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We study the dynamics of excitonic insulators coupled to phonons using the time-dependent mean-field
theory. Without phonon couplings, the linear response is given by the damped amplitude oscillations of the
order parameter with a frequency equal to the minimum band gap. A phonon coupling to the interband
transfer integral induces two types of long-lived collective oscillations of the amplitude, one originating
from the phonon dynamics and the other from the phase mode, which becomes massive. We show that,
even for small phonon coupling, a photoinduced enhancement of the exciton condensation and the gap can
be realized. Using the Anderson pseudospin picture, we argue that the origin of the enhancement is a
cooperative effect of the massive phase mode and the Hartree shift induced by the photoexcitation. We also
discuss how the enhancement of the order and the collective modes can be observed with time-resolved

photoemission spectroscopy.
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Introduction.—Nonequilibrium dynamics can provide
new insights into properties of materials and new ways to
control ordered states. In this context, superconducting (SC)
phases have been studied extensively. Both a light-induced
enhancement of SC [1-3] and the observation of the
amplitude Higgs mode [4-6] have been reported.
Recently, also a related family of ordered states, i.e.,
excitonic insulators (Els), has attracted interest [7-12]. An
EI state is formed by the macroscopic condensation of
electron-hole pairs [13,14], and its theoretical description
is analogous to the BCS or Bose-Einstein condensate (BEC)
theory for SC. Although the idea of exciton condensation was
proposed already in the 1960s [13—15], the interest in this
topic has been renewed recently by the study of some
candidate materials such as 17-TiSe, and Ta,NiSes
(TNS) [16-21]. Their analogy to SC makes the EI an
interesting system for nonequilibrium studies. In particular,
for TNS, time- and angle-resolved photoemission spectros-
copy (trARPES) experiments showed that the direct band gap
can be either decreased or increased depending on the pump
fluence [11], which was interpreted in terms of a photo-
induced enhancement or suppression of excitonic order. A
more recent report of the amplitude mode [12] provides
further confirmation of an EI state in TNS.

So far, the theoretical works on Els have mainly focused
on the equilibrium properties such as the BEC-BCS
crossover [22,23], the coupling of the EI to phonons
[24-26], linear susceptibilities [27-29], and the effect of
strong interactions and new emergent phases [30-32]. In
contrast, the nonequilibrium investigation of Els has just
begun [10]. In this work, using TNS as a model system, we
clarify two basic effects of the electron-phonon (e-ph)
coupling on the dynamics of Els: (i) the effect on collective
modes and (ii) the impact on the excitonic order after
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photoexcitation. In particular, we show that with phonons
photoexcitation can result in an enhancement of the order.

Formalism.—In this Letter, we focus on a two-band
model of spinless electrons coupled to phonons:

H(t) = Z (ek,a + Aa)elt,aek,a
k,a=0,1

+ E(f)Z(éz,lék,o + & olrn) + Uzﬁi.oﬁi.l
x i
+ QZ([;ZT + ) (8] 180+ €lo8i) + a)OZZ)jBi-
i i

(1)

In order to mimic the quasi-one-dimensionality and direct
band gap in TNS, we consider a one-dimensional configu-
ration with NN sites (N — o0). 6:(1 is the creation operator of
an electron at site i in band a (a = 0, 1 for the conduction
and valence bands, respectively). k indicates the momen-
tum, c,:a = (1/\/]V)Zje"k'jc;a, and 7, = &} Cig Ag i
the crystal field, and we choose ¢, = —2J(—1)* cos(k).
E(t) denotes the external laser field, and we assume that the
laser couples to the system through dipolar transitions. U is
the interaction between bands and the driving force for the
excitonic pairing. We denote the phonon creation operator
at site i by b}, the e-ph coupling by g, and the phonon
frequency by @, and define the effective e-ph interaction
by 1 =2g%/w,. This phonon is associated with a lattice
distortion in TNS, which hybridizes the electronic bands
[24]. The hopping parameter J is our unit of energy.

For g =0 with Ay # A, the system has a U(l) sym-
metry (corresponding to the conservation of the particle
number in each band), which is broken in the EI. In the e-ph
coupled system (g # 0), this U(1) symmetry is reduced to a
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Z, symmetry, and we will see that this has profound
consequences for the collective modes and the nonequili-
brium dynamics.

The dynamics of the system is studied within the
time-dependent mean-field theory at 7 = 0 [33]. We define
the order parameter of the excitonic condensate as
$(t) = (¢],(1)¢;1 (1)), which we take real in equilibrium,
the difference in occupancy between the conduction and
valence bands An(t) = (;¢(t)) — (7;1(¢)), and the phonon
displacements X(r) = (b} (1) + b;(1)). The choice of i
does not matter because of the homogeneous excitation.
The mean-field time evolution is self-consistently deter-
mined through ¢(¢), An(t), and X(z). This can be simply
expressed in a pseudospin representation, St = ‘PZ; y‘I’k
with the spinor ‘PT (e 500 c}; ], in analogy to the Anderson
pseudospin representation [34]. Here 6, for y = x, y, z
denotes the Pauli matrix, and y = 0 is the identity matrix.
The spin commutation relation is fulfilled: [$¢, 8] =
ieaﬁ‘y:?” (except for 80, which commutes with all other
operators). With these operators, An(r) = (2/N)3_ (85 (1)),
the total number of particles per site is (7y(¢)) + (7A;(t)) =
(2/N)S_(8%(r)), and the order parameter is ¢(f) =
(1/N)>2k(Sx (1) + 1Sy (1))

In the mean-field description, the time evolution of
electrons is expressed using the pseudospin expectation
values as

9,8,(1) = By (1) x 8¢ (1), (2)

with a pseudomagnetic field B (7):

Bi(1) = 2[E(t) + gX(1) — UReg(1)], (3a)
B)(1) = —2UImg(1), (3b)
Bi(1) = 2¢; — UAn(1), (3¢)

where 2¢; = (e, — €.1) + (Ao — A;). As for the phonons,
07X (1) ==X (1) = 2gmo[h (1) +(1)] with 0,X(1)],—=0.
Equations (3) imply that in the normal state [with E(¢) = 0]
the pseudomagnetic field and pseudospins are along the z
axis, while in the EI state there are additional x or y
components. In particular, the phonon contributes to the x
component.

Results.—We choose the reference parameters such that
the model with 4 = 0 reproduces the ARPES spectra of
TNS [11], namely, Ay = —0.55, A; = -2.45, 1 =0, and
U = 3, which is half filled and in the BEC regime [22,35].
The minimum gap between the quasiparticle bands Agy is
located at k = 0 in equilibrium. In the calculations with
A >0, we adjust A, and U such that in equilibrium the
electronic properties (i.e., ¢, An, and the quasiparticle
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FIG. 1. (a) Susceptibility %, (¢) for different couplings A. (b) 1
dependence of the frequencies of the collective modes at ¢ = 0
extracted from the peak positions in —Imy® (w). The dashed
black line indicates wy.

dispersion) are the same as for 4 = 0. In the following, we
fix wy = 0.1.

We start with the linear response regime and investigate
the collective modes at ¢ =0 by analyzing the linear
susceptibility % (1) = ~i0())N{([p1 (1). p1 (0)]). with py =
(1/N)>"i (8] 18,0 + ] y2:1) [36]. Since the initial ¢ is real,
xR captures the dynamics of the amplitude of the order
parameter ¢ (7). Note that X, corresponds to the dynamical
pair susceptibility in SCs, which has been used to study the
amplitude Higgs mode [37-39].

In Fig. 1(a), we show xX (¢) for different phonon cou-
plings. Without phonons, x¥, () oscillates with the same
frequency as the minimum gap Ag; = 1.15, and its amplitude
decays as 1/1' [see Fig. 1(a)], which is consistent with the
previous prediction for strong-coupling SC [40]. (In contrast,
the amplitude oscillations in the BCS regime decay as 1/1%
[33], which is also consistent with the corresponding
predictions for SC [41-44]. Therefore, the existence of
prominent amplitude oscillations with the frequency of the
gap and a decay ~1/1°3 may be used to distinguish the BCS
from the BEC nature of the system [21].)

For A = 0, the Hamiltonian has a U(1) symmetry, and
in the EI phase a massless phase mode emerges (the
Goldstone mode). The e-ph coupling breaks the U(1)
symmetry, and this massless mode becomes massive
[25,45], which leads to additional (undamped) oscillations
with two different frequencies in %, (¢); see Fig. 1(a) and
Ref. [33]. In Fig. 1(b), we show the dependence of these
frequencies on A [46]. The mode whose energy grows from
@ = 0 corresponds to the massive phase mode. (It shows a
strong signal in the susceptibility for the phase direction of
the order parameter [33].) The mixing between the ampli-
tude and phase oscillations distinguishes Els from BCS
SCs. The other mode, whose frequency increases from
@ = wy, can be regarded as the phonon mode.

Next, we consider the excitation with a laser pulse and
discuss how these different properties of the collective
modes show up out of equilibrium, and under which
conditions the order can be enhanced. We prepare the
equilibrium state at 7 =0 at t =0 and choose E(r) =
Eqsin(Q1) exp[—(t — t,)?/(2073)] with Q@ = 6 and 6, = 3,
which corresponds to a 1.56 eV frequency multicycle laser
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pulse. With this choice of parameters, the electrons are
directly excited from the lower part of the valence band into
the upper part of the conduction band.

In Fig. 2, we show the time evolution of the gap at k = 0
[A(k = 0,1)], the absolute value of the order parameter
(|¢]), and the phonon displacement (X) after the pulse for
various conditions [47]. When the system is coupled to
phonons, we find that A(k=0,7), |¢|, and |X| are
enhanced; see Figs. 2(a)-2(c). These quantities oscillate
with two characteristic frequencies corresponding to the
massive phase mode and the phonon mode, as discussed in
the linear response regime. With increasing field strength,
the enhancement of these quantities becomes more promi-
nent, and the frequencies of the oscillations are slightly
increased. On the other hand, the system without phonons
shows a suppression of the gap and the order parameter; see
Figs. 2(a) and 2(b). The dependence of the time average of
|| on the e-ph coupling [Fig. 2(d)] shows that a weak
coupling already leads to the enhancement of the order. Ata
critical coupling 4., the system exhibits a dynamical phase
transition (discussed below).

For the enhancement of the order, the Hartree shift is
essential. After photoexcitation, the difference in the
occupation, —An, is reduced, which leads to a substantial
Hartree shift (i.e., a decrease of Bj), and the bare band gap
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FIG. 2. (a)-(c) Time evolution of the gap at k = 0, A(k = 0, 1),

the excitonic order parameter |¢|, and the phonon displacement X
for various field strengths and e-ph couplings. (d) 4 dependence
of |¢| averaged over € [0, 400], for various field strengths. The
vertical line indicates the critical value A, at Ey = 0.12. (e),(f)
Time evolution of A(k = 0,7) and |¢| for 2 = 0.1 evaluated by
freezing the Hartree shift. We have used ¢, = 6.0. The horizontal
black line in each panel shows the corresponding equilibrium
values.

becomes smaller. If the Hartree shift is artificially sup-
pressed (B* fixed) in the mean-field dynamics, one finds a
suppression of A(k = 0, 7) and |¢|; see Figs. 2(e) and 2(f).
In equilibrium, the smaller distance between bands leads to
enhanced excitonic condensation. This argument, however,
assumes thermal distribution functions and cannot be used
to explain the transient state. The pseudospin picture, on the
other hand, suggests an interesting scenario for how the
change of B* enhances the order: If B* and B would
remain static after the sudden decrease of B* due to the
Hartree shift, the pseudomagnetic field would tilt more to
the x direction compared to the equilibrium case. This
would lead to a spin precession around the tilted magnetic
field, which yields a larger projection on the x-z plane,
|S¥ + iS;|, and therefore an enhancement of the order
parameter.

In reality, however, the evolution of the pseudomagnetic
field B* and B” and the pseudospin must be determined
self-consistently. In Fig. 3, we show how they evolve with
and without phonons. We take k = 0 as a representative,
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FIG. 3. (a) Trajectory of the normalized pseudomagnetic field

(B*/B, B”/B) and the normalized pseudospin (—S*/S, —S”/S) at
k = 0 with and without phonons. (b) The time evolution of B*/B
and —$*/S at k = 0 with and without phonons. (c) The magnified
trajectory of (B*/B, B’ /B) and (—S*/S, —$/S) and (d) the time
evolution of B*/B and —S'/S at k=0 for 1 =0.1. The
parameters are f, = 6.0 and E, = 0.12. (¢) Schematic picture
of the trajectory of B/B (solid lines) and —S/S (dashed lines)
with and without phonons. The equilibrium positions of B/B and
—S/S are indicated by a black diamond in each panel.
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since the region around k = 0 has the largest contribution
to the excitonic condensation. For 1 = 0, the phase mode is
massless; hence, after the excitation the magnetic field
rotates around the z axis following the minimum of the free
energy. The spin follows the magnetic field by keeping the
relative angle. Hence, the spin cannot precess around the
magnetic field and cannot realize the enhancement of | S} +
iSy| from a rotation around a fixed and tilted field as
discussed above; see Figs. 3(a), 3(b), and 3(e). On the other
hand, for 4 > 0 the phase mode is massive, and therefore
the magnetic field is almost confined to the x-z plane; see
Figs. 3(a) and 3(c). This means that even in the self-
consistent case, when the EI is coupled to phonons, the
result is close to the naive static picture (fixed B* and B”),
where the enhancement of the order is explained as a
precession around the tilted magnetic field in the x
direction. Even though the increase of the projection to
the x-y plane, |S7 + iS;|, after photoexcitation tends to
enhance the order, the phases of S§ -+ iS; for different
momenta k can lead to destructive interference and a
decrease of the order. However, it turns out that the
pseudospin at each k roughly follows the magnetic field
[see Fig. 3(d)] so that this effect is small. We have
confirmed that this mechanism, which is based on the
massive phase mode, is robust against the frequency of the
phonons and the number of phonon branches [33].

With increasing field strength, the amplitude of the
oscillations of the magnetic field around the x-z plane
becomes large. At some critical strength (which depends on
A), it can overcome the potential barrier of the free energy
along the phase direction, which is associated with the
massive phase mode, and starts to rotate around the z axis
[33]. This can be regarded as a dynamical phase transition
[cf. critical A. in Fig. 2(d)] [48-55], which is of first-
order type.

Finally, we discuss how the enhancement of the excitonic
order and gap can be observed in experiments. In Figs. 4(a)
and 4(b), we show the trARPES spectrum evaluated as
[56,57] Af(w;ty) =—(1/7)Im [ [dtdt s(t—1,)s(f' —1,) %
e~ [GR (t.1)+GR |, (1,1')]/2 before and after the laser
pump. Here Gﬁaﬂ(t,t’):—ié’(t—t’)([6‘k,a(t),6;ﬂ(t')]+> is
the retarded part of the Green’s function, s(7) =
[1/(V27o,,)] exp[—1*/(263,)], 1, is the probe time, and
oy 18 the width of the probe pulse. Before the pump, the peak
in the spectrum follows the quasiparticle dispersion from the
mean-field theory in equilibrium. After the pump, the weight
of the spectrum shifts away from the Fermi level around
k = 0 (the I" point), while away from k = 0 it shifts closer to
the Fermi level. In Fig. 4(c), we show the time evolution of
the difference between the equilibrium and nonequilibrium
band distance at each k [Aagpgs (k. )], Which is deter-
mined from the difference between the peaks in Af (w; 7,).
The shift in the band distance oscillates with the frequencies
observed in the analysis of y; [the orange line in Fig. 4(c)],

100 150 200 250 300 350 400

FIG.4. (a),(b) trARPES spectra [AR (w; t,)] before (a) and after
(b) the pump. Red dashed lines indicate the equilibrium quasi-
particle dispersion from the mean-field theory. (c) Time evolution
of the difference between the equilibrium and nonequilibrium gap
size at each momentum k [5Aagpes (k. ,,)]. The orange solid
line is 5Asgpes (0, £, ). The parameters are 1 = 0.1, E, = 0.18,
t, = 160.0, and Opr = 12.0. The black dashed line indicates the

center of the pump pulse.

which demonstrates that the collective modes can be
observed with trARPES.

Conclusions.—We have revealed that the e-ph coupling,
which is associated with the structural transition in
Ta,NiSes, has a large and qualitative effect on the dynamics
of the excitonic insulator. In particular, we demonstrated a
novel mechanism for photoenhanced excitonic order based
on a cooperative effect between the e-ph coupling, the
massive phase mode, and the Hartree shift. Combining
photoexcitation and a reduction of the symmetry of the
Hamiltonian may provide a new strategy to enhance
analogous orders such as SC [58].

The proposed mechanism for photoenhanced excitonic
order is an alternative to the one discussed in Ref. [11],
where the enhancement was attributed to nonthermal
distribution functions with additional Hartree shifts from
photodoping to higher conduction bands. Both mechanisms
are consistent with the experimental results reported in
Ref. [11], which show a gap enhancement around the I
point and a reduction away from it. We believe that they
could be combined; e.g., at short times the drastic effects of
the e-ph coupling and the additional Hartree shifts co-
operate, while the situation considered in Ref. [11] is
relevant at later times.

Finally, we note that the mean-field description ignores
scattering processes; hence, it does not include heating
effects and intraband relaxation, which compete with the
enhancement of the EI order. However, it can capture
important aspects of the short time dynamics [59], and the
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cooperation between collective modes and photoinduced
changes in the band structure should survive and play a
crucial role in more advanced descriptions. Beyond the
mean-field description, we expect that the relaxation
dynamics depends on details of the band structure, the
spatial profile of the interaction, and the pulse shape.
Furthermore, the excitation into additional bands has to
be considered in a more realistic description of experiments
[11]. These are interesting problems for future
investigations.
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