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Modeling the memory capacity as observed during Memory
game play

N pair of identical cards are shuffled and placed face down on a table. At each step of the game
(hereafter on referred to as a move), the player turns two cards face up, one after the other. If the
two cards are identical, they are removed from the table. If not, the cards are replaced face down
in their initial positions. The game ends when there remains a unique pair of cards. The game is
scored by counting the number of pairs of cards turned over (i.e., the number of moves) necessary
to find all matching pairs.

In order to build a mathematical model of the game, two types of assumptions are necessary:

Assumptions on the memorization process.

The model assumes that the player has at his disposal L memory slots, which he can fill
with memorized cards/positions.

This memory is absolute, the player makes no errors.

When all L memory slots are filled, the player has to delete a card from memory in order to
memorize a new one.

The cards removed from the game are forgotten.

Assumptions on the strategy of the player.

During each move, the player turns over two cards, one after the other.

If the player has only distinct cards (i.e., non-matching) cards in his memory, then he chooses
at random (uniformly) amongst the remaining cards that are not in his memory.

If this card corresponds to a card in his memory, he turns its double and has thus identified
a pair. The pair is then removed from the game.

If the card does not correspond to a card in his memory, he flips a second card at random.
If the second card corresponds to the first one, he has identified a pair.

If the second card corresponds to a card in his memory, he has two more cards in his memory,
among which are a pair. If the maximum memory capacity is reached, the pair is memorized
with priority.
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e If the second card corresponds neither to the first one, nor to a previously memorized card,
then the player places two more cards in his memory (until maximal memory capacity is
reached).

e Finally, if the player has a pair of cards in his memory, he identifies and removes this pair
from play.
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Figure 1: Figure 1 depicts the possible events which can occur during each move. The probability
that a certain event occurs depends on three factors: (1) the number of remaining pairs; (2) the
number of cards in memory; and (3) whether or not the player has a pair of cards in his memory
or not.

Hence, the game can be viewed as a Markov chain X = (n, [, *) where

e 1 : number of pairs of cards which remain in the game
e [ : number of cards memorized by the player

e x = d : only distinct cards in the player’s memory
* = p : a pair of cards in the player’s memory

e k : number of trials

All possible transitions and transition probabilities are defined by the assumptions described above.

The state space of this Markov chain is given by QiV’L where

N
ot =JAL with AL =ARYUALP
n=k

ABY = (0} 3 {0,1,..., L} x {d} and AP = {j} x {(2),3..... L} x {p}



When L < 1, we set ALP = ().

We divide the state space Q' into layers AL in order to find a simple way to describe the
transitions. Each layer AZ contains all of the states where n pair of cards remain in the game.
The goal is to described the transitions layer by layer.

Figure 2 shows an example of admissible transitions with the related transitions probabilities.
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Figure 2: Example of transitions when memory limit has not been attained.

When the memory limit is attained, the transitions are different (see figure 3)
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Figure 3: Example of transitions when memory limit has been attained.
Special attention must be given to the condition when the capacity of the memory exceeds the
number of the remaining pairs. Indeed, the states (n,l,*) with n < [ are unreachable, which

means that in these cases it is not possible to fill the memory because too few cards remain.

As we consider the transitions layer by layer, the transition matrix Ay, of this process can



be divided in submatrices giving the transitions between the various layers A;. If RZ contains the

transitions AL — AL and PL the transitions AX — AL_,, we have
RY  PE 0 ... 0 0
0 Ry, Pr, ... 0 0
AN,L: ,
0 0 0 ... RE PF
0 0 0 ... 0 Rf

Moreover, when L > 2, each layer AL is divided in two sublayers A4 and AZP. Hence

L,dd L,d L,dd L,d
RL<Rgd R’Llp> and PL<P7id P"Lp>
n RLpd  RL.pp n pLrpd  pLpp

where, for example, RZ94 contains the probabilities to stay in the sublayer A9 (n remaining
pairs, only distinct cards in memory) and PX:P4 contains the probabilities to go from the sublayer
ALP (n remaining pairs, a pair of cards in memory) to the sublayer Aﬁfil (n — 1 remaining pairs,
only distinct cards in memory).

Assume that L > 2. Then,

e For the submatrix R4 we have

— (R Nipg2 = 22(2:? 722(21:1), 0<!<min(L—2,n—1),
— (RLdd _ 2(n=L+1) 2(n=1L)
(R “)r-1.L = 2n—L+1 2n_1L° n=>1L,

L.dd _ 2(n—=L) 2(n—L-1)
- (B = 501 S i1 n=1L,
- (R =1, I>n,
— R =id.

e For the submatrix RZP in the case L = 2, we have

L,d 2(n—L L

— (REP)pp =200 L n = L.

For the submatrix Rfl’dp in the case L > 3, we have

— (REP) oy = 22(2:? T 1 <1< min(L —2,n),
— (Rp®)paps =Pt dp, n>L-,
— (RLAP)p =200 L n> L.

e RLrd =

RLPP — () except R%E? =id

e For the submatrix P44 we have
— (PR = 1 <1 < min(L,n),
2(n—1 1 .
— (PLAdy,, = 2(271) ST 0 <1 <min(L,n).
° P,f*dp =0

e For the submatrix PLP4 in the case L = 2, we have

— (PLrdy 5,5 =1, 2<I<L,



Lpd _
e For the submatrix P/Pd in the case L = 3, we have
— (PLrdy 5,5 =1, 3<I<L,
Lpd _

° PnL,pp =0

When L =0,

2(n—1) 1
A n,n =
2”71 ? ( N10)7+1 2”7

(AN0)nn = and (Ano)nn = 1.

and when L =1,

2(n—1) 1
Ry=(7 39 | P,i(%fl ! ) and R11v<1 ?)
0 2n—1 2n—1 2n—1 0

Duration of the game

In order to calculate the duration of the game, i.e., how many moves it will take to complete the
game, we define the random variable

TNL = inf{k | X" € ALY,

the law of probability of which is

Pr(k) =P(TNE = k) =pP(xNP et . x0 et XV e Al
PX0T € 9, X e A
P N

(Xl e ak, xMT e Ab).

The second and third equalities follow from the relations

o {Xp eV c X ey,

N
o (X7 e 0l e by = U (160 e A n (X e Af}) = (x5 e Ak
{xF e AF}.

Moreover, we have

e for L =2
o for L >3
{XhT e A n{XF e Ay}
= ({X07 = 2,0} X = (L0, d)}) U ({X07 = (2, L)} n X = (1,0,d)})
U ({X00 = @, L)y n (X = (L 1L,d))) U ({X07 = (2,2, 0 {X0F = (1, 1,d)})
U ({X0 = @300 {X =(1,1,4)})



Finally, when L > 3

Pr(k) =X = (2,0,d), X" = (1,0,d)) + P(X;0F = (2,1,d), X)VF = (1,0,d))
+PXYV = (2,1,4), XN’L (1,1,d)) + IED(XNL (2,2,d), X" = (1,1,d))
+P(X kl—(23p) Xt ( 1,d))

= P(X"" = (1,0,d) | X0 = (2,0,d)) P(X; (2,0,d))
+( (10d)|Xk1—( d))P(kl—( ,d))
+PX = (L Ld) | X007 = (2,1, ) (XY = (2,1,d))

P(X" = (1,1,d) | X207 = (2,2,d)) P(X0] = (2,2,d))
P(X, " = (1,1,d) | Xk 1= (2,3,p) POGIT = (2.3,p))

_ %P(X;V;f — (2,0,d)) + §IP’(X —(2,1,d))
+P(X0T = (2,2,d)) + P(X0] = (2,3,p))

= e1TA]Z€VTL1 (% eRr+1 + % €R+2 + €R43 + €R4L42).-

where R = (2L — 1) (N —2) and e = (0,...,0,1,0,...,0) is a vector of length 2 (L — 1) N with
the n-th entry equal to 1.

We can also calculate the generating function G of the random variable T'. For z < 1, u = e
and v = 3 eR+1 + 2 5 €Rr+2 + €rt3 + €R4 142, We have
ZIP’T k)z ZuAk vz —zuZzA v=—zu(ld—zA)""!
k=1 k=0

And for S,, = Zk:l Ty where the random variables T}, are i.i.d. and follow the same distribution
than T', we have

z) = H Gr,(2) = (Gr(2)" = 2" (u(Id — z A) "L v)™.
k=1

Mean and standard deviation of the duration of the game

The mean and variance are calculate using the first and second derivatives of the generating func-
tion Gr(z) evaluated in z = 1.

By induction, we can show that the derivatives of the generating function Gr(z) for z < 1 are
given by
dk
—5 Gr(2) = & w AR (Id — 2z A)FId+2zA(Id - 2z A)" Yo,
z

for k > 1.

Indeed for k =1

d -1
= (zu(Id—zA) " v)

=(uld-—zA)""v—2uA(Id—2zA4)"%v)
=u(ld—2zA)" (Id— 2z A0d — 2z A)" ") w.
For the induction step, set B(z) =Id + z A (Id — 2 A)~!. Then
d

o B(z)=A((Id—2zA) ' +2A(0d - 2A4)"?) = A(Id — 2 A) ! B(2).



and therfore

dF+1 d
— (Klu AP 1 (1d — 2 A)~F B(2)v)
z

@ 012 =
= ol AR (k (Id — 2 A)~*=D A (Id — 2 A)~2 B(2)
4 (Id—2zA)F A(Id — 2 A)! B(z)) v
=klu AP (k+1)Id — z A)~*+D B(z)
which ends to prove the formula for the derivatives of Gr(z).

Our formulas for Gr(z) and its derivatives are only valid for z < 1, however for the positive
random variable T' we have (monotone convergence)

dk
lim
il

= Z lim ——~ P(T = 1)zl =*

lim — [G =
zl/‘njidzk[ T

and therefore

d T -1 -1
E(T) = lim 7 [Gr(2))ms = lim u (ld =2 4)7 (= 2 A(d =2 4) ),

with

Var(T) = lim = [Gr(2)]os + E(T) (1 E(T))

= li/rriQuA (Id—2zA)"2(Id+2A(0d -z A" v +E(T) (1 - E(T)).

Since S, is the sum of n independent replicates of T, we have simply E(S,) = nE(T) and
Var(S,) = n Var(T).



