[V(H')| + 2 = |V(G)| + 1 (it follows from the
formula for the dimension [ 10, Corollary 3.4]).
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Finally, by Remark 3.1, A + B = (x1, ¥1) + Juy», where H” = H \ {1}. Hence R/(A + B) is Cohen-
Macaulay by induction on k and depth(R/(A + B)) = |V(G)|.

The Depth Lemma [20, Lemma 3.1.4] applied to the short exact sequence (2) yields depth(R/J¢) =
|[V(G)| + 1. The claim follows from the first part, since dim(R/Jc) = |[V(G)| + 1. O

Notice that the graphs produced by Lemma 3.2 are not generalized block graphs (see [13]) nor
closed graphs if k > 2 (studied in [5]). Hence they form a new family of non-bipartite graphs whose
binomial edge ideal is Cohen-Macaulay.

Now we prove that the binomial edge ideals of the graphs F,, (see Fig. 1) are Cohen-Macaulay. The
graphs F, are the basic blocks in our classification, Theorem 6.1.

Recall that, for every m > 1, if n = 2m, F, is the graph on the vertex set [n] and with edge set

E(Fn)=1{{2i,2j —1}:i=1,....m,j=4i,...,m}.

Notice that F,;, with m > 2, can be obtained from F,;,_; using the construction of Proposition 2.8.
Proposition 3.3. For every m > 1, Jr,, is Cohen-Macaulay.

Proof. First we show that Jr,, is unmixed. We proceed by inductiononm > 1.1f m = 1, then J, is a
principal ideal, hence it is prime and unmixed of height 1. Let m > 2 and assume the claim true for
m — 1. Then F,, is obtained from F;,,_; by adding the vertices n — 1 and n and connecting n — 1 to the
vertices 2, 4, ..., n.Since Jg, _, is unmixed by induction and {2, n — 3} € E(F,_1), by Proposition 2.8,
it follows that J,, is unmixed and

MEFn)={01U{{2,4,...,2}: 1 <i<m-1}U{{n—1}US : S € M(Fn_1)}. (4)

Now we prove that J,, is Cohen-Macaulay by induction on m > 1. The graphs F; and F, are paths,
hence the ideals Jr, and J, are complete intersections, by [5, Corollary 1.2], thus Cohen-Macaulay.

Let m > 3 and assume that Jr,_, is Cohen-Macaulay. Let Jr,, = (s M(Fm)Ps(Fm) be the primary
decomposition of Jp, and define A = (s vrnyn_1¢sPs(Fm) and B = (sc ) n_1esPs(Fm). Then
J, =ANB.

By Remark 3.1, A = Ju, where H is obtained by adding a fan to the complete graph with vertex
set Ng,(n — 1) = {2, 4, ..., n} on the set N, (n — 1), hence it is Cohen-Macaulay by Lemma 3.2 and
depth(R/A) =n+ 1.

Since F, \ {n — 1} = Fp—1 1 {n}, by (4), M(Fp—1u{n}) ={S\{n—1}: S € M(F,),n—1 € S}.
Thus, B = (Xn—1, Yn—1) +Jr,_utny = (Xn—1, Yn—1) +JF,,_,» hence it is Cohen-Macaulay by induction and
depth(R/B) =n+ 1.

Finally, A + B = (X;_1, Yn_1) + Ju», where H” = H \ {n — 1}, which is Cohen-Macaulay again by
Lemma 3.2 and depth(R/(A + B)) = n.

The Depth Lemma applied to the exact sequence (2) yields depth(R/Jg,,) = n + 1. Moreover, since
JF,, is unmixed, it follows that dim(R/Jr,,) = n + 1 and, therefore, Ji,, is Cohen-Macaulay. O

4. Gluing graphs: operations % and o

In this section we consider two operations that, together with the graphs Fy, are the main
ingredients of Theorem 6.1. Given two (not necessarily bipartite) graphs G; and G,, we glue them to
obtain a new graph G. If G; and G, are bipartite, both constructions preserve the Cohen-Macaulayness
of the associated binomial edge ideal. The first operation is a particular case of the one studied by Rauf
and Rinaldo in [18, Section 2].

Definition 4.1. Fori = 1,2, let G; be a graph with at least one leaf f;. We define the graph
G = (Gq, f1) * (Go, f2) obtained by identifying f; and f, (see Fig. 8). If it is not important to specify
the vertices f; or it is clear from the context, we simply write G, * G,.

In the next Theorem we recall some results about the operation *, see [18, Lemma 2.3, Proposi-
tion 2.6, Theorem 2.7].

10
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(a) A graph G;. b) A graph G,. ¢) The graph (Gy, f1) * (Gz, f2).

Fig. 8. The operation .

WWWW

a) The graph G;. b) The graph G,. (c) The graph G = G; o G,.

Fig. 9. The operation o.

Theorem 4.2. For i = 1, 2, consider a graph G; with at least one leaf f; and G = (Gy, f1) * (G2, f2). Let vy
and v, be the neighbours of the leaves and let v be the vertex obtained by identifying f1 and f>. If

A={S;US,:S € M(G), i=1,2}and
B = {S] U52U{U} :Si e M(G,-)andv,- ¢S,’, i= 1,2},

the following properties hold:

(a) M(G)=AUB;
(b) Jg is unmixed if and only if J;, and J;, are unmixed;
(c) Jo is Cohen-Macaulay if and only if ], and J, are Cohen-Macaulay.

We now introduce the second operation.

Definition 4.3. Fori = 1, 2, let G; be a graph with at least one leaf f;, v; its neighbour and assume
degg,(vi) > 3. We define G = (Gy, f1) o (Ga, f2) to be the graph obtained from G, and G, by removing
the leaves f1, f> and identifying v, and v, (see Fig. 9). If it is not important to specify the leaves f; or it
is clear from the context, then we simply write G; o G.

We denote by v the vertex of G resulting from the identification of v; and v, and, with abuse of
notation, we write V(G,) N V(Gy) = {v}.

Notice that, ifdegGi(v,-) =2fori=1,2,then(Gy, f1) o (Ga, f2) = (G1 \ {f1}, v1) * (G2 \ {2}, v2). On
the other hand, we do not allow deg; (v1) = 2 and deg,(v2) > 3 (or vice versa), since in this case
the operation o does not preserve unmixedness, see Remark 4.7(ii).

Remark 4.4. Unlike the operation x (cf. Theorem 4.2), if one of J;, and J¢, is not Cohen-Macaulay,
then J¢, ., may not be unmixed, even if G; and G, are bipartite. For example, let G; and G, be the
graphs in Figs. 9(a) and 9(b). Then Jg,.¢, is not unmixed even if J;, = J, is Cohen-Macaulay (by
Proposition 3.3) and Jg, = Jum,, is unmixed (by Example 2.2). In fact, S = {5,7, 8, 10, 12} € M(G),
but cg(S) =5 # |S| + 1.

We describe the structure of the cut sets of G; o G, under some extra assumption on G; and G,. In
this case, o preserves unmixedness.

11
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Theorem 4.5. Let G = Gy o G and set V(G1) N V(Gz) = {v}, where deg (v) > 3 for i = 1, 2. If for
i =1, 2 there exists u; € Ng,(v) with degg,(u;) = 2, then

M(G) = AU B, (5)
where

A={51US8:5 € M(G),i=1,2,v €S US,} and

B={51US;:S € M(G;),i=1,2,5NS = {v}}.

If J¢, and J, are unmixed and for i = 1, 2 there exists u; € Ng,(v) with degg (u;) = 2, then J¢ is
unmixed. The converse holds if G is bipartite. In particular, if G is bipartite and J; is unmixed, the cut sets
of G are described in (5).

Proof. LetS = S; US, C V(G), whereS; =SNV(Gy)and S, = S N V(G;). Notice that
c(S) = ¢6,(S1) +¢6,(S2) — 1, ifv ¢S, (6)

CG(S) = CGI(Sl) +CGZ(52) -2, ifves. (7)

In fact, if v ¢ S, the connected components of Gs are those of (G1)s, and (G2)s,, where the
component containing v is counted once. On the other hand, if v € S, clearly v € S; N S, and the
connected components of Gs are those of (G, )51 and (G, )§2, except for the two leaves f; and f>.

In order to prove (5), we show the two inclusions.

C: Let S € M(G) and define S; and S, as before. Suppose by contradiction that S; & M(Gy),
i.e,, there exists w € S; such that c¢,(S1) = ¢6,(S1 \ {w}). If v € S, then by (6)

ce(S\ {w}) = ¢, (S1 \ {w}) + c6,(S2) — 1 = ¢6,(S1) + €6,(S2) — 1 = ¢6(S),
a contradiction. On the other hand, if v € S and w # v, by (7) we have
(S \ {w}) = ¢, (S1\ {w}) + c6,(S2) — 2 = ¢6,(S1) + €6,(S2) — 2 = ¢6(S),

again a contradiction. We show that the case w = v cannot occur. In fact, by assumption, there exists
ur € Ng,(v) such that degg, (u1) = 2. Since v € S, we have that c¢(S) = c¢(S \ {u1}), hence u; ¢ S.
Thus c¢,(S1) > c6,(S1 \ {v}), because by adding v to (G, )51’ we join the connected component of u;
and the isolated vertex f;, which is a leaf in G;. Hence w # v. The same argument also shows that
Sy € M(Gy).

D:LetS = S; US,, with S; € M(G;), fori = 1, 2. Assume first S; N S, = {v}. By the equalities (6)
and (7) we have

(S \ {v}) = ¢, (S1\ {v}) + ¢, (S2 \ {v}) = 1 < ¢6,(51) + €6,(S2) — 3 = ¢6(S) — 1 < c(S).
Let w € S, w # v. Without loss of generality, we may assume w € S;. Then
c6(S \ {w}) = ¢, (51 \ {w}) + ¢6,(52) — 2 < ¢,(51) + ¢6,(S2) — 3 = ¢¢(S) — 1 < ¢6(S).
Assume now that v € S; US,. Let w € S, and without loss of generality w € S;. Then
(S \ {w}) = ¢, (51 \ {w}) + ¢6,(52) = 1 < ¢6,(51) + ¢6,(S2) — 2 = ¢6(S) — 1 < ¢6(S).

Let now J¢, and J;, be unmixed and for i = 1, 2 there exists u; € Ng,(v) with degci(u,-) = 2.By the
last assumption, the cut sets of G are described in (5). Let S € M(G)and S; = SN V(G;) fori = 1, 2.
Thus, by (6) and (7),

(1) ifv ¢S,CG(S)= C61(51)+CGZ(52)_ 1= |S1| + 1+ |52| +1-1= |S1| =+ |52| +1= |S| +1,
(ii) ifv €S, ¢6(S) = ¢, (S1) + ¢, (S2) =2 = [S1l + 1+ [S2l + 1 =2 = [S1] + [S2] = |S| + 1.

It follows that J; is unmixed.
Conversely, let J; be unmixed and G bipartite. If S is a cut set of Gy, then it is also a cut set of G
and clearly cg, (S) = c¢(S); therefore J, is unmixed and the same holds for Jg,. By Proposition 2.3, the

12
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graphs G, G; and G, have exactly two leaves. Let f; be the leaf of G; adjacent to v and g; be the other
leaf of G;. Thus, g, and g, are the leaves of G.

By symmetry, it is enough to prove that there exists u; € Ng,(v) such that degg, (11) = 2. For
i=1,2,1letV(G;) = V; UW; and assume |V{| < |Wj|. By Remark 2.4, we have one of the following
two cases:

(a) if |V4] = |W;|, we may assume f; € Wy and g; € V5. SetS = (Wq \ {fi}) U {v}. Hence,
e, (S) = Vil = [W1| = |S].
(b) If |Wq] = |V4| + 1, then f1,g1 € Wi. Hence v € Vi.Set S = (Wi \ {f1,£1}) U {v}. Thus,

G, (S) = Vil = W4 =1 =S|

First suppose |V(G;)| even and assume f, € W,. Hence, v, g, € Vo, and T = V, \ {g»} is a cut set of
Gy.

Now, let |[V(G,)| be odd and assume f, € W5,. Hence, g, € W5, v € V; and |W,| = |V;| + 1. Then
T = V5 is a cut set of G,.

In both cases, notice that S U T is not a cut set of G, since S N T = {v} and, by (7),

C(SUT) = c6,(8) + cy(T) = 2 = IS +IT| = 1 = [SUT],

which contradicts the unmixedness of Jg. Let u € SUT such that cg((SUT)\ {u}) = cg(SUT) = [SUT]|.
We show thatu € Sand u # v.Ifu € S,thenu € T and u # v. By (7),

G((SUTIN{u}) = ¢c6,(S) + e, (T\ {u}) =2 < [S| + ¢, (T) =2 = |S| + [T — 1
= SUT| =cg(SUT),

against our assumption (the inequality holds since T is a cut set of G, and the second equality follows
from the unmixedness of J¢, ). Thus, u € S. Moreover, in both cases c¢, (S \ {v}) = ¢, (S) = |S] (since
v is a leaf of (Gq )W) and, by (6),

G((SUT)\ {v}) =6, (S\ {v}) + ¢, (T \ {v}) = 1=I|S| + |T| — INg,(v)] +2 — 1<|S| +|T| = 1
=|SUT|=cs(SUT),

where the inequality holds since degg,(v) > 3. This contradicts our assumption, thus u # v.
We conclude that u € S\ {v}. Since u # fi, g1, we have deg¢, (u) > 2. On the other hand, since
cc((SUT)\ {u}) = cc(SUT), it follows that u € Ng, (v) and degg (u) = 2. O

Corollary 4.6. Let G = Fy, o--- o Fy,, wherem; > 3fori=1, ...,k Then J; is unmixed.

Proof. Set G; = F, o---0Fy, ,, Gy = Fy, and let v be the only vertex of V(G;) N V(G,). We proceed
by induction on k > 2.1If k = 2, the claim follows by Theorem 4.5, because J;, and J, are unmixed by
Proposition 3.3 and fori = 1, 2, there exists u; € Ng,(v) such that deg¢,(u;) = 2, by definition of Fp,.

Now let k > 2 and assume the claim true for k — 1. By induction, J;, is unmixed. Since m_; > 3,
there exists u; € Ng,(v) such that degg, (u1) = 2. The claim follows again by Theorem 4.5. O

Remark 4.7. In Corollary 4.6 the condition m; > 3,fori = 2,...,k — 1, cannot be omitted. For
instance, the binomial edge ideal Jr,or,or; is Not unmixed: in fact S = {3, 5, 6, 8} is a cut set and
Cry0Fy0F3(S) = 4 # |S| + 1, see Fig. 10.

On the other hand, we may allow m; = my = 2, since, in this case, the graph G = F;, 0+ - - o Fy, =
Fi % Fy, o -+ o Fy, , * F1. Hence, J; is unmixed by Theorem 4.2 and Corollary 4.6.

Letn > 3, W; U --- U W), be a partition of a subset of [n] and W; = {v; 1, ..., vi;;} forsomer; > 1
andi = 1,..., k. Let E be the graph obtained from K, by adding a fan on each set W; in such a way
that we attach a complete graph Ky to Ky, with V(K,) N V(Knt1) = {vig, ..., viph fori=1,...,k
andh=1,...,r;,seeFig. 11 (cf. Fig. 7). By Lemma 3.2, Jg is Cohen-Macaulay.

Lemma4.8. Let G = Fy, o- - -oFy, o, where E is the graph defined above, m; > 3 foreveryi=2, ...,k
and V(Fp, o - -+ o Fp, ) N V(E) = {v}. Assume that v € Wy and |W| > 2. Then J is unmixed.

13
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2 4 6 8 10

Fig. 10. The graph F3 o F; o Fs.

Fig. 11. The graph E.

Proof. Set G; = Fy, o --- o Fp, and G, = E. Then J;, is unmixed by Corollary 4.6 and J, is Cohen-
Macaulay by Lemma 3.2, hence it is unmixed.

Notice that, since my > 3, there exists u; € Ng,(v) such that degg, (u1) = 2. Moreover, since
[W;| > 2 and by definition of G, = E, we attach K3 to K, in such a way that |V(K,) N V(K3)| = 2
and v € V(K,) N V(K3). Thus, there exists u, € K3, hence u; € Ng,(v), such that degg, (u2) = 2. The
statement follows by Theorem 4.5. O

In Lemma 4.8 we assume |W;| > 2, since this is the only case we need in the following theorem.
Moreover, in the next statement the case F = E is useful to prove that the binomial edge ideal
associated with F;, o - - - o Fy, o F; is Cohen-Macaulay.

Theorem 4.9. Let G = Fp o --- o Fy, o F, wherem; > 3 foreveryi = 1,...,kand F = F, for some
n > 3 or F = E is the same graph of Lemma 4.8. Then J; is Cohen-Macaulay.

Proof. Let V(Fy, o- - -oFy, )NV(F) = {w} and call fy and f the leaves that we remove from Fy,, o- - -oFy,,
and F.LetJc = ﬂSEM(G)PS(G) be the primary decomposition of J; and set A = HSGM(G),wgsPS(G) and
B= msEM(G),wesPS(_G)- .

We proceed by induction on k > 1. First assume k = 1 and, for simplicity, let m = m;. By
Remark 3.1, the ideal A is the binomial edge ideal of the graph H, obtained by adding a fan to the
complete graph with vertex set {w} U Ng(w) on the sets Ng, (w) \ {fx} and Ng(w) \ {f}. Hence R/A is
Cohen-Macaulay and depth(R/A) = |V(G)| 4+ 1 by Lemma 3.2.

Notice that G \ {w} = (Fn \ {w,fi}) U (F \ {w,f}). By Theorem 4.5 and Remark 3.1, B =
(Xw, Y )Frm\fw.fi) Fr\jw.f)» Where Fp\ {w, fi} = Fn_1.Moreover, ifF = E,E\{w, f} is of the same form
asE, otherwise F = F,and F, \ {w, f} = F,_1.Inany case, Jg,\w.f,} and Jr\(w f} are Cohen-Macaulay (by
Lemma 3.2 and Proposition 3.3), hence B is Cohen-Macaulay since it is the sum of Cohen-Macaulay
ideals on disjoint sets of variables. In particular, it follows from the formula for the dimension
[10, Corollary 3.4] that depth(R/B) = |V(Fn—1)| + 1+ [V(F \ {w,f}| + 1= |V(G)| + 1.

Finally, A+ B = (X, Y»)+Jy7, where H” = H\ {w} is the binomial edge ideal of the graph obtained
by adding a fan to the complete graph with vertex set Ng(w) on the sets N, (w) \ {fi} and Np(w) \ {f}.
Hence R/(A 4 B) is Cohen-Macaulay and depth(R/(A + B)) = |V(G)| by Lemma 3.2.

14
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The Depth Lemma applied to the short exact sequence (2) yields depth(R/Jc) = |V(G)| + 1. The
claim follows by Lemma 4.8 (resp. Corollary 4.6), since dim(R/J¢) = |[V(G)| + 1.

Now let k > 1 and assume the claim true for k — 1. By Remark 3.1, the ideal A is the binomial edge
ideal of the graphH = Fy 0 - - o Fy,_, o F/, where F’ is obtained by adding a fan to the complete graph
with vertex set {w} U Ng(w) on the sets Nka(U)) \ {fi} and Ng(w) \ {f}. Notice that, since m; > 3,
|Nka (w) \ {fc}| = 2 and we are in the assumption of Lemma 4.8. Hence, R/A is Cohen-Macaulay by
induction and depth(R/A) = |V(G)| + 1.

Similarly to the case k = 1, the ideal B equals (Xu,Yw) + JiFn, o--oFm \w.fid + Jr\w.r), Where
(Fny 0+ -0 Fp )\ {w, fx} = Fn 0+ 0Fp1 and]leomokail is Cohen-Macaulay by induction (notice
that, if my = 3,thenFy, o---0Fy, = Fy, 0---oFy,_, *F; and the corresponding binomial edge ideal is
Cohen-Macaulay by induction and Theorem 4.2). Moreover, if F = E, then E \ {w} is of the same form
as E, otherwise F = F, and F, \ {w, f} = F,_1. Thus J\;, 5} is Cohen-Macaulay (by Lemma 3.2 and
Proposition 3.3), hence B is Cohen-Macaulay since it is the sum of Cohen-Macaulay ideals on disjoint
sets of variables. In particular, depth(R/B) = |V(Fpn—1)| + 1+ |V(F \ {w,f})| + 1 = [V(G)| + 1 (it
follows from the formula for the dimension [ 10, Corollary 3.4]).

Finally, A + B = (X, Yw) + Jy», where H” = H \ {w} (again, since m; > 3, we have |Nka(w) \
{fe}] = 2). Hence R/(A + B) is Cohen-Macaulay by induction and depth(R/(A + B)) = |V(G)|.

The Depth Lemma applied to the short exact sequence (2) yields depth(R/J;) = |V(G)| + 1. Notice
that, if F = E, the ideal J; is unmixed by Lemma 4.8, whereas, if F = F,,, it is unmixed by Corollary 4.6.
This implies that dim(R/J¢) = |V(G)| + 1 and the claim follows. O

5. The dual graph of binomial edge ideals

In this section we study the dual graph of binomial edge ideals. This is one of the main tools to prove
that, if G is bipartite and J; is Cohen-Macaulay, then G can be obtained recursively via a sequence of
operations * and o on a finite set of graphs of the form F,;, Theorem 6.1(c).

Let I be an ideal in a polynomial ring A = K[x4, ..., X,;] and let pq, ..., p, be the minimal prime
ideals of I. Following [2], the dual graph D(I) of I is a graph with vertex set {1, ..., r} and edge set

{{i,j} - ht(p; + p;) — 1 = ht(p;) = ht(p;) = ht(I)}.

Notice that, if D(I) is connected, then I is unmixed. In [8], Hartshorne proved that if A/I is Cohen-
Macaulay, then D(I) is connected. We will show that this is indeed an equivalence for binomial edge
ideals of bipartite graphs. Nevertheless, this does not hold when G is not bipartite, see Remark 5.1.

To ease the notation, we denote by D(G) the dual graph of the binomial edge ideal J; of a graph G.
Moreover, we denote by Ps(G) or Ps both the minimal primes of J; and the vertices of D(G).

Remark 5.1. The dual graph of the non-bipartite graph G in Fig. 12(a) is connected, see Fig. 12(b), but
using Macaulay2 [7] one can check that J; is not Cohen-Macaulay.

We now describe the edges of the dual graph of J;, when J; is unmixed. This result holds for non-
bipartite graphs as well.

Theorem 5.2. Let G be a graph such that J; is unmixed and let S, T € M(G), with |T| > |S|. Denote by
Ps the minimal primes of Jc. Then the following properties hold:

(a) if T\ S| > 1, then {Ps, Pr} is not an edge of D(G);
(b) if IT\ S| =1andS C T, then {Ps, Pr} is an edge of D(G);
(c) if T\S={t}andS Z T, then {Ps, Pr} is an edge of D(G) if and only if t is not a cut vertex of Gs.

Proof. LetEq, E,, ..., Eqs) be the connected components of Gs.

(a)Letv, w € T\S.Then Ps + Pr D Ps+(xy, Xy, ¥v, Yu). If Ej and E; are the connected components
of Gs containing v and w respectively (possibly j = k), it follows that

Ps + (o xun v yu) = | U i e Jgg o ey

ieSU{v,w}
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(a) The graph G. (b) The dual graph of G.

Fig. 12. A non-bipartite graph G with D(G) connected and J; not Cohen-Macaulay.

Thus, ht(Ps + Pr) > ht(Ps + (Xy, X, Yv, Yw)) = ht(Ps) + 4 — 2 = ht(Ps) 4+ 2. Hence, {Ps, Pr} is not an
edge of D(G).
(b)Let T \ S = {t} and let E; be the connected component of G5 containing t. Then

Ps +Pr = (U i, it (e, ) Sy - Sy - ’JEcm) :
ieS
Thus, ht(Ps + Pr) = ht(Ps) + 2 — 1 = ht(Ps) + 1. Hence, {Ps, Pr} is an edge of D(G).

(c) Let Gy, Gy, . .., G, be the connected components of Ge7. Letalso S\ T = {s}, T \ S = {t} and
assume thats € Gjand t € Gi. Since S, T € M(G), it follows that s and ¢ are cut vertices of G; and G,
respectively.

Ifj # k, then t is a cut vertex of Gs. Moreover, if V(G;) = V(E; U --- UE, U {s}), where h > 2 and
Gk = Ep1q, then

PS + PT = U {Xj, yi}’](aj)ﬁ’](’ghﬁ—l (t)’th+2’ e ’JEE(S)
ieSu{t}

It follows that ht(Ps+Pr) = ht(PS)+2+|V(Gj)|—2—2?=1(|V(E,')| —1)—1=ht(Ps)+24+1-24+h—1=
ht(Ps) + h > ht(Ps) 4+ 1. Thus, {Ps, Pr} is not an edge of D(G).

Assume now that j = k and let j = 1 for simplicity. Denote by Hy, ..., H; the connected
components of (G )y and by Ky, . . ., K; the connected components of (G )y (note that the number of
components is the same because S, T € M(G) and J; is unmixed). Suppose also thatt € H; and s € K;.
If there exists v € H, N K, with p, g # 1, then, since v € H,, there exists a path from v to s that does
not involve t. This is a contradiction because v € K; and s € K. Hence, K; € Hy and H, C K; for all
p.q =2, ...,iInparticular, the connected components of Gsggrare Hy, ..., H;, K3, ..., Ki, G2, ..., G,
and the connected components of H; N K, if it is not empty.

Suppose first that HNK; = #. Hence, V(H;) = V(K,U- - -UK;U{t})and V(K;) = V(H,U- - -UH;U{s}).
Ifi > 3, then t is a cut vertex of Hy, hence a cut vertex of Gz. It follows that

PS = <U {Xhayll}7]ﬁls]ﬁzs -'~a]ﬁia.laza ’]Er) and

hes

Ps+Pr= | | oy Jig S S - TG
heSU{t}
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Therefore,ht(‘Ps—l—PT) ht(Ps)+2—1— Zh > (JV(HR)|—1)+|V(K71)|—2 = ht(Ps)+1— Zh 2|V Hp)|+
i—-1)+ (ZL=2|V(Hh)| 4+1)—2=ht(Ps)+i—1 > ht(Ps) + 1, since i > 3. Thus, {Ps, Pr} is not an
edge of D(G).

On the other hand, ifi = 2, then t is not a cut vertex of Hy, since K5 is connected. Therefore, t is not
a cut vertex of Gg. It follows that

Ps+Pr=| | tonynh iy i, oS

hesuit}

Hence, ht(Ps + Pr) = ht(Ps) + 2 — 1 = ht(Ps) + 1 and {Ps, Pr} is an edge of D(G).
Let now H; N Ky # @. It follows that

V(H]) = V(Kz U.---UKU (Hl ﬂK])U {f}) and V(Kl) = V(H2 U.--UH; U(H] ﬂKl) U {S})

and in this case t is a cut vertex of Gs. Moreover,

Ps+Pr=| | tonynd iy Jwog e - JG
hesu(t}

In fact, Jg, < ](Kﬂj and Jk, S ]Hl% forallh = 2,...,i. We now compute the height of ] =
J(HI%—H Ry Setting Wy = H,U- - UH, and W, = K, U- - UK,,the ideal] is the binomial edge ideal of

the graphF obtamed from W1UW2 U(Hml(l)by adding the edges {{v, w} : v € H1ﬂK1, w e W1UW2}.
It is easy to check that the only cut sets of F are ¥ and H; N K;. Moreover,

ht(P, g, (F)) = [V(F)| + [V(Hi N K1)l — 2 = [V(F)| — 1 = ht(Py(F))
= V(W) + [V(W2)| + [V(Hi N K| — 1.

Thus ht(J) = |[V(F)| — 1= Z;I:]|V(Hh)| — 2.Sincei > 2, we get
i i
ht(Ps + Pr) = ht(Ps) +2 — Y (V(H)l — 1) + Y_IV(H)| — 2 = ht(P5) + i > ht(Ps) + 1.
h=1 h=1
Hence, {Ps, Pr} is not an edge of D(G). O

Remark 5.3. Let G be a connected graph such that D(G) is connected. If G is not a complete graph,
then G has at least one cut vertex. In fact, if G does not have cut vertices, by Theorem 5.2(a), it follows
that Py is an isolated vertex of the dual graph D(G), a contradiction. Notice that, if G is bipartite, by
Proposition 2.3, it is enough to require J; unmixed. Nevertheless, in the non-bipartite case we need to
assume that D(G) is connected. In fact, the graph G in Fig. 13 does not have cut vertices, J; is unmixed
and D(G) consists of two isolated vertices.

We also observe that the above statement generalizes [1, Proposition 3.10], since having a
connected dual graph is weaker than the Serre’s condition S,, see [8, Corollary 2.4]. In particular, if
Jc is Cohen-Macaulay, then G has at least one cut vertex.

Example 5.4. For every k > 4, let My, and M_1 i be the graphs defined in Example 2.2. With the
same notation used there and by Theorem 5.2, their dual graphs are represented in Fig. 14.

Thus, Ju, , and Ju,_, , are not Cohen-Macaulay by Hartshorne’s Theorem [8]. Notice that, M5 4 is
the bipartite graph with the smallest number of vertices whose binomial edge ideal is unmixed and
not Cohen-Macaulay.

The following technical result has several crucial consequences, see Theorems 5.7 and 5.8. We
show that, under some assumption on the graph, the intersection of two cut sets, which differ by one
element and have the same cardinality, is again a cut set.

Lemma 5.5. Let G be a graph such that J; is unmixed. Let S, T € M(G)with |S| = |T|and |S\T| = 1.
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Fig. 13. A graph G without cut vertices, with J; unmixed and D(G) disconnected.
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(a) The dual graph of Jy, , . (b) The dual graph of Jy, ,. (c) The dual graph of Ju,_, ., k>
5.
Fig. 14. The dual graphs of Ju, , -
(i) If {Ps, Pr} € D(G), thenS N T € M(G).
(ii) If SUT € M(G) and G is bipartite, then SN T € M(G).
Proof. LetS = (T \ {t}) U {s} and let Gy, ..., G, be the connected components of Gs=7. Suppose first

thats € Gyand t € G;withi # j. Letz € SNT suchthatcg((SNT)\ {z}) = cc(SNT). Sincez € S and
S € M(G), z joins at least two components of Gs. Then in G it is only adjacent to some components
of (Gi)gy- This implies that it does not join any components in G, a contradiction, since T € M(G).

Assume now that s, t € G; and suppose first thatr = |SNT| + 1. We claim that SN T € M(G). In
this case, Gg has r 4 1 connected components, say Hy, Hz, Gy, ..., G;. Consider the set

Z ={z e SNT: adding z to Gs it connects only H; and H,}.

We show that X = (SNT)\Z € M(G). For every x € X, we know that c5(S \ {x}) < cg(S). In particular,
adding x to Gg, it joins some connected components and at least one of them is G; with i > 2. Hence,
ce(X \ {x}) < c¢(X). Moreover, c¢(X) = |[SNT| — |Z| + 1, by the unmixedness of J;. On the other hand,
by definition of Z and since S € M(G), it follows that cg(X) =r = |S| = |[SNT| + 1. Thus,Z =  and
SNT =X € M(G).

Suppose now thatHy, ..., H;, Ga, ..., G, are the connected components of Gs, with i > 3, and that
t € H;.In the same way let Ky, ..., K;, G, ..., G, be the connected components of G and let s € Kj.
We show that this case cannot occur.

Following the same argument of the proof of Theorem 5.2(c), we conclude that the connected
components of Gggr-are H, ..., H;, Ko, ..., Kj, Gy, ..., G; and the connected components of H; N K,
if it is not empty.

(i) If Hy N Ky # @, it follows that V(H;) = V(K; U --- U K; U (H; N Ky) U {t}) and V(K;) =
V(Hy U---UH; U (H; NKy) U {s}). In this case, t is a cut vertex of Gs, hence {Ps, Pr} is not an edge of
D(G) by Theorem 5.2(c), a contradiction.

Let now H; N Ky = ¢, then V(H]) = V(Kz U---UK U {t}) and V(K]) = V(Hz U-.--UH;U {S}) Since
i > 3, tisacutvertex of Hy, hence {Ps, Pr} is not an edge of D(G) by Theorem 5.2(c), a contradiction.

(ii) In this case, since both S and SUT are cut sets of Gandi > 3, we have thati = 3and HiNK; = @.
Therefore, the connected components of Gggr are Hy, H3, K3, K3, Gy, . . ., G;.
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Fig. 15. The set W in grey.

We know that s is adjacent to x € H; and that s € K. Hence, s is not adjacent to any vertices of K,
or K3. Thus, x = t, since V(H;) = V(K, U K3 U {t}). This means that {s, t} € E(G). Let

Z ={z e SNT: adding z to Ggg it connects only some H; with some Kj}.

Notice that, there are no vertices in S N T that only connects H, to H3 or K; to K3 in Gggr. In fact, if
z € SN T only connects H, to Hz in Ggog, then ¢(T \ {z}) = c¢(T), a contradiction, since T € M(G).
The same holds for K, and Ks.
As above, since SUT € M(G), it follows that (SN T) \ Z € M(G) and, by the unmixedness of J,
|Z| = 1,say Z = {z}. Without loss of generality, we may assume that z connects at least H, and K>.
Since s and t are adjacent in G, one of them is in the same bipartition set of z. Without loss of
generality, assume that this vertex is t, thus Ny, (s) N Ny, (z) = . Let

A={xeSNT: if{x, v} € E(G) for some v € Gy, then v € Ny, (s)}.

Notice that, A contains also all vertices of S N T that connect only some G;’s in Gg&7, with j > 2. We
claim that

W = ((SNT)\ A)U Ny,(s) € M(G).

In Fig. 15 the set W is coloured in grey and the circles represent the connected components of Gg7,
where only some vertices are drawn.

Notice thatz € W.Let w € W. Adding w = z to G, we connect a vertex of H \ Ny, (s) with K,
whereas, adding w € Ny, (s) to Gy, we connect s to Hy \ Ny, (s). Moreover, if w € (SNT)\ (AU {z}), we
know that, in Gga7, w connects G; for some i > 2 to a vertex v of G; \ Ny, (s). By construction, in Gy
the connected components containing v and G; are different and w still connects them. This proves
that W € M(G).

Since J¢ is unmixed, we have that cg(W) = |W| + 1 and a connected component of Gy is the
subgraph induced on Hz U K, U K3 U {s, t}. Thus, removing t from Gy, this component splits in three
components, H3 U {s}, K5, K3. Therefore, if W U {t} is a cut set of G, we get co(W U {t}) = cc(W)+2 =
|W| + 3, which contradicts the unmixedness of J.

Hence, we may assume that W U {t} ¢ M(G). Thus there exists y € Ng(t) that joins t with only
one connected component of Gy (i.e., cc(W U {t}) \ {y}) = cc(W U {t})). In this case, we define

B={yeSNT:{y,t} € E(G)and N¢(y) \ {t} is contained in one connected component of Gy},
where |B| > 1, since W U {t} ¢ M(G). We claim that
W' = (W \B)U {t} € M(G).
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(a) The graph G. (b) The dual graph of G.
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Fig. 16. A non-bipartite graph G with J; Cohen-Macaulay, where the intersection of two cut sets is not always a cut set.

Notice that z € W’. The proof is similar to the case of W. We only notice that, adding t to Gy7, we
connect at least K, K3 and the connected component containing s. Moreover, each element in B does
not connect different connected components of Gz and any two elements of B are not adjacent (since
they are adjacent to t and G is bipartite). Thus, |W'| < |W U {t}| and

(W) =cc(WU{t}) = cc(W)+2=[W|+3=[WU{t}] +2> W] +1,

which contradicts the unmixedness of Jc. O

Remark 5.6. It could be true that, if G is bipartite and J; is unmixed, then S N T € M(G) for
every S,T € M(G). Both assumptions are needed: in fact, if G is the graph in Fig. 16, one can
check with Macaulay2 [7] that J; is Cohen-Macaulay and thus D(G) is connected. Nevertheless,
{2,4}, {4,5} € M(G)and {2, 4} N {4, 5} = {4} & M(G).

On the other hand, if G is the cycle of length 6 with consecutive labelled vertices, then J; is not
unmixed, {1, 3}, {1, 5} € M(G)and {1, 3} N {1, 5} = {1} € M(G).

The next result is important for Theorem 6.1, since at the same time provides the equivalence (b)
4 (d) and has important consequences for the proof of (b) = (c).

Theorem 5.7. Let G be a bipartite graph. If D(G) is connected, then for every non-empty S € M(G), there
exists s € S such that S \ {s} € M(G).

Proof. By contradiction, let T € M(G) such that T \ {t} ¢ M(G) for every t € T. Notice that |T| > 2,
otherwise T \ {t} = ¥ € M(G).

Let W € M(G), W # T, such that there exists a path P : Pr = Psy, Ps,, ..., Ps,, Ps,., = Py in
D(G). Assume P is a shortest path from Pr to Py .

Claim: For 1 <i < k+ 1,1S;| > |Si_1]. In particular, |W| > |T]|.

We proceed by induction on k > 0.

Let k = 0. First notice that |W| > |T|, otherwise by Theorem 5.2(a), W =T \ {t} € M(G) for some
t € T, a contradiction. If |W| = |T|, since {Pr, Py } is an edge of D(G), by Theorem 5.2(a), we have that
W = (T\ {t})U{w}, forsomet € Tand w ¢ T.By Lemma 5.5, we have that WNT =T\ {t} € M(G),
a contradiction. Then |W| > |T|.

Let k > 1. By induction, |S;| > |S;_1], for every 1 < i < k. In particular, by Theorem 5.2(b),
Si=TU{sy,...,si}fori=1,...,kands; £T,forj=1,...,k SetS = Si.

If |W]| < |S|, then |[W| = |S| — 1 by Theorem 5.2(a). Hence W = S\ {s} for somes € S.

First suppose thats € T. Thus, W = (T \ {s}) U {sy, ..., sx}. Since |W| = |Sk_1], IW \ Sk-1| = 1and
W US,_1 =S € M(G), by Lemma 5.5(ii) it follows that Sy_1 "W = (T \ {s}) U {s1, ..., Sk—1} € M(G).
Foreveryi=1,...,k—2,letT; = Siy1 N --- N Sg—1 N W. By induction oni < k — 2, assume that
Ti € M(G),thenTi_y =S5 NT; = (T\ {s}) U {s1,...,s} € M(G)by Lemma 5.5 (ii), since |S;| = |Tj|,
ITi\Si| = 1and S;UT; = Sipq € M(G). Inparticular,To = S1N-- NS NW = (T \ {s})U{s1} € M(G),
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|To| = IT|,ITo\T| = 1and ToUT = S; € M(G). Again, by Lemma 5.5 (ii), TNTy =T \ {s} € M(G),a
contradiction.

Now assume thats € S\ T, where s = s; for some j € {1,...,k}. Since [W| = |Sx_1] and
W\ Sk—1| = 1, by Lemma 5.5(ii), Sy-1 "W = S_1 \ {s;} € M(G). Foreveryi = j,..., k — 2,
let ; = Siy1 N --- N S-q N W. By induction oni < k — 2, assume that T; € M(G), then
Tioq1 =SiNT; = Si\{Sj} S M(G) by Lemma 5.5(ii),since |Sl| = |T,'|, |Ti\Si| = 1and5,~UT,- = Si+1 S M(G)
In particular, T_; = 5N --- NS "W =S5\ {s;} = Sj_1 € M(G). Therefore,

'P, : PSO =PT,P51, ""st—l =PT].71,PT]., ---7PT;<,27PW

is a path from Pr to Py, shorter than P, a contradiction.

If|W| = |S|,then W = (S \ {x})U {y} forsomex,y.Ifx € T,then W = (T \ {x}) U {s1, ..., Sk, ¥}.
By Lemma 5.5(i), W NS = (T \ {x}) U {s1, ..., sk} € M(G). We may proceed in a similar way to the
case |W| < |S|,setting T; = S;1N---NSNWeori=1,...,k—1.

Now assume x € S\ T, where x = s; for some j € {1, ..., k}. Since [W| = |S]|, by Lemma 5.5(i),
SNW = S\ {x} € M(G). Again, we may proceed as in the case |W| < |S|,setting T; = Si;.1N- - -NSNW
fori=j,...,k—1.

In both cases we find a contradiction. In conclusion, we proved that, if there exists a path from
Pr to Py in D(G), then |W| > |T| > 2. Thus, there is no path from Pr to Py in D(G), hence D(G) is
disconnected. O

Using the following result, we may reduce to consider bipartite graphs G with exactly two cut
vertices and D(G) connected.

Theorem 5.8. Let G be a bipartite graph with at least three cut vertices and such that J; is unmixed.

(a) There exist Gy and G, such that G = G; * Gy or G = Gy 0 G.
(b) If D(G) is connected, then D(G1) and D(G,) are connected.

Proof. (a) By Proposition 2.3, G has exactly two leaves. Let v be a cut vertex that is not a neighbour
of a leaf and let H; and H, be the connected components of Gy If v is a leaf of both Gyy,)u;,) and
GyHy)upe)s then G = Gy * Guiy)op)-

Assume that v is not a leaf of Gy(y,)ujy and of Gy(y,)upey- Then, given two new vertices wy and wy,
fori = 1, 2 we set G; to be the graph (Gyu,juy) U {v, w;}. It follows that G = Gy o G,.

Now assume by contradiction that v is a leaf of Gyx, )uy}, but not of Gyx, g}, and let w be the only
neighbour of v in Gy, ). Hence, w is a cut vertex of G and we may assume that it is not a leaf of
Gv(HZ), otherwise G = GV(H])U{u,w] * GV(HZ)-

The graphs Gyu,)u(vy and Gy(u,) are bipartite with bipartitions V; U V, and Wy L W5, respectively.
Without loss of generality, assume that v € V; and w € W; and let S = V7 \ {£ : £ is a leaf of G}. This
is a cut set of G: indeed in Gs all vertices of V, are either isolated or connected with only one leaf of G,
hence every element of S connects at least one vertex of V, with some other connected component.
Therefore, since J; is unmixed, G5 has [S| + 1 connected components, Gy(y,) is one of them and the
vertices of Gyy,) not in S form the remaining |S| connected components. In the same way, the set
T =W\ {£: Lisaleaf of G} € M(G)and Gf consists of the connected component Gy, ) and of
|T| connected components on the vertices of Gy(y,) that are not in T. Notice that SUT is a cut set of G:
in fact, adding either v or w to Ggg7, we join at least two connected components, since v is not a leaf
of Gy(u,)upwy and w is not a leaf of Gy,). Then Gggr has |S| connected components on the vertices of
Gv(n,)utvy and |T| on the vertices of Gyu,). Hence, cg(S U T) = |S| + |T|, a contradiction.

(b) We prove the statement for Gy, the argument for G, is the same. Let Ps be the primary
components of J,, So € M(G1)and k = |Sol. Thus, Sy € M(G) by Theorems 4.2 and 4.5. Moreover, by
Theorem 5.7, there exists s; € Sp suchthatS; = Sp\{s1} € M(G). Applying repeatedly Theorem 5.7, we
find a finite sequence of cut sets S, = Sp \ {51, 52}, S3 = So \ {51, 52, 53}, ..., Sk = S0 \ So = ¥ € M(G).
Notice that S; € M(Gy) fori = 1,...,k and, by Theorem 5.2, {Ps;, Ps,,,} is an edge of M(G;) for
i=1,...,k— 1.Hence,

P PSO’PSI’PSZ’ oL P = Py),
is a path from Ps to Py in D(G1). Therefore, D(G1) is connected. O
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Fig. 17. A non-bipartite graph that cannot be split using * and o.

Remark 5.9. If the graph G is not bipartite, Theorem 5.8(a) does not hold. For instance, the ideal Jg
of the graph in Fig. 17 is unmixed, indeed Cohen-Macaulay, and G has four cut vertices, but it is not
possible to split it using the operations * and o.

The remaining part of the section is useful to prove that a bipartite graph G with exactly two cut
vertices and D(G) connected is of the form F,,.

Corollary 5.10. Let G be a bipartite graph such that D(G) is connected. Then every non-empty cut set
S € M(G) contains a cut vertex.

Proof. LetS € M(G)and k = |S|. We may assume k > 2. By Theorem 5.7, there exists s € S such that
T =S\ {s} € M(G). By induction, T contains a cut vertex and the claim follows. O

Remark 5.11. All assumptions in Theorem 5.8 and Corollary 5.10 are needed. In fact, both claims do
not hold if we only assume G bipartite but D(G) is not connected. For instance, let G = M3 4. Then
{3, 5} is a cut set that does not contain any cut vertex (see Example 2.2).

On the other hand, both results do not hold if D(G) is connected but G is not bipartite. For example,
if G is the graph in Fig. 12(a), then {3, 4} € M(G), but 3 and 4 are not cut vertices of G.

Corollary 5.12. Let G be a bipartite graph with bipartition V; U V, and with exactly two cut vertices vy
and v,. If D(G) is connected, then {v1, v,} € E(G). In particular |V,| = |V3]|.

Proof. Let f; be the leaf adjacent to v; fori = 1, 2. Assume that {vq, v2} € E(G).ThenS; = N¢(v;)\ {fi} is
a cut set of G fori = 1, 2. Moreover, S; and S, do not contain cut vertices. By Corollary 5.10 it follows
that D(G) is disconnected, a contradiction. The last part of the claim follows from Remark 2.4. O

Lemma 5.13. Let G be a bipartite graph with bipartition V, U Vs, |V1| = |V;| and with exactly two cut
vertices. If D(G) is connected, then there exists a vertex of G with degree 2.

Proof. Suppose by contradiction that all the vertices of G, except the two leaves, have degree greater
than 2. Let f be the only leaf of G in V; and consider T = V; \ {f}. Clearly G is the disjoint union of
|V;| — 1isolated vertices and the edge {v,, f}, where v, € V; is a cut vertex. Therefore, T is a cut set
and we claim that it is an isolated vertex in D(G).

Notice that T is not contained in any other cut set. Moreover, suppose that S is a cut set of G such that
S CcTandT\S = {v}.SinceS C V;,itfollows thatdegcf(v) > 2.Thencg(S) = cg(T\{v}) < cc(T)-2 =
|V1] — 2, since G consists of isolated vertices and one edge. This contradicts the unmixedness of J¢.

Finally, let T’ be acut set suchthat T\ T’ = {v}and T'\ T = {v'}. IfwesetS =T \ {v} =T"\ {v'},

it follows that v’ has to be a cut vertex of Gs. As consequence, v’ = v, is the cut vertex in V», and
{v, v’} € E(G). On the other hand, as before, G5 has at most |V,| — 2 connected components, then
co(T") = cc(S) + 1 < |V,| — 1. This contradicts the unmixedness of J;, because |T'| = |V;| — 1.

Therefore, Theorem 5.2 implies that T is an isolated vertex in D(G) against our assumption. O
Proposition 5.14. Let H be a bipartite graph with bipartition V1 UV, and |V1| = |V5|. Let v and f be two

new vertices and let G be the bipartite graph with V(G) = V(H) U {v, f} and E(G) = E(H) U {{v, x} : x €
Vi U {f}}. If D(G) is connected, then D(H) is connected.
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Proof. Let f; be the leaf of G in V, and w its only neighbour, which is a cut vertex. Lemma 2.6(b)
and 5.13 imply that there is a vertex with degree 2 in G. Thus, by Proposition 2.8,

M(G)={B,Vi}U{SU{v}:Se MH}U{T CVi: T e M(H)}.

Let us denote by Ps the primary components of J; and by Qs those of J,. Using Theorem 5.2, we can
give a complete description of the edges of D(G):

(i) {Py, Pr} € E(D(G))if and only if either T = {v} or T = {w},

(ii) {Py,, Pr} € E(D(G))if and only if either T = V; \ {fi}or T = (V1 \ {fi}) U {v};

(iii) if S1, S, € M(H), then {Ps,u}, Ps,uy} € E(D(G)) if and only if {Qs,, Qs,} € E(D(H));

(iv) if Ty, T, € M(G) are strictly contained in V4, then we have {Pr,, Pr,} € E(D(G)) if and only if

{QT17 QTZ} GE( ( ))
(v) ifS,T e M(H)and T C Vy, then {Psuyy), Pr} € E(D(G)) ifand only if S = T.

If S € M(H), it is enough to prove that Qs is in the same connected component as Qy in D(H).
By (iii), this is equivalent to prove that in D(G) there exists a path Py = Py,, Py,, ..., Py, = Psup
such that U; contains v for all i. Since D(G) is connected, we know that there exists a path P from P,
to Psyyy. We first note that, if 7 contains Py or Py,, we may avoid them: in fact, by (i) and (ii), they
only have two neighbours; for Py, they are adjacent by (v), whereas we may replace Ps with Py, ) by
(iii) and (v). Let i be the smallest index for which U; does not contain v. This means that U; ¢ V; and
Ui—1 = U; U {v} by (v). Moreover, U, does not contain v, otherwise it would be equal to U;_; (again
by (v)). Therefore, U1 € Vi and {Qu;, Qu;,,} € E(D(H)) by (iv). Thus, replacing U; with Ui U {v} in
P, we get a new path from Py to Psy(wy, by (iii) and (iv). Repeating the same argument finitely many
times, we eventually find a path from Py, to Psy(,) that involves only cut sets containing v. Thus D(H)
is connected by (iii). O

6. The main theorem
In this section we prove the main theorem of the paper and give some applications.

Theorem 6.1. Let G be a connected bipartite graph. The following properties are equivalent:

) Jc is Cohen-Macaulay;

) the dual graph D(G) is connected;

) G=Aq %Ay % - %A, where Ay = For Ay = Fy, 0 - - o Fy,, forsomem > 1and m; > 3;
)

(a
(b
(c
(d) J¢ is unmixed and for every non-empty S € M(G), there exists s € S such that S \ {s} € M(G).

Proof. The implication (a) = (b) follows by Hartshorne’s Connectedness Theorem [8, Proposition 1.1,
Corollary 2.4, Remark 2.4.1].

(b) = (c): We may assume that G has more than two vertices. Recall that, since D(G) is connected,
then J; is unmixed. By Proposition 2.3, G has exactly two leaves, hence at least two cut vertices vy, vy,
which are their neighbours. We proceed by induction on the number h > 2 of cut vertices of G.

Let h = 2. We claim that G = F, for some m > 2. Let V(G) = V; U V, be the bipartition of the
vertex set of G. By Corollary 5.12, we have that {vq, vo} € E(G)and |V| = |V,|, withv; € Vifori =1, 2.
We proceed by inductionon m = |Vq| = |V;|.If m = 2,then G = F,. Let m > 2 and consider the graph
H obtained removing v, and the leaf adjacent to it. Lemma 2.6(b) implies that v has degree m and H
has exactly two cut vertices, whereas by Proposition 5.14, D(H) is connected. Hence, by induction, it
follows that H = F,;_1 and G = F,, by construction.

Assume now h > 2. Let v be a cut vertex of G such that v # vy, v,. By Theorem 5.8, there exist two
graphs Gy and G, such that G = Gy x G, or G = Gl o G, and D(G1), D(G,) are connected. If G = G * G,
by induction they are of the form A; * Ay * - - - % A, for some k > 1, where A; = F;, withm > 1, or

Aj =Fn, 0---0Fp,withm; > 3forj=1,...,r.
On the other hand, if G = G; 0 Gy, it follows that Gy = A1 *Ay % ---*%A;and G, = By % By % - - - % B,
where each A; and B; are equal to Fy,, for some m > 1,0rto Fp, 0+ - - oFp, withm; > 3forj=1,...,r.

By Theorem 4.5, it follows that if A; = F,, or By = F;,, thenm > 3.
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U1 U3 V4

U2 U5

Fig. 18. The graph G = F3 % F3 0 F4 % F; % F3 o F3.

(c) = (a): Let G be a graph as in (c). We proceed by induction on k > 1.

Ifk =1,thenG = F, forsomem > 1,0r G = Fy, o --- o Fp,, withm; > 3forj=1,...,r.Inthe
first case the claim follows from Proposition 3.3, in the latter from Theorem 4.9.

Let k > 1 and consider the graphs G; = Ay * Ay % --- * Ay_1 and G, = Ay. By induction, Jg, is
Cohen-Macaulay and, by the previous argument, also J¢, is Cohen-Macaulay. Then, the claim follows
from Theorem 4.2.

(b) & (d): The first implication follows from Theorem 5.7. Conversely, let S € M(G), S # ¥, and Ps
be the primary components of J;. It suffices to show that there exists a path from Py to Ps. If |S| = 1, the
claim follows by Theorem 5.2(b). If |S| > 1, by assumption, there exists s € S such that S\ {s} € M(G)
and, by induction, there exists a path from Py to Ps, ;s;. Thus, Theorem 5.2(b) implies that {Ps\s;, Ps} is
an edge of D(G). O

Since A/I Cohen-Macaulay implies that A/I is S, and in this case D(I) is connected [8, Corollary 2.4],
for a bipartite graph G, R/J; is Cohen-Macaulay if and only if R/J; is S by Theorem 6.1.

Theorem 6.1 can be restated in the following way. Let G be a connected bipartite graph. If it has
exactly two cut vertices, then J; is Cohen-Macaulay if and only if G = F,, for some m > 1. If it has
more than two cut vertices, then J; is Cohen-Macaulay if and only if there exist two bipartite graphs
G1, G, such that J¢,, J, are Cohen-Macaulay and G = G; * Gy or G = G 0 Gy.

Fig. 18 shows a graph G obtained by a sequence of operations * and o on a finite set of graphs of
the form F,,. More precisely, G = F3 % F3 o F4 * F; % F3 o F3 and v; denotes the only common vertex
between two consecutive blocks. By Theorem 6.1, J¢ is Cohen-Macaulay.

It is interesting to notice that Theorem 6.1 gives, at the same time, a classification of other known
classes of Cohen-Macaulay binomial ideals associated with graphs. We recall that, given a graph G,
the Lovdsz-Saks-Schrijver ideal L (see [11]), the permanental edge ideal IT; (see [11, Section 3]) and
the parity binomial edge ideal Z¢ (see [ 12]) are defined respectively as

Le = (xix; + yiy; : {i,J} € E(G)),
I = (xy; + xyi : {i,j} € E(G)),
Te = (xixj — yiy; « {i,j} € E(G)).

Corollary 6.2. Let G be a bipartite connected graph. Then Theorem 6.1 holds for L, I1; and Zg.

Proof. Let G be a bipartite graph with bipartition V(G) = V; 1 V,. Then the binomial edge ideal J; can
be identified respectively with Lg, IT; and Z; by means of the isomorphisms induced by:
oy e (L i) ifi e V4 oy T (X, i) ifi e V4
(. yi) = {(J/i, —x;) ifi eV, (i i) = (=x,y:1) ifieVy,
oy Zo (ki yi) ifie Vs
("“y')*‘){(yi,xf) ifi e V.

Notice that the first transformation is more general than the one described in [11, Remark 1.5].
Thus, for bipartite graphs, these four classes of binomial ideals are essentially the same and
Theorem 6.1 classifies which of these ideals are Cohen-Macaulay. O

As a final application, using condition (d) in Theorem 6.1 we show that [2, Conjecture 1.6] holds for
Cohen-Macaulay binomial edge ideals of bipartite graphs. Recall that the diameter, diam(G), of a graph
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G is the maximal distance between two of its vertices. A homogeneous ideal I in A = K[x1, ..., X;]
is called Hirsch if diam(D(I)) < ht(I). In [2], the authors conjecture that every Cohen-Macaulay
homogeneous ideal generated in degree two is Hirsch.

Corollary 6.3. Let G be a bipartite connected graph such that J; is Cohen-Macaulay. Then J; is Hirsch.

Proof. Let S € M(G)be a cut set of G and let n = |V(G)|. We may assume n > 3, otherwise D(J) is
a single vertex. Since J; is unmixed, Gs has exactly |S| 4 1 connected components and we claim that
IS| < [51 — 1.Infact, if |S| > [57, we would have

V@I zIsI+1sI+12 [ 2]+ [5]+12 2+ 2+ 1=n+1
- ~12 2 =2 2 - ’
a contradiction. Consider now another cut set T of G. By Theorem 6.1(d), it follows that there is a
path connecting Ps and Pr, containing Py and with length |S| 4+ |T| < 2([%1 — 1) < n — 1. Thus,
diam(D(Js)) <n—1=ht(Jg). O
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