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Abstract. In a binary fluid mixture subject to gravity and a stabilizing concentration gradient, concen-
tration non-equilibrium fluctuations are long-ranged. While the gradient leads to an enhancement of the
respective equilibrium fluctuations, the effect of gravity is a damping of fluctuations larger than a “char-
acteristic” size. This damping is visible both in the fluctuation power spectrum probed by static and the
temporal correlation function probed by dynamic light scattering. One aspect of the “characteristic” size
can be appreciated by the dynamic analysis; in fact at the corresponding “characteristic” wave vector q∗

one can observe a maximum of the fluctuation time constant indicating the more persistent fluctuation of
the system. Also in the static analysis a “characteristic” size can be extracted from the crossover wave vec-
tor. According to common theoretical concepts, the result should be the same in both cases. In the present
work we provide evidence for a systematic difference in the experimentally observed “characteristic” size
as obtained by static and dynamic measurements. Our observation thus points out the need for a more
refined theory of non-equilibrium concentration fluctuations.

1 Introduction

Fluctuating hydrodynamics (FHD) is widely used to de-
scribe the statistical properties of non-equilibrium fluctu-
ations (NEFs) in a variety of configurations [1]. A number
of approximations can be included in the theory in order
to obtain analytical solutions and several refinements of
the basic theory have been reported in the literature [2–4].
The theoretical results have also been tested and largely
confirmed by advanced simulation tools [5, 6]. The main
results of FHD are the predictions made for NEFs, such
as the static power spectrum, and the temporal corre-
lation function, both as a function of the wave vector.
These quantities are directly accessible by means of static
and dynamic light scattering and much experimental ef-
fort has been devoted over the last decades to the verifi-
cation and testing of the available theoretical models [1].
More recently this analysis has also been employed to mea-
sure the transport properties of binary liquid mixtures like
Soret and mass diffusion coefficients [7, 8]. Moreover two
remarkable experiments on non-equilibrium fluctuations
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have been performed in space under microgravity condi-
tions [9, 10]. While theoretical predictions have generally
been confirmed and the impact of gravity has been stud-
ied experimentally both on the statics [11, 12] and on the
dynamics [7,8,13,14] of NEFs, in this paper we point out
a small but systematic difference between the “character-
istic” wave vector q∗ as obtained from the two different
experimental approaches. The latter points out the need
for a more refined theory of concentration NEFs. An at-
tempt to include realistic boundary effects, or the effect of
confinement, has been recently made [15] and its impact
is discussed here.

The paper is organized as follows: Section 2 provides
a short introduction of the theory of concentration NEFs
(c-NEFs), sect. 3 describes the experimental procedure
of the reported experiments (from previous literature),
sect. 4 shows the comparison between the extracted values
of q∗ as obtained from the statics and dynamics, finally in
sect. 5 conclusions are reported.

2 Non-equilibrium fluctuations

Every system exhibits fluctuations of its thermodynamic
variables even under equilibrium conditions. The intensity
of equilibrium fluctuations is independent of their size and
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can be described as a white noise [16]. When a macro-
scopic temperature or concentration gradient is applied
to the system NEFs appear and their spectrum becomes
strongly dependent on their size due to a coupling between
the temperature or concentration fluctuations and the ve-
locity ones; the coupling being driven by the presence of
the gradient. In the presence of gravity the resulting den-
sity gradient can be either stabilizing or destabilizing de-
pending on the relative orientation of the density gradient
and gravity so that the stability of the fluid can be quan-
titatively expressed by means of the Rayleigh number in
its thermal or solutal formulation:

RaT = −α�g · �∇T

νκ
L4 = −�g · �∇ρT

ρνκ
L4, (1)

Ras = −β�g · �∇c

νD
L4 = −�g · �∇ρs

ρνD
L4, (2)

where α = (1/ρ)(∂ρ/∂T ) is the thermal expansion co-
efficient, �g the gravitational acceleration, �∇T the tem-
perature gradient, ν the kinematic viscosity, κ the ther-
mal diffusion coefficient, L the vertical extension of the
sample, �∇ρT the thermally generated density gradient,
β = (1/ρ)(∂ρ/∂c) the solutal expansion coefficient of the
denser component, �∇c the gradient of the concentration
of the denser component, �∇ρs the solutal density gradi-
ent and D the mass diffusion coefficient. The macroscopic
gradient has thus a “stabilizing” (respectively, “destabiliz-
ing”) effect if the corresponding Rayleigh number is neg-
ative (positive).

It can be shown that a similar description can be ob-
tained for thermal or concentration non-equilibrium fluc-
tuations (c-NEFs) by simply substituting thermal with
solutal parameters in the relevant equations. A remark-
able difference is however obtained if confinement effects
are taken into account, but their impact is negligible in the
present work [17]. In the remainder of this paper only con-
centration fluctuations will be taken into account. More-
over we only consider the case when the density gradi-
ent is “stabilizing” and in the following we will always
assume negative Rayleigh numbers and mention their ab-
solute values.

In our relevant wave vector range, c-NEFs evolve over
time mainly driven by two effects: on the one side mass
diffusion given by the presence of the concentration gradi-
ent and on the other side gravity due to the presence of the
density gradient. The key feature is then the fluctuation
size λ (or, inversely, its wave vector q = 2π/λ) because
for different sizes either of the two effects dominates. For
instance, should the fluctuation be greater than a “charac-
teristic” size (small wave vectors) then diffusion happens
to be a slow process and therefore gravity can be the dom-
inant one. On the contrary, if the fluctuation is smaller
than the mentioned “characteristic” size (large wave vec-
tors) then diffusion is the faster dominating process. Avail-
able theories allow us to define the solutal “characteristic”

wave vector [18] as

q∗s =
(

βg∇c

νD

)1/4

, (3)

where ∇c is the modulus of the concentration gradient.
Comparing eq. (2) and (3) we note that the “char-

acteristic” wave vector is closely related to the Rayleigh
number of the fluid mixture:

|Ras| = (q∗sL)4. (4)

Analysis of the c-NEF dynamics [4, 7, 8, 13, 14] reveals
that the time constant of fluctuations is the classical dif-
fusive time constant τ = 1/(Dq2) for values q � q∗s while
it quadratically increases as a function of the wave vec-
tor τ ∝ q2 for values q � q∗s showing a clear maximum
at q = q∗s thus identifying the most persistent fluctuation
of the system. More precisely the time constant can be
written as:

τ =
1

Dq2[1 + (q∗s/q)4]
. (5)

On the other side, the static power spectrum of c-NEFs is
characterized by a strong q−4 divergence for q � q∗s and a
plateau for q � q∗s , the resulting function having a roll-off
for the same value q = q∗s . The complete equation can be
written as:

IS(q) =
Io

1 + (q/q∗s )4
, (6)

where Io = [kBT/(16π4ρ)] × [|∇c|/(βg) − (∂c/∂μ)p,T ] is
the value of the plateau for wave vectors q � q∗s , kB the
Boltzmann constant, T the average temperature of the
mixture, μ the chemical potential per unit mass and p the
pressure.

Typical values of q∗s in molecular binary mixtures are
of the order of 100/cm, not accessible to classical light
scattering techniques. A comparison of the theoretical pre-
dictions on the effect of gravity with an experiment only
became a possibility with the advent of optical techniques
able to investigate the appropriate wave vector range. As
a matter of fact, the first measurements of c-NEFs have
been reported in 1993 by means of dynamic light scatter-
ing [19] and at that time it was not possible to observe the
effect of gravity at small values of q. Interestingly, in that
paper the authors suggested for the first time the possi-
bility of measuring the Soret coefficient from the inves-
tigation of c-NEFs. The first measurements of the static
power spectrum of c-NEFs including the observation of
the effect of gravity was performed some years later us-
ing ultra low angle static light scattering (USLS) [11,12].
Here the authors investigated a critical binary mixture
with a relatively “large” crossover value of q∗s on the or-
der of 400–1000/cm and more. The first direct evidence
for the existence of a relaxation time maximum in a dy-
namic measurement required the development of novel dy-
namic near-field scattering (d-NFS) techniques such as dy-
namic Shadowgraph and Schlieren [13, 14] to provide re-
liable measurements in the proximity of and below q∗s for
ordinary binary mixtures.
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3 Experimental procedure

In this work we expand on two experiments published re-
cently [7,8,13,14]: Soret-driven experiments, where a tem-
perature gradient is applied to an initially homogeneous
binary mixture to get a concentration gradient by means
of the Soret effect, and free-diffusion experiments where an
isothermal liquid is put on top to a denser one at the same
temperature and the system is let evolve by mass diffusion
only towards the equilibrium homogeneous state.

Soret-type experiments have been performed by im-
posing a temperature gradient to a horizontal slab filled
with a fluid. In order to obtain a precise thermal control
the fluid is confined horizontally by an O-ring and ver-
tically by two sapphire plates allowing both a good heat
transfer and an optical access to the liquid. The two sap-
phires are kept at a distance L = 0.153 cm or L = 0.130 cm
for the reported experiments by four plastic precisely-
machined spacers. The two sapphires are then in contact
with two Peltier elements and two thermistors that are
connected to a controller able to maintain two distinct
temperatures of the external sides of the sapphires with a
rms stability of about 2mk over a day. More details about
the experimental setup can be found in [7, 8].

Free-diffusion experiments have been performed by fill-
ing a quartz cylindrical cell first with the lighter compo-
nent of the desired binary mixture and eventually letting
the denser one slowly replace the lower half of the cell by
means of a bended needle. No thermal control is utilized
in the latter case other than letting the fluids stabilize at
room temperature for one hour prior to injecting them
in the cell. The vertical thickness of the cell is, in this
case, L = 2 cm. More experimental details are provided in
previous publications [13,14].

For all the experiments reported here, the optical tech-
nique of choice is the Shadowgraph except for one [14] in
which the Schlieren setup was preferred. These two tech-
niques share common physical principles and belong to
the family of Near Field Scattering techniques [20–22].
The basic principle is that the light scattered by refrac-
tive index fluctuations is captured by a CCD camera
close enough to the sample to interfere with the much
more intense transmitted beam. In the special case of
the Schlieren the beam is spatially filtered by an inten-
sity mask (a blade) placed in the Fourier plane of a col-
lecting lens prior to reaching the detector [23, 24]. Both
techniques are similarly able to transform tiny fluctua-
tions of the beam phase into fluctuations of the intensity
that can be recorded by the CCD camera as sequences of
images.

Intensity fluctuations are related to spatial and tem-
poral variation of the refractive index of the sample
that are originated by fluctuations of the temperature or
the concentration depending on the optical contrast fac-
tors [25, 26]. It is worth pointing out however that the
performed dynamic analysis does not rely on these values
for measuring the mass diffusion and Soret coefficients like
most of the other existing optical techniques.

The acquired images are then analyzed by means of the
Differential Dynamic Algorithm [7,8,13,14,27,28] allowing
the extraction of the structure function of the fluctuations.
This procedure has been described in detail in previous
papers, we just mention here that due to the massive use of
Fourier transforms in this analysis it is worth performing
it by using parallel computing on a graphics processing
unit (GPU) [28].

Due to the low frame rate of the utilized CCD cameras
it is safe to consider that the contribution to the signal dy-
namics is due to concentration fluctuations only. Even for
relatively rapid fluctuations in Soret-type experiments the
thermal fluctuations decay much faster than the camera
frame rate.

4 Statics vs. dynamics

Recently we proposed that the investigation of c-NEFs
dynamics in a Soret-type experiment [7, 8] can be a pow-
erful tool to obtain a measurement of the Soret and mass
diffusion coefficients (ST and D, respectively) of the ana-
lyzed binary mixture with an excellent agreement between
our measurements and literature benchmark values [29].
To obtain the mass diffusion coefficient one has to investi-
gate the dynamics of c-NEFs for wave vectors much larger
than the q∗s while for the Soret coefficient the determina-
tion of the maximum time constant, i.e. the exact value of
q∗s is needed. The extraction of these two values from data
points is experimentally done by fitting them by means
of eq. (5) with D and q∗s as fitting parameters. One can
equivalently try to fit the experimental static power spec-
trum by using eq. (6) with Io and q∗s as fitting parameters.

The aim of the present work is to compare the values of
q∗s as experimentally determined by static q∗s,stat and dy-
namic q∗s,dyn analysis of c-NEFs. This comparison, shown
in fig. 1, clearly indicates that the two values slightly, but
systematically, differ by about ten per cent. This discrep-
ancy is revealed in fig. 1 where the values of q∗s,stat obtained
from static analysis are plotted against those of q∗s,dyn ob-
tained from dynamic analysis. This plot includes all the
measurements described in two of our recent papers [7, 8]
of Soret-type experiments, as well as older data taken from
refs. [13, 14] obtained by performing free-diffusion exper-
iments. These data cover values of q∗s from about 75/cm
up to 175/cm and are obtained by means of Schlieren
(ref. [14]) or Shadowgraph (all the other reported experi-
ments) setups. This is an important point as it allows us to
exclude any impact of the Shadowgraph transfer function
in the detection of the value of q∗s,stat. The Schlieren tech-
nique, in fact, has a flat transfer function [24] thus making
it much easier to evaluate the static scattering properties
of the system, but at the expense of a much more demand-
ing calibration of the experimental apparatus and a high
sensitivity to tiny air convective motions. The latter is the
main reason why Shadowgraph has been chosen for all the
other experiments.
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Fig. 1. (Color online) Solutal characteristic wave vector as
obtained from static and dynamic analysis for different ex-
periments. Open symbols denote the data from Soret experi-
ments from refs. [7,8], while filled symbols denote free-diffusion
ones [13, 14]. Color codes define the sample utilized: black is
for THN-n-C12, red for THN-IBB, blue for IBB-n-C12, brown
for glycerol/water against water from ref. [13] and pink for
urea/water against water from ref. [14]. Symbols stand for the
applied temperature differences: squares are for ΔT = 20 K,
circles for ΔT = 16 K, up-triangles for ΔT = 12 K, down-
triangles for ΔT = 8 K and diamonds for the isothermal free-
diffusion experiments. Inset: ratio of the values of q∗s as ob-
tained from the statics and dynamics vs. the one obtained from
the dynamic analysis.

The graph reported in fig. 1 includes a linear regres-
sion of the experimental data points of the form y = mx,
with m as the only free parameter (dashed green line).
For comparison, also y ≡ x or m = 1 is plotted (con-
tinuous black line). Within experimental error all data
points are compatible with a linear fit with a coefficient
m = 1.114 ± 0.005 thus indicating 11% systematic differ-
ence between the values for q∗ obtained from static and
dynamic light scattering.

The inset of fig. 1 shows the same data by plotting the
ratio of the values of q∗s as obtained from the statics and
dynamics vs. the ones obtained from the dynamic analysis.

As shown in eq. (4) the product q∗sL to the fourth
power is equivalent to the absolute value of the solutal
Rayleigh number of the system. It is then worth investigat-
ing the impact of the static and dynamic light scattering
measurements on its evaluation. In fig. 2 a comparison of
the Rayleigh number as obtained from the static and dy-
namic evaluation of q∗s is reported. In this plot data points
cover a wide range of solutal Rayleigh numbers from 104

up to more than 1010. Also data deriving from Soret-type
experiments are well separated from those relative to free-
diffusion experiments. This is due to the difference in the
cell height which was L = 0.13 cm or L = 0.153 cm for
Soret-driven experiments while it was L = 2 cm for the
free-diffusion ones.

It is evident that, even if the experiments appear now
very different from the point of view of the Rayleigh num-

Fig. 2. (Color online) Log-log plot of the solutal Rayleigh num-
ber as obtained from static and dynamic analysis for different
experiments. Symbols are the same as in fig. 1. Inset: ratio of
the values of Ras as obtained from the statics and dynamics
vs. the one obtained from the dynamic analysis.

bers, a discrepancy appears between the results from the
dynamic and the static analysis. In fig. 2, too, a linear fit
of the type y = mx is shown (dashed green line) together
with the case m = 1 (continuous black line). In this case
the two lines appear parallel because of the log-log repre-
sentation. The fitting coefficient is then m = 1.415±0.012
which is fully compatible with the previously obtained
one if one takes into account the 4th power contained in
eq. (4). The inset of fig. 2 shows the same data by plotting
the ratio of the values of Ras as obtained from the stat-
ics and dynamics vs. the ones obtained from the dynamic
analysis.

In our previous work we proposed the use of the dy-
namic analysis to evaluate the Soret coefficient of a bi-
nary mixture showing a very good agreement between
the obtained values of the Soret coefficient and litera-
ture data. The Soret coefficient is actually proportional
to the concentration gradient and thus to the Rayleigh
number of the system. The result of this work is that
if one attempts to do the same evaluation by means of
static light scattering the concentration gradient is over-
estimated by roughly the 40%, a quite remarkable differ-
ence!

We suggest that this discrepancy is relevant and points
towards a fundamental problem in the theory of c-NEFs
that has to be addressed in order to describe their stat-
ics with more accuracy. Actually in one recent paper [15]
such an attempt was made by including the effect of con-
finement in the theory of c-NEFs. In the cited paper an
expression for the statics of c-NEFs was not derived, but
only computed. Moreover an expression was provided for
its limit for vanishing wave vectors suggesting a reduction
of the scattering intensity for very small wave vectors.
However, this calculation predicts only a very small re-
duction in the “effective characteristic” wave vector q∗s,stat.
In fact in that paper a reduced value of the plateau for
very small wave vectors was predicted which can explain
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a shift of the position of the “characteristic” wave vec-
tor q∗s . We have estimated the impact of the more accu-
rate theoretical calculation reported in [15] and the result
is a reduction of the “effective” value of q∗s,stat of about
one or two per cent, not sufficient to explain the effect
reported in this work. However we point out that the cal-
culations made in the mentioned paper took into account
only very small (in modulus) values of the Rayleigh num-
bers (−1500, negative for Soret-type experiments) and we
believe these calculations might not be accurate any more
for the more realistic values used here ranging from −104

to −1010. We also point out that even if the value ob-
tained by the dynamic analysis appears to be sufficient
for retrieving consistent values of the Soret coefficients for
benchmark fluid mixtures, for very thin cells (unpublished
data) the shape of the time constants for small wave vec-
tors starts to deviate from the bell shape described by
eq. (5) thus indicating that the confinement is also affect-
ing the dynamics of c-NEFs. The latter contribution has
never been discussed until now. For the cell thicknesses in
the experiments reported here, however, we believe such
an influence can be neglected and it does not affect the
determination of q∗s,dyn.

5 Conclusions

In the present work we present evidence of a small, but
systematic, difference between the values of the solutal
“characteristic” wave vector as obtained from the dynamic
q∗s,dyn or the static q∗s,stat light scattering analysis of c-
NEFs. As shown in previous papers, the value obtained
from the dynamics allows us to obtain a correct determina-
tion of the Soret coefficient ST . On the contrary, the value
of q∗s obtained from the statics is systematically larger by
more than ten per cent. In conclusion our results suggest
that the available theory for static properties of c-NEFs is
not able to provide a fully accurate description of concen-
tration non-equilibrium fluctuations for large (negative)
values of the Rayleigh numbers.
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