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We prove that the isoperimetric inequalities in the Euclidean and hyperbolic 
plane hold for all Euclidean, respectively hyperbolic, cone-metrics on a disk with 
singularities of negative curvature. This is a discrete analog of the theorems of Weil 
and Bol that deal with Riemannian metrics of curvature bounded from above by 0, 
respectively by −1. A stronger discrete version was proved by A.D. Alexandrov, with 
a subsequent extension by approximation to metrics of bounded integral curvature.
Our proof uses “discrete conformal deformations” of the metric that eliminate the 
singularities and increase the area. Therefore it resembles Weil’s argument that uses 
the uniformization theorem and the harmonic minorant of a subharmonic function.

1. Introduction

1.1. The main theorem

A Euclidean cone-metric g on a closed surface M is a path metric structure such that every point has a 
neighborhood isometric either to an open Euclidean disk or to a neighborhood of the apex of a Euclidean
cone with angle ω ∈ (0, +∞) \ {2π} around the apex. If M has non-empty boundary, then we require 
that every boundary point has a neighborhood isometric either to a half-disk or to a circular sector of 
angle θ ∈ (0, +∞) \ {π}. Hyperbolic cone-metrics on surfaces are defined similarly. A typical example is the 
metric space obtained by gluing together Euclidean (respectively hyperbolic) triangles. Conversely, every 
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cone-surface can be triangulated so that the metric induced on the triangles is Euclidean, respectively 
hyperbolic.

The set of cone-like interior and angle-like boundary points is called the singular locus of the metric g. 
An interior cone point with angle ω is said to have curvature 2π − ω.

Theorem 1. For every Euclidean cone-metric g on a disk B2 such that all cone points have negative curvatures 
the following inequality holds:

L2 ≥ 4πA (1)

where A is the area and L the perimeter of (B2, g).
For every hyperbolic cone-metric g on a disk B2 such that all cone points have negative curvatures the 

following inequality holds:

L2 ≥ 4πA + A2 (2)

Inequalities (1), respectively (2) hold for all Euclidean, respectively hyperbolic metrics on a disk, as a 
consequence of the isoperimetric inequalities in the Euclidean, respectively hyperbolic, plane. Therefore 
Theorem 1 is implied by the following proposition.

Proposition 2. For every Euclidean or hyperbolic cone-metric g on B2 such that all cone points have negative 
curvatures there is a Euclidean, respectively hyperbolic, metric on B2 with the same perimeter and larger 
area.

Stronger versions of Proposition 2 and Theorem 1 were proved by A.D. Alexandrov, see Section 1.3
below. The aim of the present article is to give a new proof that is simple and in some sense conceptually 
attractive.

1.2. The generalized Cartan–Hadamard conjecture

Theorem 1 can be viewed as the discrete analog of the following theorem.

Theorem 3. For every Riemannian metric on a disk B2 with the Gauss curvature K(x) ≤ 0 the Euclidean
isoperimetric inequality holds.

For every Riemannian metric on a disk B2 with K(x) ≤ −1 the hyperbolic isoperimetric inequality holds.

The first part was proved independently by Weil [15] and by Beckenbach and Radó [2]. The second part 
is due to Bol [4].

Aubin [1] and Gromov [9] conjectured that a similar result holds in higher dimensions: a simply con-
nected n-manifold with sectional curvature bounded above by κ satisfies the isoperimetric inequality of the 
space-form with curvature κ. As for now, only the cases n = 3 for any κ ≤ 0 [10] and n = 4 for κ = 0 [6]
have been verified. See [11] for a novel approach and new results.

1.3. Surfaces of bounded curvature in the sense of Alexandrov

A.D. Alexandrov’s stronger version of Theorem 1 is

L2 ≥ 2(2π − κ+)A − kA2, (3)
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where the cone-surface is allowed to have singularities of positive curvature, κ+ denotes the sum of all 
positive curvatures, and k stands for the curvature of the model space (k = 0 in the Euclidean and k = −1
in the hyperbolic case). Alexandrov’s method consists in repeated cutting of the surface along piecewise 
geodesics paths and gluing in polygonal regions along the cuts.

By approximation, inequality (3) (with κ+ duly defined in dependence on k) holds for all metrics of 
bounded integral curvature, a broad class introduced by Alexandrov that includes both Riemannian and 
cone-metrics. The equality holds only if M is a circular neighborhood of the apex of a cone. See [5, Section 2.2]
for more details and references. In particular, this generalizes the inequality

L2 ≥ 2

⎛
⎝2π −

∫
M

K d area

⎞
⎠ A

proved first by Fiala [7] for analytic Riemannian metrics of positive Gauss curvature.

1.4. Subharmonic functions and conformal deformations

Weil’s proof of the first part of Theorem 3 goes as follows. A metric with non-positive Gauss curvature 
uniformizes with a subharmonic conformal factor:

g = e−2ug̃, 0 ≥ K = e2uΔu

where the metric g̃ is flat. A harmonic function that coincides with u on ∂M minorizes u:

Δv = 0, v|∂M = u|∂M ⇒ v ≤ u

Hence for a flat metric g′ := e−2v g̃ we have

L′ = L, A′ =
∫
M

e−2v d area ≥
∫
M

e−2u d area = A

where the integration is done with respect to the area element of g̃. Thus the theorem is reduced to 
the isoperimetric problem in the Euclidean plane (if one is able to deal with possible self-overlaps of the 
development of (M, g′) onto R2).

1.5. Plan of the paper

In Section 2 we show that every Euclidean or hyperbolic cone-surface (independently of its topological 
type and curvature signs) can be geodesically triangulated without adding unnecessary vertices. Namely, 
all interior vertices of the triangulation are cone-points, and one is allowed to add a vertex on a boundary 
component if it is geodesic, that is contains no angle points.

In Section 3 we explain how to deform the edge lengths in such a minimal triangulation of a negatively 
curved cone-surface so that its area increases and one of the interior singularities disappears. By iterating 
this step, taking each time a new triangulation with fewer vertices, we arrive to a metric without cone points 
that has a larger area and the same perimeter as the initial cone-metric. This proves Proposition 2 and 
hence Theorem 1.

The basic deformation step is a special elongation of all edges incident to some interior vertex. This can 
be viewed as a discrete analog of a conformal deformation with non-negative factor. In this respect our 
method resembles Weil’s argument from the previous section.
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1.6. Related work

A different discrete analog of conformal deformations was proposed in [13], see also [3] and [8].
An alternative approach to Proposition 2 is moving the disk away from the cone points, instead of 

eliminating them by deforming the metric. This approach is applied, for example, in [14] for an isoperimetric 
problem on rotationally symmetric surfaces.

2. Triangulating cone-surfaces

Let (M, g) be a Euclidean or hyperbolic cone-surface, possibly with boundary. A geodesic triangulation
of (M, g) is a decomposition of M into Euclidean, respectively hyperbolic, triangles with disjoint interiors 
such that every side of every triangle is either contained in the boundary of M or glued to another side of 
another or the same triangle. Clearly, the vertex set of a geodesic triangulation contains the singular locus 
of g.

Every cone-surface can be geodesically triangulated. The main result of this section is Proposition 4, 
which implies the existence of a minimal triangulation, that is one all of whose vertices are singular points 
of the metric, with addition of one extra vertex on every geodesic component of the boundary. (If M is 
closed and has no cone points, then one has to add a non-singular vertex in the interior.) The result is 
probably not new, but we couldn’t find a reference. An analogous statement is false in dimension 3, see 
Remark 7.

By a scissors cut we mean a simple geodesic that starts at a point p ∈ V ∩∂M and ends at a point q ∈ V

without meeting neither points of V nor ∂M on the way.

Proposition 4. Let (M, g) be a Euclidean or hyperbolic cone-surface, possibly with boundary, and V ⊂ M be 
a finite non-empty set, such that

• V contains the singular locus of g;
• every component of ∂M contains at least one point from V .

Then there exists a geodesic triangulation of (M, g) with the vertex set V .

Proof. If ∂M = ∅, then create a boundary by cutting M along any simple geodesic arc with the endpoints, 
and only them, in V . To show that such a geodesic exists, one can use the exponential map based at a point 
p ∈ V .

Thus we may assume ∂M 
= ∅. By Lemma 5, if M is not a triangle with vertex set V , then a scissors cut 
exists. It yields a new one or two cone-surfaces with boundary. Continue cutting until all components become 
triangles. In order to show that this will happen, use induction with respect to the lexicographic order on 
the set of pairs (−χ, 3m + n), where χ is the Euler characteristic, m = |V ∩ int M |, and n = |V ∩ ∂M |. That 
is, we will show that if M ′ is a component obtained from M by a scissors cut, then either χ(M ′) > χ(M)
or χ(M ′) = χ(M) and 3m′ + n′ < 3m + n.

Assume that the other end of the cut belongs to ∂M . If cutting yields two components M1 and M2, then 
either χ(Mi) < χ(M) for i = 1, 2, so that Mi < M in the lexicographic order described above, or without 
loss of generality χ(M1) = χ(M) and M2 ≈ B

2. In the latter case M2 contains a singular point different 
from the endpoints of the cut. Therefore 3m1+ n1 < 3m + n and M1 < M . To show that M2 < M , consider 
two cases. If χ(M) < 1, then χ(M2) > χ(M); if χ(M) = 1, then M1 contains a singular point different from 
the endpoints of the cut, so that 3m2 + n2 < 3m + n. In both cases we have M2 < M .
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Now assume that the other end of the cut lies in the interior of M . Then cutting along γ we obtain a 
cone-surface M ′ with χ(M ′) = χ(M) and m′ = m − 1, n′ = n + 2, so that 3m′ + n′ = 3m + n − 1 and hence 
M ′ < M . �
Lemma 5. Let (M, g) and V be as in Proposition 4, and let C be a component of ∂M .

If for all p ∈ V ∩ C the angle at p is less than π, and (M, g) is not a triangle with the vertex set V , then 
there is a scissors cut starting from every p ∈ C ∩ V .

If for some p ∈ V ∩ C the angle at p is bigger or equal π, then there is a scissors cut starting at this p.

Proof. Assume that the angles at all boundary vertices are less than π. If V ⊂ ∂M , then M is isometric 
to a Euclidean or hyperbolic convex polygon with the vertex set V , so that |V | > 3 implies that there is a 
diagonal starting at any p ∈ V . If there is q ∈ V ∩ int M , then take the shortest path γ from p to q. Due 
to the convexity of the boundary, γ ∩ ∂M = {p}. If γ ∩ V = {p, q}, then γ is a scissors cut, otherwise stop 
cutting at the point on γ ∩ V which is the closest to p.

Now assume that p ∈ V ∩ C is such that the angle at p is at least π. Consider the exponential map expp, 
restricted to the interior of the angle at p. If at some radius r it ceases to be injective, then we either find a 
simple interior geodesic of length r ending at a cone point of positive curvature, or we find a simple closed 
geodesic of length 2r based at p. If at some radius r the exponential map meets an edge e at its interior 
point q, then move q along e and look what happens with the geodesic pq. It will either meet a point from 
V , or q arrives an endpoint of e, or its initial segment will meet the boundary. The latter cannot happen 
in both directions along e, since the angle at p is at least π. The former two possibilities with the excluded 
latter yield a scissors cut starting at p. �
Remark 6. For spherical cone-surfaces a geodesic triangulation without additional points does not always 
exist. A necessary assumption is that the surface does not contain a subset isometric to an open hemisphere.

Remark 7. Lemma 5 is well-known for Euclidean polygons and is used to prove that every non-convex 
polygon can be triangulated without additional vertices, [12]. In the same article an example was given of 
a non-convex 3-dimensional polytope that cannot be triangulated without additional vertices. A simpler 
example was given by Schönhardt (a twisted octahedron).

Schönhardt and Lennes polyhedra provide examples of cone-manifolds that cannot be triangulated with-
out additional vertices. By filling the concavities of the Schönhardt octahedron by tetrahedra so that three 
singular interior edges are created one obtains a non-triangulable example with convex boundary. It seems 
that the double of the Schönhardt’s octahedron also cannot be triangulated without additional vertices.

3. Deforming a metric

Proposition 8. Let (M, g) be a Euclidean or hyperbolic cone-surface with at least one cone point and negative 
curvatures at all cone points. Then there is a cone-metric g′ on M with a smaller number of cone-points 
and

L′ = L, A′ > A

where L and A are the total length of boundary components and the area of M with respect to the metric g, 
and L′ and A′ are the corresponding values for g′.

Proof. Choose a geodesic triangulation of (M, g) such that all of its interior vertices are cone-points of g. 
This is possible due to Proposition 4. Pick an interior vertex p and consider a family of cone-metrics gt that 
coincide with g outside of the star of p and where every edge pq is deformed according to
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Fig. 1. Deformation of edge lengths.

	pq(t) =
{ √

	2pq + t, in the euclidean case
arcosh(et cosh b), in the hyperbolic case

Here 	pq is the length of pq in the metric g. By Lemma 9, the new edge lengths satisfy the triangle inequalities, 
therefore can be used to replace the triangles in the star of p with new triangles. Let t0 be the minimum t
for which the cone angle at p or at one of its neighbors becomes equal to 2π. Such a t exists, because by 
Lemma 9 the angle at p tends to 0 as t tends to +∞. By Lemma 9, the metric g′ = gt0 has a larger area 
than g. �
Lemma 9. Let Δ be a Euclidean or hyperbolic triangle with side lengths a, b, c. Then for every t > 0 the 
triangle Δt with side lengths

a,
√

b2 + t,
√

c2 + t in the Euclidean case

a, arcosh(et cosh b), arcosh(et cosh c) in the hyperbolic case

exists and has a larger area than the triangle Δ. Besides, the angle of Δt opposite to the side a tends to 0
as t tends to +∞.

Proof. The Pythagorean theorem for Euclidean and hyperbolic right-angled triangles implies that the tri-
angle Δt can be obtained from the triangle Δ by moving the vertex A opposite to the side a along the 
perpendicular to this side. Equivalently, Δt is a side of a triangular pyramid with the base Δ and the apex 
directly over the vertex A, see Fig. 1.

The first realization of Δt implies that the angle opposite to the side a tends to 0 as the vertex goes to 
infinity. The second realization implies that Δt has a larger area than Δ: the orthogonal projection decreases 
the areas both in the Euclidean and in the hyperbolic space. In the Euclidean geometry the lengths parallel 
to the side a are preserved by the projection, while those orthogonal to a are decreased; in the hyperbolic 
geometry the lengths in both directions are increased, as follows from consideration of quadrilaterals with 
two adjacent right angles. �
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