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1. Introduction

The goal of this paper is to give a presentation of the cohomology ring with integer
coefficients of the complement of a toric arrangement — i.e., of a family of level sets of
characters of the complex torus — and to investigate its dependency from the poset of
layers of the arrangement.

This line of research can be traced back to Deligne’s seminal work on complements
of normal crossing divisors in smooth projective varieties [13] and has been extensively
and successfully carried out in the case of arrangements of hyperplanes in complex space,
where the integer cohomology ring of the complement is a well-studied object with strong
combinatorial structure. In particular, it can be defined purely in terms of the intersection
poset of the arrangement, and in greater generality, for any matroid, giving rise to
the class of so-called Orlik-Solomon algebras. We refer to Yuzvinsky’s survey [38] for a
thorough introduction and a “tour d’horizon” of the range of directions of study focusing
on OS-algebras.

Recently, the study of hyperplane arrangements has been taken as a stepping stone
towards different kinds of generalizations. Among these let us mention the work of
Dupont [16] developing algebraic models for complements of divisors with hyperplane-like
crossings and of Bibby [2] studying the rational cohomology of complements of arrange-
ments in abelian varieties. Both apply indeed to the case of interest to us, that of toric
arrangements.

Besides being a natural step beyond arrangements of hyperplanes in the study of com-
plements of divisors, our motivation for considering toric arrangements stems also from
recent work of De Concini, Procesi and Vergne which puts topological and combinatorial
properties of toric arrangements in a much wider context (see [12] or the book [11]) and
spurred a considerable amount of research aimed at establishing a suitable combinatorial
framework. This research was tackled along two main directions.

One such direction, from algebraic combinatorics, led Moci [25] to introduce a suitable
generalization of the Tutte polynomials and then, jointly with d’Adderio [7], to the de-
velopment of arithmetic matroids (for an up-to date account see Brandén and Moci [4]).
These objects, as well as others like matroids over rings [18], exhibit an interesting struc-
ture theory and recover earlier enumerative results by Ehrenborg, Readdy and Slone [17]
and Lawrence [20] but, as of yet, only bear an enumerative relationship with topological
or geometric invariants of toric arrangements — in particular, it is not known whether
these structures characterize their intersection pattern (one attempt towards closing this
gap has been made by considering group actions on semimatroids [14]).
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The second direction is the study of the combinatorial invariants of the topology and
geometry of toric arrangements: our work is a contribution in this direction, and there-
fore we now briefly review earlier contributions. The Betti numbers of the complement
to a toric arrangement were known at least since work of Looijenga [23]. De Concini and
Procesi [11] related these Betti numbers to the combinatorics of the poset of connected
components of intersections in the context of their computation of a presentation of the
cohomology ring over C for unimodular arrangements (i.e., those arising from kernels of
a totally unimodular set of characters), from which they also deduce formality for these
arrangements. A first combinatorial model for the homotopy type of complements of toric
arrangements was introduced by Moci and Settepanella [27] for “centered” arrangements
(i.e., defined by kernels of characters) which induce a regular CW-decomposition of the
compact torus (S1)? < (C*)?, and was subsequently generalized to the case of “com-
plexified” toric arrangements (S!-level sets of characters) by d’Antonio and the second
author [9] who, on this basis, also gave a presentation of the complement’s fundamental
group. In later work [8], d’Antonio and the second author also proved that complements
of complexified toric arrangements are minimal spaces (i.e., they have the homotopy of
a CW-complex where the i-dimensional cells are counted by the i-th Betti number): in
particular, the integer cohomology groups are torsion-free and are thus determined by
the associated arithmetic matroid. This raises the question of whether, as is the case with
the OS-Algebra of hyperplane arrangements, the integer cohomology ring is combinato-
rially determined. The work of Dupont [16] and Bibby [2] mentioned earlier, although
more general in scope, does include the case of toric arrangements but falls slightly short
of our aim in that on the one hand it uses field coefficients' and on the other hand
computes only the bigraded module associated to a filtration of the cohomology algebra
obtained as the abutment of a spectral sequence. Moreover, Deshpande and Sutar [15],
by an explicit study of the Gysin sequence, gave a sufficient criterion for the complex
cohomology algebra of a toric arrangement to be generated in first degree and to be
formal.

After a first version of this paper De Concini and Gaiffi [10] constructed projective
wonderful compactifications for complements of toric arrangements, improving on pre-
vious (non-projective) models described by Moci [26].

In this paper we pair the (by now standard) spectral sequence argument with a very
explicit combinatorial analysis of the toric Salvetti complex and can thus compute the
full cohomology algebra over the integers of general complexified toric arrangements. The
generalization to non-complexified case relies then on a technical argument. We give two
presentations of the cohomology algebra and discuss its dependency from the poset of
connected components of intersections. In the case of arrangements defined by kernels
of characters there is also an associated arithmetic matroid and in this case we prove
that when the defining set of characters contains an unimodular basis the arithmetic

1A recent private conversation with Clément Dupont indicated that at least parts of his methods could
be generalized to integer coefficients.
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matroids determine the integer cohomology algebra. The precise results will be stated in
Section 2, together with a brief survey of the architecture of the remainder of our work.

2. Overview and statement of results
2.1. Main definitions

Let T = (C*)? be the complex torus and let 7. = (S')? be the compact subtorus
of T

A toric arrangement is a finite set
-A: {Yla"' 7Yn}
where, for every i = 1,...,n,
-1
Y = Xi (az)

with y; € Hom(7,C*) and a; € C*. The arrangement A is called complexified if a; € S*
for every i.

A layer of A is a connected component of a non-empty intersections of elements of A.
The rank of a layer L is its codimension as a complex submanifold in 7. We order layers
by reverse inclusion: L < L’ if L’ < L. Let C be the poset of layers associated to A and
let C, be the subset of C given by the layers L € C with rk(L) = g.

The complement of a toric arrangement A is the space

M(A) =T\ J A

Remark 2.1.1. A toric arrangement is called essential if the layers of minimal dimen-
sion have dimension 0 (equivalently, the rank of C(A) as a poset equals the dimension
of T'). Notice that for any nonessential toric arrangement A there is an essential toric
arrangement A" with M (A) = (C*)” x M (A"), where r = rk(C(A)), see [9, Remark 4].

As in the case of an hyperplane arrangement, we define the rank of a toric arrangement
rk(A) :=rk(C(A)).
To every toric arrangement A corresponds a periodic affine hyperplane arrangement

A in the universal cover C? of the complex torus. The hyperplane arrangement A' is
complexified exactly when A is.

Definition 2.1.2. For a toric arrangement A define the hyperplane arrangement
Ao = {Y/),....Y,}

where, fori =1,...,n, Yir is the translate at the origin of any hyperplane of A' lifting Y;.
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Given a layer L € C(A), define then
A[L] == {Y e Ay | LS Y}}.

Remark 2.1.3. It is immediate to see that the intersection lattice of the hyperplane
arrangement A[L] is poset-isomorphic to Cy,.

2.2. Background on hyperplane arrangements

The fact that the cohomology ring of an arrangement’s complement is combinatorial
can be made precise as follows.

Let A be an arrangement of hyperplanes in C%. The main combinatorial invariant of
A is the poset

L(A) = {nK | K< A}

partially ordered by reverse inclusion: X > Y if X € Y. Notice that £ contains a unique
minimal element that we call 0, corresponding to the intersection over the empty set.
When A is central (i.e. nA # (), this poset is a geometric lattice and thus defines a
(simple) matroid associated to the arrangement.

The j-th Betti number of the complement M(A) := C%\ U A can be stated in terms
of L as

Bi(M(A)) = > pe(0.2)

Ieﬁj

where . denotes the Mobius function of £ and £; is the set of elements of £ of rank j.

Brieskorn [6] proved that the cohomology of M (A) is torsion-free, thus the additive
structure of H*(M(A);Z) is determined by L. Moreover, we have the following fun-
damental result expressing the cohomology of A in terms of the top cohomology of
subarrangements of the form

Ax ={He A| X c H} for X € L(A). (1)

Lemma 2.2.1 (Brieskorn Lemma [30]). Let A be an arrangement of hyperplanes. For
all k the map

D  HYM(Ax),Z) — H*(M(A); Z)

XeLrk(X)=k

induced by the inclusions M(A) — M (Ax) is an isomorphism of groups.

Definition 2.2.2. Given a hyperplane arrangement A and an intersection X € £, we will
denote by bv* : H¥(M(Ax);Z) — H¥(M(A);Z) the map given by inclusion into the
X-summand in the decomposition given in Brieskorn’s Lemma.
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As far as the algebra structure is concerned, Orlik and Solomon defined an abstract
algebra in terms of the matroid associated to A, then proved it isomorphic to the coho-
mology algebra using induction on rank via the deletion—restriction recurrence, i.e., the
exact sequence

0 — H*(M(A');Z) — H*(M(A); Z) — H* 7 (M(A");Z) — 0 (2)

valid for all k£ > 0, which, given any H € A, connects the cohomology of the complement
of the deleted arrangement A’ := A\{Hy} and the cohomology of the complement of the
restricted arrangement A” := {H n Hy | H € A'}.

The abstract presentation given by Orlik and Solomon is the following.

Definition 2.2.3 (Orlik—Solomon algebra of a hyperplane arrangement). Consider a central
arrangement of hyperplanes A = {H;,...,H,} and let E* denote the graded exterior
algebra generated by n elements ey, ..., e, in degree 1 over the ring of integers. Define
an ideal J(A) as generated by the set:

{0ex | X < [n]; codim ﬂ H; < |X|}
i€ X

where, for X = {iy,...,i;} € [n], we write dex :=e;, ---¢e;, and define

k
dex = Y (=1 exyy)-
j=1

The Orlik—Solomon algebra of A is then defined as the quotient
OS*(A) := E*/T(A).

Theorem 2.2.4 (Orlik and Solomon [29]). For every central arrangement of hyper-
planes A, there is an isomorphism of graded algebras

OS*(A) ~ H*(M(A); Z).
2.3. Results

We now briefly formulate our main results. The remainder of the paper will be then
devoted to the proofs. Let us consider a toric arrangement A, writing C for the poset of
layers of A.

2.8.1. The algebra A(A)
Definition 2.3.1. Let .Z: C — {Z-algebras} be the diagram defined by

L— % = H*(L;Z)® H*(M(A[L)); Z)
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and
I'<Le— Yy, =i*®@b: L1 — L1,
where
i H*(L;Z) — H*(L; Z)

is the natural morphism induced by the inclusion L <% I/ and b denotes the map of
Definition 2.2.2.

The algebra .2}, can be graded with the graduation induced by H*(M(A[L]);Z),

hence we have
28— H*(L;Z) @ HY(M(A[L)); Z).

Definition 2.3.2. We define the algebra A(A) as the direct sum

SR
LeC

with multiplication map defined as follows. Let L, L’ € C be two layers. Consider two
classes a € 2" and o/ € Z;F"). We define the product

((a) A(a”)) L
' { ngL//(a) U XL/SL//(O/) if Ln L' < L" and rk(L”) = I‘k(L) + rk(L’);

0 otherwise.

Notice that the product structure depends on the maps £7 <z from Definition 2.3.1,
hence on both * and b. While it is known that the map b is combinatorially determined
(see [30, §5.4]), the map * is not combinatorial.

Theorem A. There is an isomorphism of algebras

Example 2.3.3. As a first example we can consider the following arrangement in the
2-dimensional complex torus 7' = (C*)? with coordinates z1, 2o.

A={H H)

where H = {(21,22) € T | 21 = 1}, H = {(21,22) € T | 2122 = 1} and their intersection
is given by the points p = (1,1) and ¢ = (1, —1).
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Fig. 1. The toric arrangement of Example 2.3.3 and its poset of layers.

The arrangements has poset of layers described in Fig. 1.

The local arrangements are the following: A[T] is the empty arrangement in dimen-
sion 0, A[H] and A[H'] are isomorphic to a one-point arrangement in C, A[p] and A[q]
are isomorphic to a two-lines arrangement in C2.

e The ring .2 = H*(T;Z) is an alternating algebra generated in degree 1 by x1, 7.
e The free Z-module

Ly = H*(H;2) ® H' (M(A[H]); Z) ~ H*(H;Z) ® H'(C*; Z)

is generated in degree 1 by i*(z3) and in degree 2 by i*(z2) ® wy, where 7 is the
inclusion H <% T. Moreover, we have i*(x1) = 0.

Analogously, the free Z-module £}, ~ H*(H'; Z)@ H' (C*; Z) is generated in degree
1 by ¢*(x2) and in degree 2 by ' *(x2) ® we, where i’ is the inclusion H’ 4o
Moreover, @' *(21) = 2i' *(x2).

+ Both £} and £, are isomorphic to H*((C*)? Z), and are generated respectively
by wiwy and w = wiwj where w; (resp. wy) is the image in £ (resp. .Z;) of
the class w; with respect to the map H'(M(A[H]);Z) — HY(M(A[p]);Z) (resp.
HY(M(A[H']);Z) — H'(M(A[q]); Z)) induced by the Brieskorn decomposition.

Hence the cohomology ring H* (M (.A); Z) is an alternating algebra generated by x1, z2,
w1, ws in degree 1 and w in degree 2, with relations

rw; =0, (x1 —2x9)we =0, and wx; =ww; =0 for all i.
In particular Tk H (M (A); Z) = 4, tkH?(M(A); Z) = 5.

2.3.2. The algebra B(A)

Definition 2.3.4. Let o be an element in the direct sum @, . .Z7. We say that « is
coherent if for every integer g and for every L € C., we have that
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Y Zueulad) - af
L'e(C<r)q

where o (resp. a,) is the component of ay, (vesp. ay/) in &} (resp. Z},).

Coherent elements in ;. £} generate a subgroup, in fact they form a subalgebra
(see Proposition 5.2.7) that we call B(A) (see Definition 5.2.8).

Theorem B (see Proposition 5.2.10). The algebras A(A) and B(A) are isomorphic.

2.8.3. Combinatorial aspects

After obtaining a grasp on the cohomology algebra it is natural, especially in compar-
ison with the case of hyperplane arrangements, to ask the question of whether (and in
what sense) it is combinatorially determined. The most natural combinatorial structure
to consider in this context is of course the poset of layers C, both because this is the
direct counterpart of the intersection poset of a hyperplane arrangement and because
we already know it determines the Betti numbers and hence (by torsion-freeness) the
cohomology groups. As an additional element of similarity, we prove in §7.1 that just
as in the case of hyperplane arrangements the cohomology groups can be obtained as
the Whitney homology of C. When the arrangement is centered (i.e., defined by kernels
of characters), another associated structure is the arithmetic matroid of the defining
characters [4]. While for hyperplane arrangements the two counterparts — (semi)lattice
of flats and (semi)matroid — are equivalent combinatorial structures, in our situation it
is still true that in the centered case C determines an arithmetic matroid, but it is not
known at present how to construct C from the associated abstract arithmetic matroid.
Thus the question is the following.

Question 2.3.5. Is the isomorphism type of the integer cohomology ring of the complement
of a complexified toric arrangement determined by the poset of layers?

The strongest affirmative result we can prove at the moment is that for centered toric
arrangements which possess a unimodular basis the poset C does determine the coho-
mology algebra. Indeed, in this case the arithmetic matroid determines the arrangement
itself: our Theorem 7.2.1 shows that if an arithmetic matroid with a unimodular basis is
representable, then the representation is unique up to sign reversal of the vectors.

We cannot at this moment solve Question 2.3.5 in the general (non-centered, without
unimodular bases) case, and will close our work with an example that we hope will
illustrate some of the delicacy of the situation, namely: even if two cohomology rings are
isomorphic, there needs not be a “natural” isomorphism.

Remark 2.3.6. In the following sections we will consider only complexified toric arrange-
ments. The extension of our results to general, non-complexified toric arrangement will
be given in Section 6.



//doc.rero.ch

http

2.4. Structure of the paper

Given a complexified toric arrangement A (defined in §2.1), our combinatorial model
for the homotopy type of the complement of A is the toric Salvetti complex Sal(.A), in
the formulation given in [8], in particular as the nerve of an acyclic category obtained as
homotopy colimit of a diagram of posets. In Section 3 we review some basic facts about
the combinatorics and topology of acyclic categories and establish some facts about the
combinatorial topology of Salvetti complexes of complexified hyperplane arrangements.
In particular,

(a) we identify maps between poset of cells of Salvetti complexes which induce the
Brieskorn isomorphisms (Proposition 3.3.3, which we call a “combinatorial Brieskorn
Lemma” for complexified arrangements).

The next step is carried out in Section 4, where

(b) for every connected component L of an intersection of elements of A we define a
subcomplex

S1 < Sal(A) (3)

with the homotopy type of the product L x M (A[L]), where A[L] is the arrangement
of hyperplanes in C? defined by A in the tangent space to (C*)? at any generic point
in L and M(A[L]) := CN\ | JA[L].

(¢) Moreover, using (a) we can identify, and study at the level of cell complexes, the
maps that are induced in cohomology by the inclusions (3) and between H*(Sr)
and H*(Sy/) for L< L'.

Section 5.1 is devoted to the inspection of the spectral sequence Eﬁ”q for Sal(A) coming
from the formulation of the toric Salvetti complex as a homotopy colimit (see Segal [33])
(which is indeed equivalent to the Leray spectral sequence of the inclusion of M (.A) into
the torus) and the (trivial) spectral sequences r,EP'? for S;, coming from projection on
the torus factor. These spectral sequences all degenerate at the second page.

(d) The map of spectral sequences induced by the inclusions (3) leads us to consider the
following commuting diagram (of groups).

H*(Sal(A)) —— H*([[,S1)= @, H*(L) ® H*(M(A[L]))

| |

7P,q Psq
E2 - @L LE2

10
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After some preparation in Section 5.2, the gist of our proof is reached in Section 5.3,
where we use the (explicit) bottom map (of groups) to prove injectivity and to
characterize, via (c), the image of the top map (of rings). We do this by present-
ing the image as an algebra A(A) obtained by defining “the natural product” on
@, H*(L) @ HeoUmL(M(A[L])) (Definition 2.3.2) as well as an algebra B(A) of
“coherent elements” of @, H*(L) ® H*(M(A[L])) (Definition 2.3.4).

In Section 6 we extend our results to general (non-complexified) toric arrangements,
using a deletion-restriction type argument which allows us to reduce to the complex-
ified case. We then close with Section 7 where we investigate the dependency of the
cohomology ring structure from the poset C of connected components of intersections,
trying to identify similarities and differences with the case of hyperplane arrangements,
where this cohomology structure is completely determined by the poset of intersections.
We will show that the cohomology groups are, as in the hyperplane case, obtained as
Whitney homology of the intersection poset (§7.1), and we prove that C determines the
cohomology ring of every toric arrangement which is defined as the set of kernels of a
family of characters which contains at least one unimodular basis (Theorem 7.2.1). We
conclude by giving two examples (§7.3) which illustrate the subtle relationship of the
combinatorics of the poset of layers with the ring structure of the cohomology. First,
we present two (centered) arrangements in (C*)? with isomorphic posets of layers which
do indeed have isomorphic cohomology rings, but no ‘natural’ isomorphism exists (i.e.,
no isomorphism which fixes the image of the injections in cohomology obtained from in-
cluding the complements into the full complex torus). Last, we give another arrangement
(also in rank 2) which shows that a “natural” condition for the cohomology ring to be
generated in degree 1 is not sufficient.

3. Preparations
3.1. Categories and diagrams

Given a category C, we will denote by |C| the geometric realization of the nerve of C
(in particular, this is a polyhedral complex in the sense of [19]). A functor F' : C; — Co
induces a cellular map |F| between the geometric realizations. We will for brevity say
that two categories are ‘homotopy equivalent’” meaning that their nerves are.

A kind of categories of special interest for us are face categories of polyhedral com-
plexes. We refer e.g. to [8, Section 3] for a precise definition and here only recall that
the face category F(K) of a polyhedral complex K has the cells of K as objects, and
one morphism P — @ for every attachment of the polyhedral cell P to a face of the
polyhedral cell Q.

It is a standard fact that, if K is a polyhedral complex, |F(K)| can be embedded into
K as its barycentric subdivision (see [35] for a thorough investigation of this situation).

11
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Face categories of polyhedral complexes are examples of categories where the identity
morphisms are the only invertible morphisms, as well as the only endomorphisms. Such
categories are called scwols (for “small categories without loops”) in the terminology
of [5] or “acyclic categories”, e.g., in [19].

Tt is standard to consider a partially ordered set (P, <) as a scwol P with set of objects
Ob(P) = P and |Morp(p, q)| < 1 for all p,q € P, with | Morp(p,q)| = 1 if and only if
p < ¢: in this case we will simply speak of “the morphism p < ¢”.

A diagram over a category Z (which in our case will always be a scwol) is a functor

92:7T—- X

where, in this paper, X can be the category Top of topological spaces, Scwol of scwols,
or the categories of Abelian groups or Z-algebras. A morphism between diagrams %, %,
over the same index category Z is a family o = (a; : 21(i) — Z2(4))icob 7 of morphisms
of X that commute with diagram maps — that is, such that, for every morphism i — j
of Z, ajo Z1(i — j) = Da(i — j) 0 q;.

3.1.1. X = Top

There is an extensive literature on diagrams of spaces, in particular studying their
homotopy colimits. We content ourselves with listing some facts we’ll have use for and
refer to [37] or [19] for an introduction to the subject and proofs.

Lemma 3.1.1. Let a be a morphism between two diagrams 9y, P over the same index
category I. If every a; is a homotopy equivalence, then « induces a homotopy equivalence
of homotopy colimits

hocolim &; — hocolim %,.
That there is a canonical projection
7 : hocolim  — |Z|.

The Leray spectral sequence of this projection then can be used to compute the
(co)homology of the homotopy colimit. It is equivalent to the spectral sequence studied
by Segal [33] and has second page

ED? = HP(|Z|,5¢9(n " Z)) = H*(hocolim Z;Z).

3.1.2. X = Scwol

The topological spaces we will be studying will come with a natural combinatorial
stratification and can therefore be written as nerves of acyclic categories. Recall from [36,
Definition 1.1] the Grothendieck construction § 7 associated to a diagram 2 : 7 — Scwol.
This is the category with object set consisting of all pairs (i,z) with ¢ € Ob(Z) and

12
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r € Ob(Z2(i)), and with morphisms (i1,22) — (i2,22) corresponding to pairs (f, u),
f € Morz(i1,i2) and p € Morg;,)(f(i1),42), composed in the obvious fashion.

Lemma 3.1.2 (Theorem 1.2 of [56]). Given a diagram 2 : T — Scwol, we have a natural
homotopy equivalence

hocolim |Z2| ~ | § 2].

Remark 3.1.3. In this case the canonical projection of the homotopy colimit on the nerve
of the index category becomes the map of polyhedral complexes induced by the evident
functor

2 —1; (i, 2) — i.
3.2. Arrangements of hyperplanes
Let A be a locally finite arrangement of hyperplanes in C?. We will write
M(A):=C\[ JA

for its complement.

Recall the definitions of Section 2.2 and, given X € L(A), the arrangement Ax :=
{HeA| X € H} (Equation (1)). If A is complexified, the associated real arrangement
Ag induces a polyhedral cellularization of R? with poset of faces F(A), ordered by
inclusion, whose maximal elements (the maximal cells) are called chambers of A. We
write T (A) for the set of all chambers of A.

Notice that every G € F(.A) is contained in a unique (relatively open) face of Ax, that
we denote by Gx. One readily checks that this defines a poset map F(A) — F(Ax),
since Fy = Fy implies (F1)x = (F»)x.

8.2.1. Sign vectors and operations on faces

A standard way of dealing with such polyhedral subdivisions is by choosing a real
defining form ¢y for every H € A and thus defining H* := {z € R? | {y(x) > 0},
H™ :={zxeR?|ly(xr) <0}, H := H. Each face F is then identified by its sign vector
vr : A — {+1,—1,0} with vg(H) := o if and only if F < H?. If we consider the set
{+1,—1,0} partially ordered according to +1 > 0, —1 > 0 and +,1,—1 incomparable
we see that, with our notation, for any F, G € F(A) we have

F < G if and only if, for all H e A, yp(H) < vypr(H).

Also, for every X € £ we have that vp, is the restriction of yr to Ax. Given chambers
Cy,Co € T(A), recall the set

13
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S(C1,Ca) ={H € A|~¢,(H) = —¢,(H) # 0}

of hyperplanes separating C; from Cs.
For F' e F(A) we let Ar := Ajp|, where |F| denotes the affine span of F. This will
then mean that H € Ap if and only if yp(H) = 0.

Definition 3.2.1. Given F,G € F(A), we define Gr € F(A) to be the face uniquely

determined by (Gr)p| = G|p| and Gp > F.
In particular, there is an inclusion

ip: F(Ap) > F(A)
where in terms of sign vectors we have

ve(H) if H¢ Ap

var(H) 1= { vo(H) it He Ap

and

Yip(a)(H) =

yr(H) if H¢ Ap
ve(H) if He Ap.

The following are some properties that show that the above objects are well-defined,
and which we list as a lemma for later reference. Their proof is a straightforward check
of sign vectors.

Lemma 3.2.2.

(1) (ir(G))p| = G, hence ip maps bijectively onto F(A)=r.
(2) If G1 =2 Gs € ./—"(.AF), then iF(Gl) = ZF(GQ)

(3) (G}:‘l)p2 = GF1F2 fOT‘ all G,Fl,FQ € ]:(A)

(4) Fo =F if F = G.

Definition 3.2.3. Let A be a complexified real central arrangement, X < A and o €
{£1,0}. Define

A (A X):={FeFA) |yww(H)=0if He X}.
For disjoint (possibly empty) subsets N, Z, P € A define then
A(A;N,Z, P) := A Y A; N) n AY(A; Z) n ATHA; P).

We will have occasional use for the following result.
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Lemma 3.2.4 (See Proposition 4.3.6 of [3]). Let A be a nonempty, central complexified
arrangement. The subposet A(A; N, Z, P), if not empty, is contractible.

Proof. If N = P = ¢, the posets under consideration contain the unique minimal ele-
ment NA thus are contractible. Otherwise, our A(A; N, Z, P) corresponds to the poset
of cells in the interior of the shellable PL-ball denoted by A}, n A;uz in [3, Propo-
sition 4.3.6.], and we conclude with the general fact that the order complex of the poset
P of cells of the interior of a PL-ball B is contractible. This last fact can be proved as
follows: the order complex of P is the maximal subcomplex of all cells of A(F(B)) that
are disjoint from the (full) subcomplex A(F(B)\P) (which triangulates the boundary
of B). Hence A(P) is a retract of the interior of B and, as such, contractible. []

3.3. A combinatorial Brieskorn lemma

The data of F(A) can be used to construct a regular CW-complex due to Salvetti [32]
which embeds in M (A) as a deformation retract. This complex is called Salvetti complex
of A and denoted Sal(A). Tts face category (in fact, a poset) S(A) := F(Sal(A)) can be
described as follows:

S(A) ={[F,Cle F(A) x T(A) | F < C in F(A)}
[F,C] = [F',C'|it F< F', Cp =C".
Definition 3.3.1. From now in this section we will assume that the arrangement A is
central, i.e., that nA # . Then, letting P := nA, the complex Sal(A) can be decom-
posed as a union of (combinatorially isomorphic) closed polyhedral cells of dimension d,
corresponding to the pairs [P, C] with C' € T(A). We define subposets
Sc = Sg[P’C] for Ce T(A)

corresponding to the faces of the closure of the maximal cells [P, C].

Our next goal will be to offer a combinatorial version of Lemma 2.2.1, i.e., to express
Brieskorn’s map as induced by poset maps between Salvetti complexes.

Definition 3.3.2. Given X € £(A) define
bX : S(A) - S(Ax), [G,C] > [GX7CX].

Moreover, for every F' € F(A) we have the following natural inclusion of posets, well-
defined by Lemma 3.2.2.(2).

jr: S(Ap) = S(A),  [G,C] — [ir(G),ir(C)].
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The following is then a combinatorial version of Brieskorn’s Lemma.

Proposition 3.3.3 (Combinatorial Brieskorn Lemma). Let A be a central complezified
arrangement of hyperplanes and for every X € L(A) choose an F(X) € F(A) with
|F(X)| = X.

The maps of posets jp(x),bx induce an injective map b% : H*(Sal(Ax)) —
H*(Sal(A)) and a surjective map jp ) : H*(Sal(A)) — H*(Sal(Ap)), such that
g obx = idars(sal(ax))-

Then for all k the inclusion

Ik (= Uik(x)=kJF(x)) |_| S(Apx)) — S(A)

rk(X)=k

induces the Brieskorn isomorphism

O~ HYS(A) - D HNSMUpx)) = @ HY(S(Ax)).

rk(X)=k rk(X)=k

In particular, the map induced in cohomology by jr(x) does not depend on the choice of
F(X) among the mazimal cells of its affine span.

Proof. For the first part of the claim, notice (e.g., by a check of sign vectors) that the
composition bx o jp(x) is the identity on S(Ap(x)). For the second part we prove that,
in fact, the map bx is homotopic to the inclusion M(A) € M(Ax).

First of all, notice that the radial map p : z — z/|z| defines a homotopy between the
inclusion M(A) € M(Ax) and the inclusion S\A < S\Ax, where S denotes the unit
sphere in C% ~ R2?,

We follow [30, Chapter 5] and consider the arrangements A and Ax as framed by the
arrangement

H=A UAy:={HxR|He Ag} U{R% x H | H € Ag}

in R??, This defines, as usual, a cellularization of R?? with poset of faces F(H) =~
F(A) x F(A) (product of posets, see e.g. [34, Section 3.2]) and, after barycentric sub-
division, a triangulation T of the sphere S realizing the order complex of F(#H)\{0}.
The intersection S N | JA (resp. S n|JAx) is a full subcomplex N4 (resp. Na, ) of T,
thus N4, © N4 as a full subcomplex. Let My (A) be the biggest subcomplex of Ty
which is disjoint to N4, and similarly for My (Ax). Then, My (A) € My (Ax) is a full
subcomplex.

It is a standard fact (see e.g. [28, Lemma 70.1]) that T3\ | J Ax deformation retracts
onto My (Ax) (say, by a retraction fx) and My (Ax)\A deformation retracts onto
My(A) (say, by f). We then have that the inclusion My (A) € My (Ax) is homotopic
to the original inclusion M (A) € M (Ax).
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Now notice that the simplicial complexes My (Ax), My (A) are in fact realizations of
the order complexes of the posets

MH(Ax) = {(F,G) € f(.A) X ]:(.A) | ApnAg n Ax = @}
My (A) ={(F.G) € F(A) x F(A) | Ar n Ag = T}
and the inclusion of complexes is induced by the inclusion of posets ¢ : My(A) —

My (Ax). We summarize by saying that the following diagram commutes up to homo-
topy

M(A) LD, TNy (A) B My (Ax)\Ny(A) —L— My (A)
d d d 1
M(Ax) —2— Tp\Np(Ax) =B My(Ax)  —— My(Ax)

In order to study the map [¢] further, it is enough to argue at the level of posets.
In [30, Chapter 5] it is proved that the map

¢: My (A) = S(A), (F,G) — [F,GF]

is a homotopy equivalence.
We define a map

¥ My(Ax) = S(Ax)?,  (F,G) = [Fx,(Gr)x]
so that, by definition, the following diagram commutes:

May(A) —L— S(A)r

J bxl
Ma(Ax) —L— S(Ax)

Now it is enough to prove that 1 is a homotopy equivalence, and we will then have
proved that the geometric map |bx| induced by bx is homotopic to |¢|, which in turn is
homotopic to the inclusion M (A) € M(Ax).

To prove that % is a homotopy equivalence, consider some [F,C] € S(Ax)° and
(F',G) € My (Ax) such that Y(F',G) = [F,C] in S(Ax)°P. This is the case exactly if
FS{ > Fin F(A) and (Gp/)x = C(F’)x-

In terms of sign vectors, this will be verified exactly if:

o v (H) = ~vp(H) for all H € Ax;
o Yo(H)=~c(H) forall He Ax n Ap;
e Ap nAx nAg =,

where the last condition just ensures that indeed (F’,G) € My (Ax).
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Going back, we see that, under the isomorphism (F(A))? ~ F(H) these (F',G) are
exactly the faces F' of H with

v5(H x RY) = yp(H) for He Ax\Ar, vp(R?x H) =~c(H) for H € Ax,

and thus ¥~ (S(Ax)=[F, C]) is a subposet of F(H) consisting of all faces with prescribed
sign on a certain set of hyperplanes. This set is of the form A(H; N, Z, P), nontrivial
because X # 0 and nonempty because it contains (F,C), and their order complex is thus
contractible by Lemma 3.2.4. []

We next prove a proposition which expresses, in the language of posets, the fact that
given any face F' of a central arrangement, the union of the cells [P, C] with C running
through all chambers adjacent to F' is a subcomplex of Sal(.4) homotopy equivalent to
M(Ap).

Definition 3.3.4. Let A be a central, complexified arrangement of hyperplanes, and write
P for the minimal element of F(.A). We define a subposet of S(.A) as

SE(A) = ] Seo

CzF

(where we view S¢ as a subposet of S(A) as in Definition 3.3.1), consider the restriction
Jo : S(Ap) = S"(A)
of the map jp of Definition 3.3.2 and define
&r: ST(A) - S(Ajp).  [G.Cl— [Gr. Cip|].
Proposition 3.3.5. The poset maps j&', £p are homotopy inverse to each other.

The proof of this proposition will rest on some technical facts about the maps &g that
we prove as separate lemmas for later reference.

Lemma 3.3.6. Let F' e F(A), C,G € F(Ap|) with C a chamber. Then
&0 ([G,C)) = {[K,ir(C)x] € So | K|p) = G}
Proof. We first prove the right-to-left inclusion. For K such that K|p = G we have
Er([K,ir(C)k]) = [Kp), (ir(C) k) p|] = [K)F)ir (O) k] = [K|F), Ca] =[G, C]

where in the second equality we used Lemma 3.2.2.(3) and in the last equality simply
the fact that by definition C' > G.
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Now to the left-to-right inclusion. Consider K € F(A) and R € T(A) with K < R
and such that £p([K, R]) = [G, C]. Immediately by definition we have K = G, and we
are left with proving that R = ip(C) k. For that, we check the definitions.

- If ’YK(H) 7 Oa inF(C)K(H) = ’YK(H) andv since R > Ka FYK(H) = ’VR(H)

vr(H) if yp(H) # 0,

i H) =
Vi@ (H) {%F(C)(H) =r(H) else, because C' = Rjp|.

It remains to see that vp(H) = vr(H) when yx(H) = 0 and vp(H) # 0. In-
deed, since [K, R] € SF(A), it must be R = (C")x (hence yr(H) = vo/(H) when
vi (H) = 0) for some C’ = F (thus yeor(H) = vp(H) whenever vp(H) # 0). [

Corollary 3.3.7. For every S € S(Ajp|), the poset £-1(S) ids contractible.

Proof. The expression given in Lemma 3.3.6 shows that 5;1([6’, (') is poset-isomorphic
to the order dual of the subposet of F(A) consisting of all K € F(A) with K|z = G: in-
deed, given two such Ky, Ky with Ky > Ko, then (ip(C)k, )k, = iF(C)K1K2 =ip(C)k,,
hence [K1,ip(C)k, ] < [K2,ir(C)k,], and the reverse implication is trivial.

Now, the K € F(A) with K|p = G are exactly those in the subposet

A(A, AF 0 g (=1), Ar 0151 (0), Ap N g (+1)),
which is nonempty thus contractible by Lemma 3.2.4. []

Lemma 3.3.8. Let A be a central, complezified arrangement of hyperplanes. For every
F e F(A) and every [G,C] € S(Ar), the poset 551(S(AF)<[G,C]) is contractible.

Proof. Consider an element [G,C] € S(Ap) (thus G = F and C > G in F(A)) and
consider the preimage of

S(Ar)<ia.c) =[G, C"|G" = G,Cer = C'}

with respect to £p.
By Lemma 3.3.6, this preimage is the subposet of ST consisting of elements

| {[K.Ck]| Kjpy = G} = {[K,Rk] | K| = G, R = ir(Cer) = ir(Ck, )}

G'=G
C'=Cq

which is isomorphic, as in the proof of Corollary 3.3.7 to the subposet of F(A) given
by
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Pi={KeF(A) | Kp >G}=AUAr nG ;T Ar 0 GT),
which is nonempty (it contains e.g. iz (G)), hence contractible by Lemma 3.2.4. [

Proof of Proposition 3.3.5. The composition £r o j{" equals obviously the identity. We
prove that ji" o £x is homotopic to the identity on S¥'. To this end consider

a: AS") =21 a(0) = 651 (S(Ar) <max er ()]
Clearly, the carrier map « carries the identity. Moreover, an easy check shows that
(€r 0y 0&r)(0) = €r(a)
and thus
(3§ 0 €p)(0) € € HS(AP) <max er (o))

hence « carries both the identity and ji o ¢r. We conclude by the Carrier Lemma [24
Proposition H.9.2] and Lemma 3.3.8. [

4. Combinatorial topology of toric arrangements
4.1. The toric Salvetti category

Let A be a complexified toric arrangement. One way to obtain an analogue of Salvetti’s
complex is to notice that the canonical embedding of Sal(A') into M(A") is equivariant
with respect to the action of the rank-d integer lattice on C? as the group of deck trans-
formations of the universal cover of T'. This leads us to look for a convenient description
of the quotient of the Salvetti complex, as was first done in [27] in the case where the
resulting complex is again simplicial. In general, one sees that this action restricts to an
action on F(A"), and the face category F(.A) is isomorphic to the quotient

F(A) = F(A")/Z?, with covering functor Q : F(A') — F(A).
This action induces an action on S(A') via
g[F, Cl:= [gF, 9C] (4)
for every F,C € F(A") with C > F, and hence to a cellular action on Sal(.A"). In [9],
taking advantage of the generality of acyclic categories, a description of the quotient cat-

egory S(A")/Z4 is given, together with the proof that indeed |S(A")/Z%| ~ |S(A")|/Z¢ ~
M(A).
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FIA[F]) —=— FAG])
Ql
G
A
7R 4 aa
m:F — G

Fig. 2. A pictorial representation of the notations introduced here. The “abstract” arrangements A[F'] serve
as a model for the localizations A;r, and the map i,, is induced at the abstract level by the inclusion

defined by a(ny) lift of the morphism m to F(A").

In fact, much of the notation of the previous section has been introduced in [9,8] in
order to describe the relationships involved in these covering morphisms. For instance,
if F e F(A), the arrangement A[F] is an ‘abstract’ copy of every .Alrﬂ with Q(F') = F
for which we can choose linear forms according to those defining A'. Then, there are
canonical isomorphisms

FANzpr = F(Ap) = FAIF]),  Sal(AL,) = Sal(A[F]), (5)
given by the identical mapping of sign vectors. If m : F' — G is a morphism of F(.A), then
A[G] = A[F]q, where Gy is the intersection of all hyperplanes of A[F] that correspond
to hypertori containing G. Moreover, for any choice of F'' € Q~1(F) there is exactly one

face G such that Q(F' < G') = m: we call F,, the corresponding face of A[F] under
the isomorphism of Equation (5) (notice that |F},| = Go). Following [9] we define

i : FA[G]) = F(A[F])

to be the map corresponding to the inclusion F(A")s g1 € F(A!)s pr. For an illustration
of these definitions see Fig. 2.

Remark 4.1.1. In terms of sign vectors, the map i,, is determined as follows:

v, (H) if H ¢ A[G]

Yont20) () = {'YK(H) else.

In particular, if X is a flat of both A[G] and of A[F], then i, (K)x = Kx for all
K e F(A[G]).

The order relation F! < G also defines an inclusion

JIFT < G : Sal(AL,) < Sal(AL,),
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i.e., the map induced on complexes by the inclusion jg of Definition 3.3.2 with respect
to the “ambient” arrangement A},.

Given a morphism m : F — G of F(A), there is a corresponding inclusion induced
by i, (see also [8, Definition 5.9]),

Jm : S(A[G]) = S(A[F]), [K, C] = [im(K), im(G)].
We can now re-state the following definition from [8].

Definition 4.1.2. Let A be a complexified toric arrangement, recall the notations of Def-
inition 2.1.2 and, for F' € F(A), write A[F] := A[|F|], where |F| denotes the smallest
dimensional layer that contains F'. Define a diagram

P : F(A)°P — Scwol
F— S(A[F])
m:F — G j, : S(A[G]) — S(A[F]).

In [8] it is proved that |colim &| is homotopy equivalent to M (A). For our purposes
we need to prove another connection between 2 and the homotopy type of M (A).

Theorem 4.1.3. hocolim | 2| ~ M (A).

Proof. We will prove that hocolim |Z| is homotopy equivalent to the quotient of Sal(A")
by the induced Z%-action.

Write Z? for the one-object category (we write * for this object) representing the
group. We then write the quotient Sal(A') as the colimit of the diagram

S 2% — Top
 — Sal(A"
g— g:Sal(A") — Sal(A")
where the action of some g € Z¢ on Sal(A'") is described in Equation (4).

Now notice that by construction Sal(A'") is covered by the subcomplexes Sal(.AIr;) and
is thus the colimit of

& F(A) - Top, F— Sal(AL), F <G j[F <G]:Sal(A}) — Sal(AL),

where j[F < G] denotes the map induced on complexes by the inclusion jg of Defini-
tion 3.3.2 with respect to the “ambient” arrangement A ;1 Consider now the push-forward
& of & along the functor Q : F(A!) — F(A) (and thus with colim& = colim &). We
have the following explicit form.
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& : F(A)P - Top
Fe || sai(4l)

FleQ=1(F)
m F — G — U(Fstf)lel(m)j[Fr < GF] : (S,Gr) — (_][F‘r < Gr]<5),Fr)
Notice that, for g € Z? and any morphism F'! < G of the (poset-) category F(A'),
we have g o j[F! < G'] = j[g(F' < G")], where we write g for the automorphism of

F(A") defined by g. With this, the following diagram describing the action of Z% on &
is well-defined.

G : 7% x F(A)P — Top
(x,F) > &(F)
(g,m: F — G) — go&(m).
Claim 1. colim}-(A)Sé =.7.

Proof. We check the equality pointwise. On object(s) we have

(colim z( 4y 4)(%) = colim & = colim & = Sal(A").

(9) : (colimzp(q)¥)(*) — (colimp(4)¥)(*) is induced by

The morphism (colim £ 4) /)
the natural transformation 4(g,id_) : 4(x,—) = ¥ (x, —) which acts over objects as

G(g,idg) : G(+,F) - G(x, F), (6)

Now one checks explicitly that this induces the map S — ¢(S) on colim & = Sal(A'),
as required. [

Claim 2. colimz: ¥ = |9|.
Proof. Again we can verify the isomorphism pointwise using the fact that preimages
under the functor @ are exactly orbits of the action of Z? on F(A'). For every F e
Ob(F(A)), with Equation (6) we have

colimga 9(—, F) = &(F)/Z =~ Sal(A[F]) ~ |2(F)|,

where the last two congruence symbols denote isomorphism of complexes and homeo-
morphism (by barycentric subdivision), and on morphisms m € Mor(F(A)):

colimga G(—,m) = &(m)/Z4 = |jm|. ]
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With these two claims the Theorem will follow, because then we have

Sal(A")/G = colimga . = colim &

= colim z( 4 colimgq 4 — colim |2| ~ hocolim | 2],

where the last homotopy equivalence is given by the Projection Lemma [37, Proposi-
tion 3.1]. O

Corollary 4.1.4. M(A) ~ | {2|.
Proof. Immediate with the Theorem above and Lemma 3.1.2. []

This prompt us to deviate from the conventions of [8] and to define the Salvetti
complex of a complexified toric arrangement as follows.

Definition 4.1.5. For every complexified toric arrangement A let
S(A) = (2, Sal(A) := |S(A)].

Remark 4.1.6. We have immediately Sal(A) ~ M (A). Moreover, with Remark 3.1.3 we
have a cellular map

m: Sal(A) — |F(A)| = T.
induced by the canonical projection from hocolim |Z].

4.2. Inclusions

The goal of this section will be to associate to every layer L a subcomplex of Sal(.A)
homotopy equivalent to the product of L times the complement of the (hyperplane)
arrangement A[L]. We will do this in a way that is compatible with the projection to
the compact torus and so that the maps induced in cohomology by the inclusions of
these subcomplexes satisfy a Brieskorn-type compatibility condition which will be the
stepping stone towards a presentation of the cohomology algebra.

Definition 4.2.1. Given a layer L € C we write L. for the intersection L n T, of L with
the compact torus.

Definition 4.2.2. Let A" denote the complexified toric arrangement defined in the torus
L by all hypertori not containing L, that is the arrangement of all hypertori appearing
as a connected component of an intersection L n K for K e A, L & K.

Notice that the cellularization |F(A)| of T, restricts to a cellularization |F(AF)| of L,
(i.e., there is a cellular homeomorphism h : T, — |F(A)| with | F(AL)| = |F(A)|nh(L)).
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Theorem 4.2.3. For every layer L € C and every chamber By € T (Ag) adjacent to
Lo := nA[L] € L(Ay), let Fy := By n Lo. Then, there is a subcompler Sg, of the toric
Salvetti complex Sal(A) satisfying

(1) under the canonical projection Sal(A) — T, Sg, maps to the layer L.;
(2) there is a homotopy equivalence O, : Sk, — |F(AL)| x Sal(A[L]);
(3) the first component of O, is the projection from (1).

We keep the notations of the theorem’s claim (Fy, By, L) split the proof in multiple
steps for easier understanding and later reference.

Definition 4.2.4. Recall Definition 2.1.2: Fj is a face of Ag and we can define
B(Fo) = {C € T(AO) | C = FO in f(AO)},

the set of all chambers of Ay that are adjacent to Fy. Moreover, for every F € F(AY)
define

pr 2 T(Ao) = T(A[F]); ur(C) 2 C.

Lemma 4.2.5.
(a) For every morphism m : F — G in F(A) and every C € T(Ay),
S(ur(C)im(ka(C))) N AlG] = &.
(b) For all F € F(AL) we have Fy € F(A[F]), and
pr(B(Fy)) ={C e T(A[F]) | C = Fy in F(A[F])}.

Proof. For part (a) notice that C € up(C) € pug(C), thus for H € A[G] clearly
V(@) (H) = Vup(c)(H), and moreover with Remark 4.1.1 we have v; (u(c))(H) =
Yue(c)(H) whenever H € A[G]. For part (b) notice first that pp maps chambers to
chambers, thus it is enough to check that for C € B(Fp) we have up(C) = Fy. But the
definition of pp is that v, oy (H) = yc(H) for all H € A[F], thus Fy < C in A implies
Fy<pp(C)in A[F]. O

Definition 4.2.6. We now define the following diagram:
Dr,  F(AY)P —Scwol

Foo | SMAEFD,.»

BeB(Fy)

and the maps are defined as restrictions of the corresponding maps of the diagram 2.
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Lemma 4.2.7. The diagram is well-defined, and

T (F) = ST (A[F)).
Proof. The diagram is well-defined because, by Lemma 4.2.5.(a) and [8, Remark 5.13], for
every m: F' — G in F(A¥) and every C € T (Ayp) the inclusion j,, : S(A[G]) — S(A[F])
restricts to an inclusion S, ¢y — S, (c) (compare [8, Lemma 5.12]). The second claim
follows from Lemma 4.2.5.(b). []
Definition 4.2.8. Define

Sk = |S‘@Fo|'

Remark 4.2.9. Since | 7, is a subcategory of § 2, Sg, is a subcomplex of Sal(A).

Notation 4.2.10. We will form now on use a ‘column’ notation for the Grothendieck
xr

construction. For a diagram % : 7 — Scwol we will write [1] for the object of {2
associated to i € ObZ and x € Ob (i), and

LN

for the morphism corresponding to f € Morz(i1,42) and p € Morg ;) (Z(f)(x1), T2)-

Lemma 4.2.11. The canonical projection 7 : Sal(A) — |F(A)| restricts to nr, : Sp, —
| F(A)].

Proof. This is a check of the definitions, e.g. with Remark 4.2.9. [
Definition 4.2.12. Let %7, be the constant diagram

A7, : F(AR)P —Scwol
FS(A[L])

m —id.
Definition 4.2.13. Given F € F(AF) let
E[F] 5, : ST (AF]) — S(A[F]jr|-1) = S(A[L])

denote the map described in Definition 3.3.4 referred to the ‘ambient’ arrange-

ment A[F].
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Lemma 4.2.14. The maps £[F|F, of Definition 4.2.13 induce a natural transformation
DRy = K1,
and thus a functor
Ery i DR, — § 70,
which, moreover, induces homotopy equivalence of nerves.
Proof. In order to check that the diagram

€LF] 5,
Dy (F) —— S(A[L])

jmf T

Iro(G) o= SALLD

commutes it is enough to see that, for every K € F(A[G]), im(K)|r,| = K|F,|, as is proved
in Remark 4.1.1. Thus, the maps {[F]p, induce a well-defined natural transformation,
and thereby the required functor Zp,, acting on objects [IF(] and morphisms [i] (notice
that every 9, (F) is indeed a poset), as

81 () =)L)

Since each map {[F]p, is a homotopy equivalence (by Lemma 3.3.8 via Quillen’s
Theorem A [31]), the homotopy theorem [37, Proposition 2.3] ensures that the natu-
ral transformation induces homotopy equivalence between homotopy colimits, thus also
between the Grothendieck constructions, as claimed. []

We consider nerves as simplicial sets, and thus denote cells in the geometric realization
of a category by the corresponding chain of morphisms.

Lemma 4.2.15. A cell of Sg, has the form

>

oo Ll [oiy e
=gl el led
where G; € Ob(F(AY)), m; : Gi_1 — G; € Mor(F(AF)), D; € S(A[G;]) and D;_y =

jmi (DZ)
Then the function mapping o to

O"—>(GOﬂ’Gl"'ﬂ)GkagFoDO2"'>£F0Dk')
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(where for D € S(A[G;]) we write D := jm,o..om, (D;) € S(A[Gy])) induces a homotopy
equivalence O, : Sg, — | F(AF)| x |S(A[L])].

Proof. Notice that there is an evident equivalence of categories {77, =~ F(AL)P x
S(A[L]) — thus we see that

Or, = XL 0|2R],

the composition of the homotopy equivalence induced by Ep, and the canonical (“reverse-
subdivision”, see e.g. [19, 4.2.2]) homeomorphism Xz, : |F(AL)P xS(A[L])| — |F(AL)|x
ISCALL])]. O

Definition 4.2.16. We now fix for every layer L a face Fy = Fy(L) of Ay with |Fy| = L
and a chamber By of Ag adjacent to Fy, and define

-@L = -@Fm SL = SFm @L = @Fo, EL = E.F

b-
We call ¢y, the inclusion map Sp, — Sal(A) from Theorem 4.2.3.

Our next goal is the following theorem, which will justify the idea of coherent element
given in Definition 2.3.4.

Theorem 4.2.17. Fiz an integer q and let L be a layer with tk(L) > q. Consider the set
(C<1)q of all the layers L' such that L < L' and q = rk(L'). The following diagram of
groups is commutative.

*
LPLI
L/E(CSL)q

H*(Sal(A); Z)

© HIM(A[L]);Z) @ H*(L'; Z)

L'e(C<r)q
Y Lsn
0¥ L'e(C<r)q

HY(M(A[L]); Z) ® H*(L; Z)
Lemma 4.2.18. The map
Cp + F(IF(AN)] < [SMUA[L])]) — [§Zc].x — 07 (2)
is a contractible carrier map (in the sense of [24, Chapter II]).
Proof. Let us consider a cell z as in the claim, say

MmE—1

v = (B ™S By 5 B x |(S0 2 - = Sy,
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Since x is a cell in a product of two regular trisps (see [19, p. 153]), its embedding
is homeomorphic to a closed ball. Also, since O = X, o |Z,|, we first compute the
subcomplex ;' (x). This is the union of all cells that triangulate x, hence it consists
(see e.g. [19, p. 169]) of the subcomplex generated by the following union of cells (i.e.,
these cells and every cell in their boundaries).

_ (n(f)r-1,>) o
@) = JIFrys Sgimy) =S (Frays Syy)| € [F(AR)P x S(A[L))]
I9

where 7 := k + [ and the union ranges over all pairs (f, g), where

f:[r] — [k] and g : [r] — [I] are order-preserving surjections,

myay if f(+1)# f(i), (7)

and the morphisms n(f); are defined as n(f); =
id else.

This subcomplex is then, by construction, a triangulation of a closed ball. The preim-
age under |=.| of Egl(:c) can be seen as being covered by subcomplexes of the form
|Z1| 7! (y), where y is a cell of ¥, ! (). The face poset of the complex X7 *(x) is the nerve
of this covering, and thus by the generalized Nerve Lemma [19, Theorem 15.24] 7 *(x)
has the homotopy type of the homotopy colimit of the associated nerve diagram [19,
15.4.1]

Nyt F(SpH (@) = Top,  y = |07 (y)

with maps being inclusions. Now we claim that it is enough to prove that the spaces of
A, are contractible. Indeed, in that case the diagram maps of .4, will be inclusions of
contractible subcomplexes into contractible complexes, and thus in particular they will be
homotopy equivalences. The quasifibration lemma [37, Proposition 3.6] then applies and,
because the index category of .4 is contractible (it is the face poset of a triangulation
of a closed ball), will say that hocolim .4, has the same homotopy type of any of the
spaces A4, (y) — and hence will be contractible as required.
To conclude the proof it is thus enough to prove the following.

Claim. For any y € F(X;'(x)), the complex |EL|~ (y) is contractible.

Proof. Fix such an y, say y = |o| for a chain

o = (Fr, Sx) ™57 (7, 8))

in F(A)°P x S(A[L]). The cells of | § 2| which map to y under |E;| are all and only
those of the form
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with §j € f[Fj];Ol(Sj). Now, those are exactly the cells that make up the trisp | {¥/],
where

40P > SCWOl, [?{] = S[FZ];;(SZ), m; — jml

now, | {¥| is contractible because by Corollary 3.3.7 the spaces are contractible, hence
the diagram morphisms are homotopy equivalences (inclusions of contractible subcom-
plexes in contractible subcomplexes) and — since the index category is contractible — the
homotopy colimit of || is contractible. This completes the proof of our claim, hence the
Lemma. [

Scholium 4.2.19. Given a cell z = |F} TR Freq e 2 Fi| x |S; = -+ = 5y, the
explicit expression for C',(x) is as the subcomplex consisting of the following cells

‘ [ggm] [n<fi—1} [59(1)] ‘

Frr) Fra)

where gg(j) € §[Ff(j)];01(5g(j)) and f, g,n(f); are defined in (7).

Proof of Theorem 4.2.17. We consider the following diagram.

o, , ,
Sur = 1§ Fus| o |F(AY)] x |S(AIL'))|

indT

[ F(AR)] x [S(A[L])]

¥r’
X \Lidij{]

81 = | § 9] e | F(AV)| % S(ALL])]

Sal(A)

om

where F is the face associated to L’ (Definition 4.2.16) and jg; is as in Definition 3.3.2.

Now, using the Carrier Lemma [24, Proposition I1.9.2] and Lemma 4.2.18 choose maps
Jr, and Jp, carried by Cp, resp. Cr/. The explicit form of Cp, given before shows that
both carrier maps ©p o Cp and C, 0 O, carry the identity map. This proves — again, by
the Carrier Lemma, that Jy, is a homotopy inverse to Oy, (and similarly for Jz, and Oy,/).
Consider then the following diagram.
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homeq

S =2/ ~ |F(AL)] x [S(A[L'])]

vxid
Ppr!

Sal(A) [ F(AD)] < [S(A[LT)] (®)

idXjpr
X l 0

homeq

St =|{2:] R | F(AL)] < [S(A[L])|

Again by Lemma 4.2.18 the map Cp o (v x id) is a contractible carrier map which
carries Jr o (v xid). In the next claim we will prove that the same carrier map carries also
Jr o (id x jg;). By the contractible carrier Lemma [24, Proposition 11.9.2] then the two
compositions in the diagrams are homotopic — thus in particular the diagram commutes
in cohomology.

Claim. C7, o (¢ x id) carries Jp o (id X jg,).

Proof. We know that Cp, o (id x jg,) carries Jp o (id x jg,). It is then enough to prove
that, for every cell 7 of |F(AL)| x |S(A[L'])],

Cr((id x jrg)(I7])) = Cr((v x id). 9)

To this end, we refer to the explicit description of these complexes given in Scho-
lium 4.2.19 and see that, for a given 7, the composable chains indexing maximal cells
of the two subcomplexes are completely determined by the ‘S-components’ of the ob-
jects — since the F-components and the morphisms are completely determined by the
F-component of 7 and the fact that S(A[L]) and S(A[L’]) are posets.

Thus to prove (9) it is enough to prove that, for every cell S of S(A[L']) and every
Fe F(AD),

E[FTR, (Grg (9)) < ELF] 5 (S). (10)
This is now a computation. Write S = [G, K] and recall the definition of jg; (Def-

inition 3.3.2). Then jr ([G, K]) = [ir(G),ir (K)] and, with the expression given in
Lemma 3.3.6, we need to verify

S (IR ipy (K)R] | Ripy = ik (G)}) = {[G, K]}

Now, if R|p,| = ig;(G), then

Ripy = (Riry )11 = (ipy (G)) 1y = G
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(the first equality because |Fy| < |F{|, the second by assumption, the third by
Lemma 3.2.2.(1)) and the condition on R is also satisfied. So we only need to show
that (iFC’)(K)R)\F{,\ =K.

Again, we compute

vr(H) if vy (H) = 0,7r(H) # 0

Vi (KY )y e () = .
iy (K)R) g {%Fé(x)(H) =k (H) if yg(H) =0,vr(H) = 0.

Now consider the second alternative and remember that R = G, thus when
vry(H) = 0 we have yr(H) = yq(H) < yx(H) and if additionally yr(H) # 0,
Yr(H) = v (H) = vk (H), as required. Hence the claim follows. []

In order to complete the proof of Theorem 4.2.17 we can consider the cohomology
diagram corresponding to diagram (8).

H*(M(A[L']);Z) ® H*(L; Z)
% \Lid@L*
H*(Sal(A); Z) H*(M(A[L]);Z2) @ H*(L; Z) (11)
Tjiié@id

H*(M(A[L]); Z) ® H*(L; Z)

PrL

We project to the cohomological degree q for the first factor of the tensor product for
the terms in the right side of diagram (11) and we take the direct sum for all L’ € C<r.),.
We get:

HO(M(A[L);Z) ® HH(1/;2)
L'E(SZL)‘Z \Lid@L*

H*(Sal(A); 2) ( @ Hq(M(A[L’]);Z)®> H*(L; Z)

L'e(C<L)q
@ ¥ |eid
0¥ L'e(C<r)q ©

HY(M(A[L]); Z) @ H*(L; Z).

From the Combinatorial Brieskorn Lemma (Proposition 3.3.3) the left factor ~ @ Iry
L'e(C<L)q
of the bottom right map is an isomorphism. Hence we can invert the bottom right arrow

and, composing with the upper right map id ® ¢* we get ZL/e(c<L)q L <r)- Thus, the
commutativity of the diagram of the statement of the Theorem follows. []
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5. The complexified case

In this section we provide an explicit description of the cohomology ring of the com-
plement of a complexified toric arrangement. To this end we will consider for all L € C
the inclusion ¢ : S — Sal(A) from Theorem 4.2.3 and use these maps in order to
define a map

O | | SL— Sal(A).

LeC

The understanding of the corresponding cohomology homomorphism ®* is the key in-
gredient for the proof of Theorem A in the complexified case.

5.1. Spectral sequences

We consider the Leray spectral sequence EP'? induced by the projection
Sal(A) — T, (defined as in Remark 4.1.6) with second page

Ep? = HY (T3 7 (w 2)),
where 5#%(m;Z) is the sheaf given by the sheafification of the presheaf
U— Hi(x Y (U);Z).
Remark 5.1.1. The spectral sequence above is equivalent to the one used by Bibby in [2],

induced by the inclusion M (A) < T. In fact the inclusions T, < T and Sal(A) < M (A)
are homotopy equivalences and the following square is homotopy commutative.

Sal(A) —= M(A)

ok

T, T

Moreover for every point z € T, let L. := ()., L be the unique layer containing z
in its interior and let C(.y := {L € C | z € L} = C<r_ be the set of layers containing 2.
Then, given an open set U € T containing z, if U is small enough then 7=*(U n T,) is
homotopy equivalent to Sal(A[L.]) and the inclusion 7=(U n T,.) < U n M(A) is an

homotopy equivalence.

Given a layer L € C, let 7y be the restriction of the map m to the subcomplex Sy:
7 2 Sy — T.. Let  EL'? be the Leray spectral induced by the projection 7y, with second

page
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LEg,q = Hp(Tc;.%pq(ﬂ’L;Z)).
We notice that the sheaf 5#9(np;7Z) is supported on the subtorus L. = L n T,.

Lemma 5.1.2. The sheaf 79(m;Z) is a direct sum of the sheaves

D [HI(M(A[L]); Z)]..

LeC,

where [HI(M(A[L]);Z)]L, is the restriction of the constant sheaf HI(M(A[L]);Z) to
the layer L.. We have the following decomposition

c

BT = @ HP(L;2)@ HU(M(A[L']): Z) (12)
L'eCy

and for every layer L € C

LEPU = @D HP(L;Z)® HYM(A[L"); Z). (13)
L"e(C<L)q

Proof. We prove our lemma with a straightforward generalization of the argument given
in [2, Lemma 3.1].

Let L’ be a layer in C,. The set of subtori of A that contain L’ is in bijection with
the central arrangement A[L’]. The projection 7y, : Spr — T, defines the sheaf ey, :=
U7 Z) on T,.. The sheaf er, has support in L/ and the stalk at a point z € L, is
(er/), ~ H(Sal(A[L']); Z). Moreover, since the complex S+ is homotopy equivalent to
the product L/, x Sal(A[L']), the sheaf ey is constant on L.

Then we can consider the sheaf € := @L'ecq ers. The stalk at z € T' is

e:= @ (er): >~ D HY(Sal(A[L']);Z)

L'eC, L'eC,
and the map
er — HUm7)

induced by inclusion L/ < T, and hence by the commutative diagram

Sy —— Sal(A)
L —=— T,

can be described in terms of Brieskorn Lemma (Proposition 2.2.1). In fact for every point
z € L!, we have that the map of stalks
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(er)z = AU (m; L)
is induced by an inclusion Sal(A[L/]) < Sal(A[L.]) and corresponds to the map
Ji « H(Sal(A[L:]); Z) — H(Sal(A[L']); Z)

where jp is the map given in Definition 3.3.2. From Proposition 3.3.3 the last map is
the left inverse of map

b HY(M(A[L']); Z) — HY(M(A[L:]); Z)

of Definition 2.2.2; that is the A[L’]-component of the Brieskorn decomposition. Since
(€). is given by the direct sum of (e1/). over all L € C, containing z, it follows that the
corresponding map € — #°9(m; Z) is an isomorphism of sheaves (in fact, this map is the
Brieskorn isomorphism).

The first part of the lemma is now straightforward, since we have that

EDY = HY(T; #°(m; Z)) =
= HP(T.;¢) =

— @ H(Ter) =
L'eCy

= D HY(Ly2) @ HI(M(A[L]); Z).

L'eCy

The second part of the lemma follows since the subcomplex Sy, is homotopy equivalent to
the product L. x Sal(A[L]) and the map 7, is homotopically equivalent to the projection
on the first factor (see Theorem 4.2.3). Hence the sheaf #(my;Z) is the constant sheaf
H*(M(A[L]); Z) and the decomposition given in (13) follows from the decomposition
given by the Brieskorn Lemma applied to H* (M (A[L]);Z). [

Theorem 5.1.3. The spectral sequences E2? and 1 E2 collapse at the second page.

Proof. We can prove the collapsing of Eg ! by means of a counting argument. We assume
the arrangement 4 to be ordered and we define a no broken circuit in C<y, via the natural
poset-isomorphism with A[L] (see Remark 2.1.3). According to De Concini—Procesi [11]
(see also Looijenga [23]) the Poincaré polynomial P(t) of the cohomology H* (M (A); C)
of a toric arrangement A in a complex torus 7" of dimension d is given by

[o0]

Z (1 + )4t

where we define
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N, :={(L,N)eC; x Z(A) | N is a no broken circuit set of C<p, |N| = j}
(we refer to [11, Definition 3.6] for a definition of no broken circuit set).
We compare the Poincaré polynomial above with the rank of the term EL?. For a

fixed ¢ we have that (—Bpf?g’q is a free Z-module with Poincaré polynomial given by
ING|(1+¢)?~9. Hence the total rank of E5*? is computed by its Poincaré polynomial

DTN (L + 1)tz

q=0
and the spectral sequence must collapse at the page EQ.

The collapsing for ; EY? is straightforward since the projection 7 : Sy — T. maps
onto the compact subtorus L. and (again, applying Theorem 4.2.3) the subcomplex Sy,
factors as L. x Sal(A[L]) where 7y, is the projection on the first factor. Hence the spectral
sequence trivially collapses at the second page, since the two factors have torsion-free

integer cohomology. []

We will see in Section 7 that a similar argument shows that the Leray spectral sequence
induced by the inclusion M (A) € T always collapses at the second page.

Remark 5.1.4. It has already been noticed in [2] that the analogous spectral sequence over
the rationals collapses at the third page in the more general case of smooth connected

divisors intersecting like hyperplanes in a smooth complex projective variety.

Theorem 5.1.5. The inclusion g, : S, < Sal(A) induces a natural morphism of spectral
sequences

pra L, pra,
The map 7% : EY* — [ EV* s the natural map
HP(T; 2% (3 1)) — HP (T A7 (m13 1))
induced by the morphism of Z-algebras
H*(n='(U);Z) — H*(n' (U); Z)
given by the inclusion
N (U) — 7 1 (U).

This is obvious from the definition (or following Leray’s argument in [22], see also [33]).

36



//doc.rero.ch

http

Corollary 5.1.6. The morphism

i @ HN(LZ)@ HI(M(A[L']);Z) — @ HP(LZ)®@ HY(M(A[L"]);Z)
LeC, L7e(C<r)q

decomposes in maps between the direct summands as follows. For every L' € C,, L" €
(C<1)q we have a map:

HP (L 2) @ HY(M(A[L']); Z) — HP(L; Z) @ HY (M (A[L"]); Z)
{i*(w)@)\ if L' =L,

otherwise.

WR N —

In particular @7 is a surjective map.

Proof. According to Theorem 5.1.5 we have the commutative square

@© HP(L;Z)® HY(M(A[L']); Z) A @© HY(L;Z)® HI(M(A[L"]);Z)
rec, L7e(C<r)q

H”(TC;LIGGDC [HY(M(A[L']); Z)]) —— H”(TC;L” @ [H(M(A[L"]); Z)]1)

where the vertical maps are isomorphisms and the map in the bottom row is induced
by the natural map of sheaves. The top arrow is simply inclusion in the corresponding
direct summands. More precisely, the top arrow splits in a direct sum of maps, a null
map for every L’ £ L and the natural restriction map

HP(Te; [HY(M(A[L"]); Z)] ) — HP(Te; [H (M (A[L"]); Z)] L), (14)

for every L' = L” € (C<r)4- The two sheaves that appear in (14) are two restrictions of
the same constant sheaf, thus the map is the projection

HP(L") @ HU(M(A[L")); 7)) "2 HP(L) @ HY(M(A[L"]); Z)

given by the tensor product of the projection on the first factor induced by the inclusion
i: L — L” and the identity on the second factor.

The surjectivity of @} follows from the surjectivity of the cohomology homomorphism
+* induced by the inclusion i : L < L' for L' < L. [

Corollary 5.1.7. With respect to the decomposition given in Equation (12) of Lemma 5.1.2,

for a fized L € C the map pF : EPY — [ EP? restricts on every L'-summand of EP'? as
follows
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HP(L') @ HO(M(A[L']); Z)) — H?(L; HY(M(A[L)); Z)) = 1 E5*
w@AH{?wmw@>ﬁv<L,

otherwise.

Proof. The statement follows from Corollary 5.1.6, applying the Brieskorn decomposition
to Equation (13) of Lemma 5.1.2. [

Remark 5.1.8. Recall the definition of the map ® : | |, .S — Sal(A) given at the
beginning of Section 5. The morphism of spectral sequences, and of algebras,

PN

. P,q P,q

"B — P LB}
LeC

induced by the map ® is the direct sum @recPs.
5.2. Algebras

Recall Definition 2.3.2 of the algebra A(A). In this section we define the algebra
B(A) and we prove that the algebras A(A) and B(A) are isomorphic. We will see that
two algebras turn our to be both isomorphic to the integer cohomology ring of the
complement M (A) of a toric arrangement. In the case of a real complexified arrangement
this is proved in Section 5.3. Actually the abstract construction of the two algebras and
of their isomorphism holds not only for real complexified toric arrangements, but also
for the general case, thus the following results will be useful also in Section 6, the proof
of Theorem 6.2.4.

We begin with some definitions.

Definition 5.2.1. The map of Z-modules p : A(A) — @, L1 is the map defined on
generators by:

2 5 a0 pla)

where

q ngLI(a) if L < L/,
pl)}, = .
0 otherwise.
Remark 5.2.2. The map p is a section of the natural projection 7 : @, .. Z1 — A(A).

Proposition 5.2.3. The map p : A(A) — @ oL is injective and its image is the
submodule of coherent elements (introduced in Definition 2.3.4).

Proof. It is clear that the image of p is given by coherent elements since the images of
all the generators are coherent. The map p is clearly injective since the projection of
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T: @ ree L1 — A(A) is a left inverse for p. Finally, since it follows from Definition 2.3.4
that every coherent element « is determined by its projection on A(A), the map p is
surjective on the submodule of coherent elements. []

We need to introduce a special product on the sum of algebras @rec-Zr .

Definition 5.2.4. The product ® on the direct sum @recc.Z}, is given on generators as
follows. Let o € £} and o/ € £},:

Lr<rr(@) U Lr<pn () ifrk(L) = ¢, vk(L') = ¢ and L L' < L”,

0 otherwise.

(Oé ® a’)Lu = {

Remark 5.2.5. Notice that the product ® restricts on the subgroup A(.A) to the product
A introduced in Definition 2.3.2.

Lemma 5.2.6. The restriction of the product ®, defined on the sum @recLr, to the
submodule of coherent elements equals the restriction of the natural product given on
®rect; viewed as a direct sum of cohomology rings.

Proof. Since all coherent elements are in the image of p, we can easily check the lemma
on generators of the form p(«) for a € Z},. [

The following proposition allows us to define the algebra of coherent elements.

Proposition 5.2.7. The product © maps two coherent elements o € P, . L} and o/ €

q+q’

’
P recc L) to a coherent element in P o i

=(q+q’)

Proof. From the definition of the product ® in @rec£z we have that for L” € Cx (444

(Oé@O/)L// = Z ngLN(OéL) UXLISL//(O/L/).

LE(CzL”)q
L/G(CZL” )q/

We claim that such an element is coherent. For rk(L”) = g+ ¢’ there is nothing to check,
while for rk(L"”) > g + ¢’ we need to check that

(a@a/)Lu = 2 gigL”(O[@a,)Z' (15)

EE(CgL”)q+q’

In order to prove Equation (15), we need to show that if « € sz(m, o € Zzlf(y) and
rk(L) + k(L") > rk(L n L") then a ® o/ = 0. First notice that even if L n L’ can not be
a layer. Nevertheless its connected components are parallel layers with the same rank,
hence rk(L n L') is well defined. The equality a®a’ = 0 follows since for every connected
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component L° of L n L’ we have XrE(L)Hk(L/) = 0 and this implies that («® ') = 0.

Moreover for any layer L such that L > L and L > L’ we have that there exists a unique
connected component L° of L n L’ such that L > L° and we have that

(@)=L gla)v 2 g(d) =
= Lot(Zi<re(@) U Lrcro(a) = Lpocp(@®@a’)po = 0.

Then we can assume that for any pair of layers (L,L') € C; x Cy we have that either
k(LN L')=q+q or ar ®ay = 0. Now the equality

(a@d ) = > > Licw(an) U Lucr(al) (16)
ZG(CZL//)((IJrq/) LG(C>i)q
L'e C>i)ql

follows by bilinearity, since it holds when «,a’ are supported on a single layer. From
Equation (16) it follows that Equation (15) holds. []

Definition 5.2.8. Let A be a toric arrangement in 7" and let C be the poset of layers. We
define the algebra B(.A) as the subring of

D2

LeC

endowed with the natural product ®, generated as a Z-module by the coherent elements.
Remark 5.2.9. Lemma 5.2.6 implies that B(\A) is also a subring of @, . £, with respect
to the multiplication given by ®©. Moreover, as previously remarked, the two product

structures coincide on B(.A).

Proposition 5.2.10. The map of Z-modules p : A(A) — B(A) is an isomorphism of
algebras.

Proof. Given a, o’ € A(A), we remarked that
m(p(a) ©p(e')) = w(p(a) up(a’)) = a bd

where the second equality follows from the definition of the product A. Hence proposition
follows from the injectivity of 7 : B(A) — A(A). O

5.3. Proof of the main theorem

We are ready to prove our main theorem in the case of a real complexified toric
arrangement.
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Proof of Theorem A (complexified case). We will consider the map ® : | |, .S, —
M(A) defined at the beginning of Section 5. This induces a map in cohomology

o H*(M(A);Z) > P Z1
LeC
that is a ring homomorphism with respect to the natural product on the sum of coho-
mology rings @, . L%

Moreover it follows from Proposition 4.2.17 that the image of ®* is given by coherent
elements. Hence @* maps in B(A) and from Lemma 5.2.6 it is also an homomorphism
of rings, with respect to the product ® defined in Section 5.2.

We need to prove the injectivity and surjectivity of the map ®*.

Recall that from Lemma 5.1.2 we can write

Eg,q — @ HY(T; (™) (Sal(A[L]); Z)]1)
LeC

for the Leray spectral sequence associated to the projection 7 : Sal A — T, and
LBy = HP (Te; (713 1)) = HP(Ly 2) @ H (M (A[L]); Z)

for the Leray spectral sequence associated to the map 7, : Sy, — T,.. Moreover, also due
to Lemma 5.1.2, we have the decomposition

LER = D HP(L;Z)® HY(M(A[L"); Z).
L"e(C<r)q

From Theorem 4.2.3 we have that for any layer L we have a commutative square

S, — = Sal(A)

Lo ——>T.

and hence a map @5 of Leray spectral sequences in cohomology, together with the fol-
lowing commutative diagram, where, from Theorem 5.1.3 the vertical maps 1 and vy,
are group isomorphisms; moreover vy and the horizontal maps ¢} and P} are ring
homomorphisms:

H*(M(A); Z) T H(1:2) @ H* (M(A[L]): 2)

R

7P:q P,q
Es LB
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Note that it follows from Corollary 5.1.6 that the horizontal maps are surjective. If we
take the sum for on the right hand side all layers L we get the commutative diagram

HWMM%%—ﬁ%QﬁWL%®HﬂMMMh@

v Dyr (17)

~ F*

p.a p.a

Ej @ LB
LeC

As above, the vertical maps are group isomorphisms. Moreover the horizontal maps and
@ cc?r are ring homomorphisms. We want to describe the image of the subalgebra
B(A) ¢ @ ccH*(L;Z) @ H*(M(A[L]); Z) of coherent elements in the subalgebra of

@LGCLES’q'
Let L' e Cq4 be a layer and take a class a € .Z 9, Moreover we assume that a = w® M\ €

H*(L;Z)® HY(M(A[L']);Z). 1t is clear that B(.A) is generated by the elements of the
form p(«) (see Definition 5.2.1):

D?L/SL(O&) = z*(w) X b()\) if L/ < L,
pla)r = {

0 otherwise.

Since the map @, . ¥, is the identity, it follows from Corollaries 5.1.7 and Remark 5.1.8
that the class @, ¥rp(a) is the image, via 5*, of the class w® \ € Eﬁm. Hence ®* is
surjective on the algebra B(A).

The injectivity of the map ®* : H*(M(A);Z) — @ -Z1 follows by a rank ar-
gument. In fact both terms are torsion-free and we already know that the Poincaré
polynomial of H*(M(.A);Z) is given by

Pat) = Y} INGI(1+ )*9¢
j=0

where N is the set of pairs (L, N) € C; x #(A) and N is a no broken circuit set of
cardinality j of C<r. We claim that P4(¢) is also the Poincaré polynomial of the algebra
B(A). In fact from Theorem B we have B(A) ~ A(A) and A(A) is the direct sum of free
modules

A) = 2P,

LeC
and the contribution of the term ,?er(L) for the Poincaré polynomial of A(A) is

(1 + )Lk H™E (M(A[L]); Z) =
= (1 + )4 L|{N € Z(A) ano broken circuit set in C<p}|.
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Taking the sum over all L € C we get that the two torsion free algebras H*(M(A);Z)
and B(A) have the same Poincaré polynomial P4(t). Hence the surjective map ®* :
H*(M(A);Z) — B(A) is also injective. The theorem follows. [

6. The general case

From now on we drop the restriction to complexified arrangements and treat general
complex toric arrangements. We will show that the description of the cohomology ring
of the complement naturally applies also to this case. In fact, a deletion-restriction
argument allows us to always reduce to the complexified case.

6.1. Deletion—restriction recursion

We thus start with a brief discussion of the effect on the cohomology of removing an
hypertorus from the arrangement and of restricting the arrangement to an hypertorus.

This type of operation has been investigated by Bibby in [2] and by Deshpande and
Sutar in [15]. Here we discuss how some of their results generalize to cohomology with
integer coefficients, and start with a remark on degeneration of spectral sequences.

Remark 6.1.1. In analogy with Theorem 5.1.3, the Leray spectral sequence induced by
the inclusion M (A) — T, also considered in [2] (see also [16, sec. 4.3], gives, as a second
term

EYY = @ HP(L;Z) ® HY(M(A[L)); Z) = HP9I(M(A);Z).
LeC,

Looking at the Poincaré polynomial P(t) of H*(M(A);C) as in the proof of The-
orem 5.1.3 in the complexified case, we can see that Es is a free Z-module and the
rank of Es is the same as the rank of H*(M(A);C). This implies that the spectral
sequence collapses at the E term and hence the cohomology H*(M(A);Z) is tor-
sion free.? In particular, since the Ey term of the spectral sequence is isomorphic
as a Z-module to the cohomology H*(M(A);C), given a layer L € C and a class
a € HP(L;Z) @ H*U)(M(A[L]); Z) we can associate in a natural way an element
ae H*(M(A);C).

Lemma 6.1.2. Let A < B be toric arrangements in T, the inclusion M(B) < M(A)

induces an injective homomorphism of cohomology rings i* : H*(M(A);Z) —
H*(M(B);Z).

2 We thank Clément Dupont for a useful conversation where we noticed this natural generalization of
Theorem 5.1.3.
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Proof. This is straightforward from the description of the Leray spectral sequences 4 EP+4
and gEP? associated to the inclusion M (A) — T and M (B) — T. Following the con-
struction of the spectral sequence one can see that the inclusion ¢ : M(B) < M(A)
induces a map of spectral sequences that on the Eo-term is as follows:

i @D HULZ)®H(MALZ) » @ HY(L;2)® HI(M(B[L); 2)
LeCy(A) LeCq(B)

where the map * is given by the sum of the homomorphisms on the summands
it « HP(L; Z) @ HY (M (A[L]); Z) — H"(L; Z) ® H* (M (B[L])Z)
and ¢7 is given by the identity on the first factor and by the natural injection
HY(M(A[L]); Z) — H*(M(B[L]); Z)

on the second factor induced by the inclusion M (B[L]) — M (A[L]). The Lemma follows
since the spectral sequence collapses at the page Es. []

Given a toric arrangement A, choose Yy € A and let A" = A\{Yp} and A" = {YonY |
for Y € A’}. We consider A’ as a toric arrangement in T, even if its rank differs from
the rank of A. We consider A" as an arrangement in Y.

Theorem 6.1.3. We have the following short exact sequence of groups:

0 — H*(M(A'): Z) — H*(M(A); Z) — H* " (M(A"); Z) — 0.

Proof. We observe that, in light of Remark 6.1.1, for every toric arrangement 13 we have
an isomorphism of Z-modules

sEY" — H*(M(B); Z),

where we write s E5? for the Leray spectral sequence in the case of the arrangement B.
The result follows applying the isomorphism above to the exact sequence (see [2])

O—’A/E57q—>AEg7q—>A//Eg’q—>O. ]
6.2. The cohomology ring of (non-complexified) toric arrangements

Given a layer L € C = C(A) we define, as we did for hyperplane arrangements, the
subarrangement:

A ={YeA|LeY}.
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Remark 6.2.1. For any layer L € C(.A), the subarrangement Ay, is “almost” a complexified
toric arrangement, in the following sense: choose an element p € L and consider the
inverse p~! € T of p. Then the translated arrangement p~ 1 Ar = {p~'Y | Y € AL} is
complexified.

It is straightforward to see that the descriptions of the cohomology ring of M (A)
given in Theorem A and Theorem B extend to this case.

Let Cax = Cik(a) be the set of layers of maximal rank in C. We recall that if A is
essential, then the elements in Cp,.x are points. Otherwise, given the subtorus L that is
the translation of any of the element in Cnax passing through the identity, we can factor
M(A) = L x M(A/L), where A/L is the essential arrangement induced by A in T/L.

For every layer L € C = C(A) we can choose a layer of maximal rank P(L) €
Cmax contained in L. Now, we fix a layer P; € Cpax and let L € C(Ap,). Let
a e H*(L;7Z) ® H*) (M(Ap,[L]); Z). Moreover, let @ be the class corresponding to
« in the ring A(Ap,) = H*(M(Ap, ); Z). We can consider the class

B H*(L; 2) ® H™ ") (M (Ap(1,[L]); 2)
induced by a via the inclusion i : L x M (Ap(py[L]) = L x M(Ap,[L]):
B:=i*a

and letNB be the corresponding class in A(Ap(ry) = H*(M(Ap(r)); Z). Finally, let &

(resp. 3) be the class induced by @ (resp. ) in the tensor product Qp.. A(Ap)

where the Pj-factor (resp. P(L)-factor) is @ (resp. 3) and all the other factors equal 1.
We define the ideal

IA) e @ Aldp)

Pecmax
generated by the elements of the form

a-p

~

for any pair (&, 8) constructed as above. Moreover we define the ideal

JA)c @ AAp)

PeCmax

generated by all the cup products of the form

for some disjoint layers P; Pj, € Cax and Lj,, ..., L;, € C such that:

190
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1) P(Lj,) = Pj;

ii) @ (i = 1,...,h) is an element in the tensor product &) pcc  A(Ap) induced by
a; € H*(M(Ap, );Z) on the Pj-factor and all the other factors equal 1, with @;
induced by a class a; € H*(L;,;Z) @ H™*Fi:) (M (Ap;,[L;,1); Z);

iii) the layers L;, have trivial intersection:
h
ﬂ Lj, = @.
i=1

We consider the map

A:MA) - [[ M(Ap)
PeCmax
induced by the inclusions M (A) — M(Ap).

The next proposition is useful in order to understand the corresponding cohomology
homomorphism

A*: R H*(M(Ap);Z) — H*(M(A); Z).

PeCmax

Proposition 6.2.2. The homomorphism A* is surjective and the kernel of A* is given by
the ideal I(A) + J(A).

Proof. We begin showing that the map A* is surjective. Let consider a layer L € C and an
element a € H*(L; Z)QH™* ) (M (A[L]); Z). Let @ € H*(M (A); Z) be the corresponding
class. The hyperplane arrangements A[L] and Ap [ L] are equal. Hence we can consider
the class 8 € H*(M(Ap(r)); Z) associated to

ae H*(L; Z) @ H™ (M (Ap(y)[L));Z) = H*(L: Z) @ H™ " (M(A[L]); Z).

From the description of the map i* : H*(M(Ap(r));Z) — H*(M(A);Z) given in the

proof of Lemma 6.1.2 we have that ¢*(3) = @. Hence we can consider the class

fe @ H*M(Ap:Z)= & A(Ap)

PeCmax PeCmax

given by the product of the term 3 in the P(L)-factor and 1 for all other factors and we
have

A*B=a (18)

and the surjectivity of A* follows since the element @ runs over a set of generators of
H*(M(A);Z).
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Let us define the Z-submodule

V) e @ AAp)

PeCmax

generated by all the classes B as above, that is with 5 induced in one of the factors of
the tensor product by a class 8 € H*(L; Z) @ H™)(M(Ap(1)[L]); Z) for all possible
layers L € C(A) and all the other factors equal to 1. We notice that by equation (18) the
restriction of the map A* to V(A) is injective.

It is clear that the ideal I(A) is contained in the kernel of A*. We need to show that
also J(A) < ker A*. Given a generator &; U - -+ U &, we can consider the images A*q;.
From the Leray spectral sequence associated to the inclusion M (A) — T it follows that
A*@; can be represented by a cocycle supported in a neighborhood of Lj,. Since we can
choose neighborhoods Uy, ..., U, of the layers Lj,,...,L;, such that ((U; = &, this
implies that the product A*q; U --- U A*@, must be trivial.

In order to show that the kernel of A* is the ideal I(A) + J(A) it remains to show
that any element of @ pe.  H*(M(Ap);Z) is equivalent, modulo I(A) + J(A), to an
element in the submodule V'(A).

Let w be an element in Qpeo  H*(M(Ap);Z) = Qpee,. A(Ap). We can reduce
to the case of w = Q) p.o  ap, with ap € A(Ap).

If we write ap for the tensor product with P-factor ap € A(Ap) and 1 for all other

max

factors, we have

w=ap U---uUap,

where Cpax = {P1, ..., P}

Moreover we can suppose that for every P € Cpax the class ap is induced by a class
ape H*(Lp)® H*EP)(M(Ap[Lp]); Z) for some Lp € C(Ap).

If Npee,... Lp = & then w e J(A) and hence w =0 mod I(A) + J(A).

Otherwise, the intersection of the layers Lp is non-empty. Let P € Cpax be such that

Pe rWPeCmax Lp.

Since P < Lp for all P € Cyax, we have that the local arrangements Ap[Lp]| and
Ap[Lp] are equal. Hence the class dp is equivalent, modulo the ideal I(.A), to the
class p that is the tensor product with P-factor ¥ € A(Ap) and all the other factors
equal 1 and 7p is induced by the class ap € H*(Lp) ® H*E0)(M(AB[Lp));Z) =
H*(Lp) ® H™*E2) (M (Ap[Lp]); Z). Hence we have reduced, modulo I(.A), the class w
to the product of the classes Vp:

w=%p, U---uUvp, mod I(A)

and the right hand side is a tensor product with P-factor equal to ¥p, U UYp, € A(Ap)
and all other factors equal to 1. Finally, since A(Ap) decomposes as a direct sum
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P H*(L)® H ) (M(Ap[L]); Z)
LeC(Ap)

we have that

Vplu‘..uﬁpk: Z SL
LGC(.AF)

where 07, is induced by a class in H*(L) ® H*(F)(M(Ap[L]); Z). So we can write

w = Z gL

LeC(Ap)

where SL is the class in tensor product with P-factor §;, and all other factors equal to 1.
Now it is clear that each of the summands d;, can be replaced, modulo I(A) with an
element in V(A) and this completes the proof. [

We recall that in Definition 2.3.2 we introduced the ring

AA) = P <,

LeC

Remark 6.2.3. We notice that the definitions of the algebras A(A) and B(A) (Defini-
tion 5.2.8) do not depend on the structure of complexified arrangement. In particular all
the results in Section 5.2 hold for any arrangement and Proposition 5.2.10 gives, for any
arrangement 4, the isomorphism

We can then state and prove in full generality the result of Theorem A:

Theorem 6.2.4. There exists a well defined map 7: (R pee.  A(Ap)) /ker A* — A(A)
that induces the isomorphism H*(M(A);Z) — A(A).

Proof. For any P € Cyax there’s a natural map tp : A(Ap) — A(A) that is induced on
the summands by the maps

LD (Ap) - 2 (A)

induced by the identifications M (A[L]) ¢ M (Ap[L]). It is easy to see that the map ¢p
is a ring homomorphism and is injective. Hence there is a well defined map

v ® A(Ap) — A(A)

PeCmax
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defined by the cup product of the generators:

L(apl ®®apk) = Lpl(apl) UV LPk(aPk)'

We will show that the kernel of the map ¢ is ker A*. Given classes a; € XEI:(L"’)(AL for
t=1,...,h it is clear that a; U --- U ay is supported only on the summands gzk(L) (A)
such that L < (), L; and this implies that J(A) < ker.

Moreover, given a maximal layer P; € Cpax(A) and a layer L € C(Ap, ), we have that
Ap, [L] = A[L] = Ap(r)[L]. Hence there is a commutative diagram

2 (Ap) 2 (4
rk(L)
gL (APL )

and this implies that I(A)  ker and the map ¢ is surjective. Then the map ¢ induces a
well defined surjective map z. The injectivity of 7 follows from a rank-counting argument,

since the Z-modules A(A) and @ pe  A(Ap) have the same rank given by the sum

max

> 2B dim H*E(M(A[L]); Q). O
LeC(A)

7. Dependency on the poset of layers

We now turn to the study of the relationship between the cohomology algebra struc-
ture and the poset of layers. We refer to Section 2.3.3 for a discussion of the our results
on this topic.

7.1. Whitney homology of the poset of layers

In analogy with the case of hyperplanes, the additive structure of the toric OS-algebra
can be obtained as the (Whitney) homology of the sheaf of rings # : L — H*(L;Z)
defined on the poset of layers C with zero maps as restrictions. In fact, in this situation
the differentials of the associated spectral sequence [1, Section 4] vanish already at the
first page, thus we obtain

HC V)= @ HLDTP > @ H(Lz)ez T ~
LeC,rk(L)=q LeC,rk(L)=q
@D H*L;Z)® HI(M(A[L]);Z)
LeC,rk(L)=q

since the absolute value of the Md&bius function at L is precisely the number of maximal
no broken circuit sets of C<y,.
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7.2. Centered arrangements with unimodular basis

Suppose that the given toric arrangement is centered, i.e., each subtorus is of the
form Y; = ker y; (for notations see Section 2.1). We can identify the lattice Hom(7', C*)
with Z? through any isomorphism. The characters then correspond to the columns of a
(d x n) matrix A with integer entries. For any subset I < [n] let then A(I) denote the
matrix given by the columns of A with indices in I and let m(I) denote the product of
the invariant factors of A(I). Then the function m(-) defines an arithmetic matroid on
the Q-dependency matroid of the columns of A (we refer to [4] for basics on arithmetic
matroids); the matrix A is then called a representation of this arithmetic matroid. In
particular notice that, if |[I| = d, we have that m(I) = |det A(I)|.

Now suppose that the set of defining characters has a unimodular basis, i.e., that —
say — X1, - - -, Xd are a basis of the lattice Hom(7, C*). Notice that the existence of a uni-
modular basis can be ascertained from the multiplicity data of the associated arithmetic
matroid: such a basis has multiplicity 1. We choose the isomorphism Hom(7, C*) ~ Z% to
be such that y; is sent to the standard vector e; for ¢ < d. Then, the leftmost d x d-block
of A, A({1,...,d}), is the identity matrix.

We now claim that in this case the whole matrix A can be recovered from the multi-
plicity data (which is part of the information given by the poset of layers).

Theorem 7.2.1. If an arithmetic matroid with a basis of multiplicity 1 is representable by
a matrix A, then A is unique up to sign reversal of the column vectors.

Proof. For every non-zero entry a; ; of A (j > d) we have a; ; = (—1)*det(A(1,...,i—1,
G+l ..d).

a; ; = m([d]\{i} U {j})sign(det A(5,1,...,i—1,i+1,....d)).

We may without loss of generality (by taking negatives of characters) suppose that
the first nonzero entries past the first d columns in every row are positive, i.e., for

Jo(t) == min{j > d | a; ; # 0},
;5 >0

and that the first entry in every column is positive, i.e., if

’Lo(]) = min{i | Qj, 5 #* 0},

i (5),5 = det(A(jala"’ >i0(j),"' ,d)) > 0.

We will determine the sign of the entries a; ; by induction on j. We assume j > d and
if 7 = d there’s nothing to prove.
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For a fixed j > d we will determine the sign of the entries a; ; by induction on 7. For
fixed 7 and j, we restrict to study the submatrix A’ of A given by the columns 1,...,d
and j' > d such that a; ;; # 0 of A and to the corresponding submatroid with multiplicity
function m’. Then we can assume that a; j; # 0 for all d < j' < j.

Let ip(j) be as above, we recursively define the integers i, (j) for h > 0 as follows:

Zh(j) = min{i > ih_l(j) | Q5 # 0}

and let
k(j) := min{k | jo(ir(5)) # j}-

)

j for all k and hence we are assuming

We notice that if k(j) = oo then jo(ix(5)) = j fo
r k < k(j) we have that jo(ix(j)) = j, we can

that a; ; > 0 for all i. In general, since fo
assume that a;, ;) ; > 0 for all k < k(j).

)
k

Assume k(j) < 0. Hence for a fixed i, if we suppose i > ig(j) and a; ; # 0, we have
three possible cases:

a) if ;) (j) > i then we have i = ix(j) for a certain k < k(7) and hence we are already
assuming that a; ; > 0;

b) if ig(;)(j) = i then, up to changing the sign of the j-th column of A we can assume
that a; ; > 0; moreover, in order to keep A as previously assumed, we need to change
the sign of the ¢-th row and of the ¢-th column of A for all ¢ < 4, of the j'-th
columns of A for all j’ such that ip(j’) < ¢ and finally, recursively for ¢ > i, if with

the changes of sign already done we changed the sign of a;» ) then we need to

JJo (i
change the sign of the i”-th row, of the i”-th column and of the j”-th column for all
j” > d such that ig(j") = ";

c) if z';(j)(j) < i then we already know by induction the sign of i o (ig 1y (7)) and since

from the hypothesis of restriction we have that a; # 0, we can consider, up

2o (i) (4))
to a sign, the determinant

= Qi3 Qi (G).golin ) (1)) — Bisgolingy) (1)) Bing;) (),

All entries in the right hand side are non-zero and we have

m' ([d)\{iz; (7): i} © Lol (4)), 7)) =

= |detA/(JO(ZE(J)(]))v]vL 7ZE(])(.7)a 127 7d)|

we can determine the sign of a; ;. [
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Po Po P2 P3 D4

T

Fig. 3. The poset of layers associated to the arrangements A’ and A2 of Example 7.3.2.

Remark 7.2.2. The result of Theorem 7.2.1 has been recently improved by Matthias Lenz
in [21].

7.8. Further questions and examples

We close by presenting some examples addressing the dependency of the ring structure
from the arrangement’s combinatorics.

7.8.1. Isomorphism type

Since our description of the cohomology ring of the complement of a toric arrangement
depends on the defining equation of the arrangement, we are led to consider the following
problem:

Question 7.3.1. Is the toric OS-algebra combinatorial? Does the ring H*(M(A);7Z) only
depend on the poset C(A)?

We provide an example which shows the delicacy of the situation, even in small rank.
We give two complexified toric arrangements (of rank 2) with isomorphic posets of layers
whose integer cohomology rings are indeed isomorphic — yet the isomorphism can’t be
chosen to be natural with respect to the inclusion into the ambient torus (C*)2.

Example 7.3.2. Fix d = 2 and let T = (C*)? the 2-dimensional complex torus with
coordinates z1, zo. We write H;; for the subtorus defined by the equation H;; = {(z1,22) €
T |z z% = 1}. Moreover we write x;; for the character defined by x;;(z) := z} z% Consider
the arrangements A', A% defined as follows:

A = {Hyo, H15}
and
A% = {Hyo, Has}.

The two arrangements have isomorphic posets of layers described in Fig. 3.
Let o be a generator of H'(C*;Z) and y a generator of H'(C\{1};Z).
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The group H'(M(A');Z) has rank 4 and is generated by the classes z1 = x¥,(z),
z2 = x51(@), y1 = xTo(y), y2 := x¥5(y). The inclusions i; : C*\{1} — C* and iy :
C*\{1} — C\{1} give the relation

it (x)i3 (y) = 0. (19)

From the identity x15 = x10X5; We get x¥5(x) = x1 + 5z and hence, applying Equa-
tion (19), we get the following relations for the ring H* (M (A'); Z):

z1y1 =0 (20)

and
(x1 + bxa)y2 = 0. (21)
Moreover we have the square relations 23 = 22 = y? = y2 = 0. Let p{,...,p; be the
points of the intersection Hyg N Hys, then the group H?(M(A');Z) has rank 8 and is
generated by x1x2, T2y1, T1Y2, T, - - - , T4, Where 7 corresponds to the class 1 ® oy, in the

algebra A(A') and oy, is a top class generating the group H?(M (A'[p}]); Z). The ring
structure is completed by the relation

4
Y1yz = Z T
k=0

The analogous computation for A2 goes as follows. The group H'(M (A?); Z) has rank
4 and is generated by the classes z1 := x5 (), 22 1= x&1 (%), y1 := XTo(¥), ¥4 1= x35(y).
The following relations holds for the ring H* (M (A?);Z):

z1y1 =0 (22)
and

(221 + Bao)yh = 0. (23)

Moreover we have the square relations 27 = z3 = y? = y’22 = 0. Let p2,...,p? be the

points of the intersection Hyig N Has, then the group H?(M(A?);Z) has rank 8 and is
generated by x1x2, 22y, (x2 — 221)Y5, 74, - - - » T4, Where 74, corresponds to the class 1®a,
in the algebra A(A?) and o}, is a top class generating the group H?(M (A?[p}]); Z). The
ring structure is completed by the relation

4

/ /

Yiys = Z Tk
k=0
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With an easy computation one can see that the annihilator of an element u # 0 of
dimension 1 in the ring Ry = H* (M (A"); Z) (that we simply call Annj(u)) is a subgroup
of R} that has rank 1, except when u belongs to one of the following two groups:

Gh = {az1 + byr|a, b e Z}
or
Go = {a(x1 + 5xa) + by2la, b € Z}.

In such cases the rank of Annj(u) is 2.
Similarly, for u # 0 of dimension 1 in the ring Ry = H*(M(A?);Z), the rank of
Ann! (u) has rank 2 if and only if u belongs to one of the following two groups:

Gy = {axy + byi|a,be Z}
or
GY = {a(2z1 + 5z2) + bysla, b e Z}.
It is easy to verify that the map f: Ry — Ro defined as follows

[ a1 = 2z + bys; [y — 21+ 2y
fima = 22— y1; I iye = o

4 4
fidicomim Ty +23, o715 [iTi— T T T

is an isomorphism of rings.

In order to show the impossibility of a natural isomorphism we can consider the ring
Rg = H*(T;Z) = A[z1, x2]. The inclusion of M (A%) (i = 1,2) into T induces a structure
of Ry-algebra on R;.

We claim that the pairs of rings (R1, Rg) and (Ra, Rg) are not isomorphic, hence the
two cohomology rings R, and Ry are not isomorphic as algebras on the cohomology of T'.

In fact we can consider the groups G1 n Ry and G n Ry for (Ry, Ry) and respectively
G1 n Ry and G4 n Ry for (R, Rp). In the first pair a sum of generators of the two
intersections is a multiple of 5 (namely (x1 + 522) — x1 = 5x2) while in the second pair
this is not possible since the two intersections are generated by x; and 2x1 + x5.

7.3.2. Degree one generators
The question of whether a cohomology ring is generated in degree one is natural and
well-studied. For toric arrangements, this question has been addressed also in [11,15].

Question 7.3.3. When is the cohomology ring H*(M (A); Z) generated in degree 17 Is this
property combinatorially determined by C(A)?
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Hj

Fig. 4. Example of a toric arrangement with cohomology ring not generated in degree 1.

In order to have that the cohomology ring H*(M (A); Z) is generated in degree 1, it is
natural to ask as a necessary condition ensuring that intersections can distinguish layers,
that is

for every k, the Boolean algebra generated by the non-empty intersections of rank k
of elements of A contains all the layers of rank k.

However, the following example shows that this condition is not sufficient.

Example 7.3.4. Fix d = 2 and let T = (C*)? the 2-dimensional complex torus with

coordinates z1,z9. We define the arrangement A given by the following subtori (see
Fig. 4):

Hy={z =1} Hy={z22=1}; Hs={z2z3=1}; Hy={z=¢3}
It is easy to check that the intersections of rank 2 are the following:

{S} = Hy n Hy;{P} = Hy n Hy = H3 n Hy;
{Q,0,P} = Hi n H3;{R,0} = Hy n H;{O} = Hy n H3

and hence they generate a Boolean algebra containing all the layers of rank 1.

Nevertheless, we claim that the algebra H*(M(A);Z) is not generated in rank 1. In
fact the five local arrangements of rank 2, namely A[P], A[Q], A[R], A[O] and A[S],
determine a submodule of rank 7 in H?(M(A);Z). This module can be generated only
by products of the generators associated to the four hypertori of A. The claim follows
since (;1) =6<T.
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