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’ INTRODUCTION

Jahn�Teller (JT) type distortions include proper JT distor-
tions of molecules in a degenerate electronic state,1 pseudo JT
(PJT) distortions in a nondegenerate electronic states,2 and
Renner�Teller (RT) distortions in a linear systems.3 Any
structural distortion of a polyatomic system is, as a consequence,
of the JT, PJT, or RT origin.2 The distortion influences various
molecular properties and plays an essential role in molecular
stereochemistry, chemical activation, reactivity, and mechanisms
of chemical reactions, electron-conformational effects in biolo-
gical systems, phase transitions in condensed matter, and so
forth. Literature is abundant with details about the theory and
various problems in modern chemistry and solid-state physics,
that have been successfully explained within the framework of the
JT effect.2,4 The JT effect is crucial in the explanation of different
phenomena, for example, the high-TC superconductivity5 or the
colossal magnetoresistance in manganites.6 Accordingly, these
are the reasons why, even though it passed over 70 years from the
publication of the seminal paper of Jahn and Teller,1 this effect
continues to be a subject of interest in various fields of chemistry
and physics.

The Jahn�Teller (JT) theorem states that a molecule with a
degenerate electronic state distorts along nontotally symmetric
vibrational coordinates. This removes the degeneracy and lowers
the energy. Near the point of electronic degeneracy the Born�
Oppenheimer (BO), or adiabatic, approximation breaks down,
and there is a coupling between electronic states and nuclear
motion. Although, the concept of the potential energy surface,
strictly speaking, loses its physical meaning of the potential
energy of the nuclei, traditional computational methods, can still
be used, if a perturbation approach is introduced to the BO

approximation. In this way all of the standard concepts in theo-
retical chemistry are still useful for the elucidation and predic-
tion of the properties of the JT active molecules, and many
manifestations of the JT effect can be understood within the BO
approximation.

The cyclopentadienyl radical (C5H5
•), benzene cation

(C6H6
+), benzene anion (C6H6

�), and tropyl radical (C7H7
•)

are important species in organic chemistry but also are very
interesting for spectroscopic and quantum chemistry studies. All
of them have a single electron or a hole in a doubly degenerate
highest occupied molecular orbital, leading to a degenerate state
arising as a consequence of an addition or removal of an electron
in the parent aromatic molecule, as in Figure 1. Hence, these
molecules are JT unstable and distort to conformations of lower

Figure 1. Molecules studied in this work; a simple molecular orbital
scheme is outlined.

ABSTRACT: The family of the Jahn�Teller (JT) active hydrocarbon rings,
CnHn (n = 5�7), was analyzed by the means of multideterminantal density
functional theory (DFT) approach. The multimode problem was addressed using
the intrinsic distortion path (IDP) method, in which the JT distortion is expressed
as a linear combination of all totally symmetric normal modes in the low
symmetry minimum energy conformation. Partitioning of the stabilization energy
into the various physically meaningful terms arising from Kohn�Sham DFT has
been performed to get further chemical insight into the coupling of the nuclear
movements and the electron distribution.
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symmetry. Moreover, C5H5
• and C6H6

+ are paradigmatic examples
of the dynamic JT effect. These two molecules are certainly most
studied in the CnHn family, both experimentally and theoreti-
cally.7�17 Comparing to C5H5

• and C6H6
+, information on the

properties of C6H6
� and C7H7

• is relatively sparse.14,15,18�21

In this paper, results obtained by multideterminantal density
functional theory (DFT) procedure22 for a detailed interpreta-
tion of JT type distortions in this family of organic radicals are
presented. The analysis of the structural distortion from the high
symmetry (HS) nuclear arrangements of these molecules presents a
challenge because of the superposition of the effects produced by
many different normal modes. To tackle this problem, we have
recently proposed to express the JT distortion as a linear combina-
tion of all totally symmetric normal modes in the low symmetry
(LS) minimum energy conformation.11 The basis of the method is
to represent the distortion along the steepest descent path from the
HS point to the LS minimum projecting the geometry of the system
on the normal modes of the LS configuration. This allows quanti-
fication of the importance of all of the involved normal modes along
a relevant particular path of distortion.

The aim of the present work was to calculate reliable values of
the JT parameters in this family of molecules, trying to clarify, at
the same time, the role played by the different symmetry-break-
ing and totally symmetric normal modes in the global distortion.
To expand on our previous works11,23 the structural analysis is
complemented by analyzing the role played by the different
electronic interactions (electron�nuclei, electron�electron, etc.)
present in the Hamiltonian leading to a more complete and
balanced view of the changes undergone by the system along the
JT distortion. As shown in the Results and Discussion section, we
have found that the JT relaxation in multimode problems occurs
in two well-differentiated phases. The first phase is governed by
the electron�nuclear interactions, as it is typical for the JT
problems. In a second phase changes in the electron density,
driven by the PJT effect, significantly modify the kinetic and
electron�electron contributions to the total energy.

’THEORETICAL METHODS

Consider a nonlinear N-atomic molecule in the HS nuclear
configuration, RBHS, with a degenerate electronic state, which
spans the irreducible representation Γel of a HS point group.
H HS is the electronic Hamiltonian, which defines the electronic
structure at RBHS. The molecule has 3N � 6 normal coordinates
QBk, where k = 1, ..., 3N� 6 (3N� 5 for the of linear molecules)
which can be classified according to the corresponding irreduci-
ble representations of the HS point group. To discuss the shape
of the adiabatic potential energy surface, the electronic Hamiltonian,
H , is expanded as a Taylor series around RBHS, along the QBk:

H ¼ H HS þ ∑
3N � 6

k¼1

∂V

∂ QBk

 !
HS

QBk

þ 1
2 ∑

3N � 6

k, l¼1

∂
2V

∂ QBk∂ QBl

 !
HS

QBk QBl þ 3 3 3 ð1Þ

The coefficients in the perturbational expression of the
potential energy, within the basis of degenerate electronic state,
are vibronic coupling coefficients. These matrix elements mea-
sure the coupling between the electronic states through the
nuclear motions. The irreducible representations of the nonto-
tally symmetric, JT active modes, must belong to the same

representation as the symmetric direct product of the compo-
nents of the degenerate electronic state, ΓJT = [Γel � Γel]� A1.
The JT problems are classified according to the symmetry types
of the electronic states and the vibrations that are coupled. The
molecules considered in this work, in the HS nuclear configura-
tion, have a doubly degenerate electronic ground state which is
coupled with a doubly degenerate vibrations; that is, they belong
to the E X e problem. The point group of the LS minimum
energy conformation is defined by the requirement that the
irreducible representations (irreps) of the active modes become
totally symmetric upon descent in symmetry and the application
of the epikernel principle.2,24 The adiabatic potential energy
surface has a Mexican-hat-like shape, depicted for the case of one-
mode E X e JT problem in Figure 2a. A qualitative cut through
the adiabatic potential energy surface, along the JT active
distortion QBa, is given in Figure 2b. The figure indicates how
the parameters EJT (the JT stabilization energy), Δ (the warping
barrier), and RJT (the JT radius) define the adiabatic potential
energy surface. Warping of the adiabatic potential surface occurs
if Δ 6¼ 0 and is due to the higher order (second order,
anharmonicity, etc.) or PJT terms in the perturbational expres-
sion, eq 1.25 To determine this set of parameters, it is necessary to
perform either an experiment and fit the results to the proposed
model or to carry out a computational study, for example, DFT
calculations.

Complications arise when we have more than one vibration
responsible for the distortion, a typical scenario when consider-
ing polyatomic molecules and almost a certainty when dealing
with solid-state problems. As the dimension of the problem
becomes much higher, the Mexican-hat representation of the
adiabatic potential energy surface is not appropriate anymore for
the description of the distortion, and new effects may arise. The
appraisal of the influence of different normal modes on the JT
effect is referred to as a multimode problem. In previous
approaches,2 the multimode problem was reduced to the so-
called interaction mode where the displacement from the HS
cusp to the LS minimum is performed along a straight line in a
normal-mode space, leading to an energy surface with qualita-
tively the same shape as the one-mode problem. While this
method allows for a qualitative feeling of the nature of the JT
effect, it gives very little information on the role played by each of
the distortion modes. In particular, while each of the active
vibrations is characterized with a set of vibronic coupling con-
stants or, in the other words, with its own Mexican-hat type
adiabatic potential energy surface, the final JT effect cannot be
understood as a simple superposition of the effects of indivi-
dual active modes. Alternatively to the method utilizing HS
symmetrized coordinates,2,26 we have recently proposed to
analyze the multimode problem by expressing the distortion
along the minimal energy path, intrinsic distortion path
(IDP), from the HS point to the LS distorted minimum,
projecting the geometry of the system on the LS normal
modes.11 The reduction of the multimode problem to either
interaction mode or IDP solves the structural part of the
problem, that is, static JT effect and analysis of the adiabatic
potential energy surfaces, but not the dynamical part, meaning
the changes in vibrational frequencies by the multimode
distortion and calculation of the vibronic wave functions. A
dynamical multimode problem has been described in detail in
the literature.2,16,17

In the subsequent parts of this section, we will give a concise
retrospective of the multideterminantal DFT procedure for the
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calculations of the JT parameters,11,22 followed by the descrip-
tion of the IDP approach11 to the multimode JT problem, the
DFT based energy partitioning scheme27 employed to analyze
the stabilization due to the multimode JT effect, and finally
the summary of the Theoretical Methods section within the force
approach to the JT effect.28,29

Multideterminantal DFT Approach. The method for calcu-
lations of the JT parameters, in Figure 2a,b, by means of DFT in a
recent past has been successfully applied with a good accuracy for
the analysis of the JT active molecules.11,22,23,30�33 Briefly, it is
necessary to know geometries and energies of the HS and LS
nuclear configurations. For the LS structure, as the system
is in a nondegenerate electronic ground state, this is unambig-
uous. The electronic structure of the HS point, on the
other hand, must be represented with at least two Slater
determinants or use some constrained electron configuration
method.32 Consequently, using a single determinant DFT is
troublesome.30,34,35 A method based on the multideterminan-
tal DFT is therefore used here. This procedure consists of the
following steps:

(i) Average of configuration (AOC) type calculation in
the HS point group. This yields a geometry of the HS
species.

(ii) A single-point calculation imposing the high symmetry on
the nuclear geometry and the low symmetry on the
electron density. This gives the energy of a Slater deter-
minant with an integer electron orbital occupancy.

(iii) A geometry optimization constraining the structure to
the LS point group, with the proper occupancy of Kohn�
Sham (KS) orbitals. These calculations yield different
geometries and energies that correspond to a minimum
and a transition state on the adiabatic potential energy
surface. The difference in energies between these struc-
tures gives the warping barrier, Δ.

(iv) The JT stabilization energy, EJT, is the difference between
the energies obtained in the steps ii and iii.

(v) RJT is given by the length of the distortion vector between
the HS and the LS minimum energy configurations.

This computational procedure for the particular example of
the JT effect in C5H5

• is summarized in Figure 3.

The DFT calculations have been carried out using the
Amsterdam Density Functional program package, ADF2009.01.36

The local density approximation (LDA) characterized by the
Vosko�Wilk�Nusair (VWN)37 parametrization have been used
for the symmetry constrained geometry optimizations. An all-
electron triple-zeta Slater-type orbitals (STO) plus one polariza-
tion function (TZP) basis set has been used for all atoms. All
calculations were spin-unrestricted. Separation of the orbital and
the geometrical symmetry, as used in the calculation of the
energies of the HS nuclear configurations, step ii, is done using
SYMROT subblock in the QUILD program, version 2009.01,38

provided in the ADF2009.01 program package. Analytical har-
monic frequencies39 and normal modes at the LS stationary
points were calculated.
Intrinsic Distortion Path. In general, the JT distortion is a

superposition of many different normal coordinates. In the LS
point group JT active modes might mix with a1 vibrations, which
are always present in the direct product and never change
upon descent in symmetry. In some situations, other irreps in

Figure 2. Indication of the JT parameters: the JT stabilization energy, EJT, the JT radius, RJT, the warping barrier, Δ; 3D representation of the adiabatic
potential energy surface for the E X e JT problem, when Δ = 0 (part a).

Figure 3. Multideterminantal DFT approach for the calculation of the
JT parameters for the D5h f C2v distortion of C5H5

•; single occupied
molecular orbitals are shown.
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the HS point group, which are not contained in the direct
product, may become totally symmetric upon descent in
symmetry and therefore contribute to the JT distortion also.
This is found in the case of the JT D5h f C2v distortion for
C5H5

• and D7h f C2v distortion for C7H7
•. The normal

coordinates that are basis of the e020, e01, and a01 irreducible
representations in D5h and e03, e02, e01, and a01 in D7h become
totally symmetric in C2v.

In the IDP model,11 the geometry of the LS energy minimum
is chosen to be the origin of the configuration space, RBLS = 0B.
This conformation is a true minimum on the adiabatic potential
energy surface and has the property that the Hessian of the
energy is positive semidefinite; thus it can be used to obtain the
harmonic vibrational modes without any complications.

Every point on the potential energy surface can be represented
by a 3N dimensional vector RBX using mass-weighted generalized
coordinates relative to the origin. In the harmonic approxima-
tion, it is possible to express RBX as a linear combination of all
totally symmetric normal coordinates (Na1) from the LS energy
minimum conformation:

RBX ¼ Q wBX ð2Þ
where Q is the 3N � Na1 matrix with a columns being mass-
weighted totally symmetric normal coordinates, obtained by the
DFT calculations in the LS minimum energy conformation.wBX is
theNa1 dimensional vector containing the weighting factors,wXk,
which can be easily obtained solving the linear problem, eq 2. wXk

represent the contribution of the displacements along the totally
symmetric normal coordinate QBk, to the RBX. The energy of the
nuclear configuration RBX, EX, relative to the energy of the origin,

in harmonic approximation, is expressed as the sum of the energy
contributions of allNa1 LS totally symmetric normal coordinates:

EX ¼ ∑
Na1

k¼ 1
EkX ¼ 1

2 ∑
Na1

k¼ 1
wXk

2 QBk
2
λk ð3Þ

where λk are the eigenvalues of the Hessian from the DFT
calculations in the LS minimum energy conformation. Using
these considerations, eqs 2 and 3, we can analyze the multimode
JT problem by expressing the RBJT as a superposition of all of the
LS totally symmetric normal coordinates and directly obtaining
the energy contributions of all of the normal modes to the total
stabilization energy:

RBJT ¼ Q wBkJT ð4Þ

EJT ¼ ∑
Na1

k¼ 1
EkJT ¼ 1

2 ∑
Na1

k¼ 1
wkJT

2 QBk
2
λk ð5Þ

The vector RBJT = RBHS defines the straight path from the HS
point to the LS minimum. The direct path contains essential
information on the vibronic coupling at the HS point and is
equivalent to the interaction mode of Bersuker et al.2,26 This
direct path is in general different from the minimal energy path
from the HS point on the potential energy surface to the LS
global minimum. The force along the normal mode QBk, FBXk,
which drives the nuclei along that coordinate to the minimum, at
any point RBX is defined as a derivative of the energy over the
Cartesian coordinates. In the HS point this will lead information
about the main driving force for the JT distortion from the HS to

Table 1. Summary of the Group Theory Considerations for the JT Distortions in C5H5
•, C6H6

+ and C7H7
•a

distortion Γel ΓJT 3N � 6 Na1
origin of the LS a1 vibsb

C5H5
• D5h f C2v E001 f A2 + B1 E02 f A1 + B2 24 9 4e02, 2a01, 3e01

C6H6
+ D6h f D2h E1g f B2g + B3g E2g f Ag + B1g 30 6 4e2g, 2a1g

C7H7
• D7h f C2v E002 f A2 + B1 E03 f A1 + B2 36 13 4e03, 4e02, 3e01, 2a01

aΓel is irrep of the electronic state; ΓJT is irrep of the JT active vibrations; N is the number of atoms in a molecule; Na1 is the number of totally
symmetrical vibrations in the LS point group. b One component of the degenerate pairs of vibrations in the HS becomes a1 in the LS point group.

Table 2. Results of the DFT Calculations Performed To
Analyze the JT Effect in C6H6

+a

occupation state geometry energy

e1g
0.75e1g

0.75 2E1g D6h �70.9461

b3g
2b2g

1 2B2g D6h �70.9122

b2g
2b3g

1 2B3g D6h �70.9141

b3g
2b2g

1 2B2g D2h �71.0212

b2g
2b3g

1 2B3g D2h �71.0172

EJT
2B2g 879.2

EJT
2B3g 831.6

Δ 32.2

RJT
2B2g 0.27

RJT
2B3g 0.27

EJT(IDP) 2B2g 839.1

EJT(IDP) 2B3g 791.1
a Energies (LDA) are given in eV; the JT parameters EJT and Δ are given
in cm�1 and RJT in (amu)1/2 Å.

Table 3. Results of the DFT Calculations Performed To
Analyze the JT Effect in C7H7

•a

occupation state geometry energy

e002
0.5e002

0.5 2E002 D7h �91.8973

a2
1b1

0 2A2 D7h �91.8968

a2
01b1

1 2B1 D7h �91.8968

a2
1b1

0 2A2 C2v �92.0026

a2
01b1

1 2B1 C2v �92.0026

EJT
2A2 853.3

EJT
2B1 853.3

Δ 0.0

RJT
2A2 0.16

RJT
2B1 0.16

EJT(IDP) 2A2 861.2

EJT(IDP) 2B1 862.2
a Energies (LDA) are given in eV; the JT parameters EJT and Δ are given
in cm�1 and RJT in (amu)1/2 Å.
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the LS. The total distortion force, FBXtot, is given as a vector sum of
the individual forces. FBXtot gives the direction from one to the
another point on the adiabatic potential energy surface in a
steepest descent way:

FBXtot ¼ ∑
Na1

k¼ 1
FBXk ¼ ∑

Na1

k¼ 1
wXkλkM

1=2 QBk ð6Þ

where M is a diagonal 3N � 3N matrix with atomic masses in
triplicates as elements (m1,m1, m1, m2, ..., mN).

Matlab scripts for the IDP analysis and for the extraction of
necessary data from the ADF frequency calculations can be
obtained from authors upon request. To correlate the vibrations
in the LS structure with vibrations in the HS, a model developed
by Hug and Fedorovsky was used.40

Energy Component Analysis. In the time-independent,
nonrelativistic, BO approximation, the molecular Hamiltonian
operator, H , consists of a sum of the electron kinetic energy
(T ), the nuclear�nuclear Coulomb repulsion (V nn), the
electron�nuclear interaction (V en), and the electron�electron
repulsion (V ee) operators. Thus, the energy of a system, which is
the expectation value of the Hamiltonian operator, can be
expressed as a sum of the expectation values of the corresponding

operators:

E ¼ T þ Ven þ Vee þ Vnn ð7Þ
All of the quantities can be calculated with the Hartree�Fock,

post Hartree�Fock, or DFT approaches. An analysis of the
changes of these energy components during a chemical trans-
formation helps to understand the nature of chemical bonding
in a molecule. The studies along this line were performed for
the analysis of the formation of covalent bonds,41 to explain
the Hund's rule,42 aromaticity,43 different spin states of iron
complexes,44 PJT distortions,45,46 DFT-based quantification of
the steric and quantum effects,27,47 and so forth. Nevertheless,
energy component analysis was seldom used for the analysis of
the JT effect.48

Within the KS-DFT formalism,49,50 changes of the individual
energy terms can be formulated as:

ΔE ¼ ΔTs þ ΔVKS

¼ ðΔTw þ ΔTpÞ þ ðΔVelst þ ΔVXCÞ ð8Þ

ΔVelst ¼ ΔVen þ ΔJ þ ΔVnn ð9Þ
where ΔTs is change of the kinetic energy of a fictitious system of
noninteracting electrons and ΔVKS is a change of the KS potential

Figure 4. Intrinsic distortion path and energy component analysis of the JT D5h f C2v distortion in C5H5
•.
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energy that consists of the changes of the electron�nuclear potential
energy (ΔVen), changes of the classical Coulomb electron�electron
repulsion (ΔJ), and changes of the exchange-correlation potential
energy (ΔVXC). ΔVen, ΔJ, and ΔVnn are conveniently grouped
together into the classical electrostatic term,ΔVelst.VXC consists of the
residual part of the true kinetic energy, sometimes referred to as the
correlation kinetic energy,50,51 and the nonclassical electrostatic
interactions. ΔTs is partitioned into the changes of the Weizs€acker
kinetic energy ΔTw (Tw = (1/8)

R
(|rF(rB)|2)/(F(rB))drB)52 and the

Pauli kinetic energy ΔTp.27,53,54 Liu defined Tw as a steric energy
from KS-DFT.27 Tp, itself simply defined as Tp = Ts � Tw, is
regarded as an extra kinetic energy required of the fermions by
the Pauli exclusion principle.27 Tw is consistent with Weisskopf's
kinetic energy pressure;55 it is related to Bader's atoms
in molecule approach56 and Fisher information theory.57 Tp

appears in a definition of electron localization function.58 The
fermionic quantum energy contribution can be defined as a Tp

+ VXC.27 DFT based quantification of the steric, electrostatic, and
fermionic quantum energy contributions was applied in the analysis
of various chemical problems.27,47

Values of the individual energy components were obtained
from single-point LDA calculations, with 6-31G* basis set for all
of the atoms, on the geometries obtained from the IDP analysis,
using a NWChem program package, version 6.0.59

Changes of the Energy Components and the Force Ap-
proach to the JT Effect. The origin of the JT effect is a non-null
symmetry-breaking force appearing in every nonlinear system in
a degenerate electronic state. In general, the force along a general
direction QB can be written as

FB ¼ � ∂E

∂ QB
¼ � ∂T

∂ QB
þ ∂Ven

∂ QB
þ ∂Vee

∂ QB
þ ∂Vnn

∂ QB

 !

ð10Þ
but this expression can be simplified using the Hellmann�Feynman
or electrostatic theorem60

FB ¼ � ∂E

∂ QB
¼ � ÆΨj∂V

∂ QB
jΨæ

¼ � ÆΨj∂V en

∂ QB
jΨæ þ ∂V nn

∂ QB

 !

¼ �
Z

Fð rBÞ
∂V enð rB, QBÞ

∂ QB
d rB þ

∂V nn

∂ QB

 !
ð11Þ

Figure 5. Intrinsic distortion path and energy component analysis of the JT D6h f D2h distortion in C6H6
+.

ht
tp

://
do

c.
re

ro
.c

h



For the high-symmetry configuration in a JT problem, the first
term in eq 11 is called the vibronic coupling constant, while the
second is null due to the symmetry considerations. This is the
reason why the JT effect is usually considered to have a purely
electrostatic origin. However, it must be taken into account that
the expected values of all operators included in eq 10 change
during a geometry change:

∂Vee

∂ QB
¼ Æ

∂Ψ

∂ QB
jV eejΨæ þ ÆΨjV eej∂Ψ

∂ QB
æ ð12Þ

∂T

∂ QB
¼ Æ

∂Ψ

∂ QB
jT jΨæ þ ÆΨjT j∂Ψ

∂ QB
æ ð13Þ

and the Hellman�Feymann theorem only shows that the force
for a particular geometry exclusively depends on the electron�
nuclei interaction and electron density for that point, eq 11. After
an infinitesimal distortion has taken place in the system due to
this force, the electron density is also changed (as expressed, for
example through the PJT effect2), and all terms in eq 10 start
contributing to the changes in energy, as seen trivially, for
example when writing the energy functional in DFT. Thus, and
as stressed previously in the literature,61 when discussing the

variations of geometry of a particular system one should not
consider that the forces are merely electrostatic. As we will see in
the Discussion section, in the multimode JT problem different
distortion modes play different roles with respect to the terms in

Figure 6. Intrinsic distortion path and energy component analysis of the JT D7h f C2v distortion in C7H7
•.

Table 4. Analysis of the Multimode JT Problem in C5H5
•,

C6H6
+, and C7H7

• by the LS Totally Symmetric Normal
Modes in Harmonic Approximationa

assignment molecule HS-irrep ν~k in LS ck Ek

C�C�C bend C5H5
• e02 831 24.19 19.99

C6H6
+ e1g 591 51.99 34.33

C7H7
• e03 894 5.31 1.87

C�C�H bend C5H5
• e02 1040 52.18 20.02

C6H6
+ e1g 1166 34.63 16.99

C7H7
• e03 1234 30.53 3.92

C�C stretch C5H5
• e02 1482 13.93 53.74

C6H6
+ e1g 1556 12.40 46.99

C7H7
• e03 1234 44.07 87.55

a Frequencies of selected normal modes are in cm�1 as obtained from
DFT calculations; contribution of the normal mode QBk to the RBJT is
given by ck in %; Ek energy contribution of QBk to the EJT in %.
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eq 10. In particular, we will find that some modes stabilize the
molecule very strongly through the electron�nuclear interac-
tions, while others play more subtle roles allowing the relaxation
of electron�electron and kinetic energy terms through changes
in the electron density. In rigor, these later terms must be
described using the PJT effect,2 which is not explicitly con-
sidered in this work.

’RESULTS AND DISCUSSION

The ground electronic state of C5H5, C6H6
+, and C7H7

• in a
HS point group belongs to a double degenerate irrep that we will
denote Γel, which splits into two nondegenerate electronic states
in for LS point group. This yields two different LS geometries,
usually referred as dienyl (2B1 C5H5

•) and en-alyl (2A2 C5H5
•) or

elongated (2B2g C6H6
+, 2B1 C7H7

•) and compressed (2B3g

C6H6
+, 2A2 C7H7

•) structures. The JT active distortion is the
totally symmetric reaction coordinate in the LS point group. The
other component of the double degenerate JT active distortion
allows mixing of the two electronic states emerging from the
degenerate ground state. This is summarized in Table 1.

Multideterminantal DFT calculations of the JT distortion in
C5H5

• revealed a EJT of 1253 cm�1.11 This value is in an excellent
agreement with the experimentally estimated one of 1237 cm�1,
in ref 7b. The difference in the energies of the different electronic
states in C2v is only 1.6 cm�1 which is in the range of precision of
the calculations11 and clearly indicates the existence of a dyna-
mical JT effect. The IDP method gives an EJT of 1238 cm�1.11

According to the DFT calculations for C6H6
+, as seen in

Table 2, the 2B2g state is the global minimum on the potential
energy surface, more stable than the 2B3g one for Δ = 32 cm�1,
and EJT = 880 cm�1. A small energy difference between the 2B2g

and 2B3g states suggests that the second-order JT effects and
anharmonicity are small and that the JT effect in C6H6

+ is
dynamic. These results are in agreement with previous studies,
which report the value of EJT between 700 and 1000 cm�1.13�15

Δ is experimentally estimated to be 8 cm�1,62 and the elongated
form to be a minimum.

Similarly to the C5H5
•, no warping of the Mexican hat in C7H7

• is
observed, and 2A2 and 2B1 states are isoenergetic, Table 3. EJT

obtained by multideterminantal DFT (853.3 cm�1) falls in the
range of values previously obtained until now.19�21

In all cases, EJT obtained from IDP analysis is in a good
agreement with DFT calculations. IDP analysis gives further
insight into the vibronic coupling in these JT active molecules.
On the potential energy profile it is possible to distinguish two
distinct regions (Figures 4a, 5a, 6a). In the first region the energy
is changing faster, and depending on the particular molecule,
after 25�40% of the path most of the EJT is obtained. An analysis
of the multimode JT distortion shows that, regardless of the
number of totally symmetric normal modes in LS minimum
energy conformation, Table 1, three vibrations are most impor-
tant for the distortion and for the EJT: C�C stretch, C�C�C
bend, and C�C�H bend (Figures 4a, 5a, and 6a, Table 4).
A complete analysis of the multimode JT problem at HS point
of these molecules is given in the Supporting Information
(Tables S1, S2, and S3). The origin of the totally symmetric
normal modes in the LS point group, as seen in Table 1, is
obtained by correlating them with the normal modes of the
parent, non-JT active molecule.40

Curiously, the most important JT distortion initially is the
hardest of the three modes, the C�C stretch while in the second

region, where the system relaxes toward the global minimum,
softer modes become more important, and the adiabatic poten-
tial energy surface is flat. Monitoring changes of all the energy
components along the IDP, eqs 8 and 9, gives a whole picture of
what happens inside the molecule during the JT distortion. The
results are presented in Figure 4c,d for C5H5

•, Figure 5c,d for
C6H6

+, and in Figure 6c,d for C7H7
•. Curves have been displaced

vertically to make each energy component zero for the HS
configuration, so that the stabilizing and destabilizing interac-
tions along the distortion path can be clearly identified. A similar
trend of the changes of energy components is observed for all of
the molecules. Two regions are clearly differentiated in the
ΔT/ΔV profiles. Most of the total energy stabilization is achieved
around the HS point when the distortion is driven by the
lowering of ΔV and simultaneous increase of ΔT. The initial
downward push is clearly due to the Jahn�Teller effect, which is
due to the stabilization of theVelst, and the C�C stretch is mainly
involved in the distortion. After that the contribution of the C�C
stretch drops to the zero. The origin of this distortion is clearly
associated to the electron�nuclear interaction, as in Figure 4,
and occurs along the C�C stretch, as the active electrons occupy
the space between the carbon atoms (see Figure 3). Changes in
theVXC energy are an order of magnitude smaller than changes of
the Velst and are not important for the qualitative picture. This is
in agreement with our experience that the choice of the ex-
change-correlation functional is not crucial in the DFT studies of
the JT effect.22,31 The kinetic energy apparently favors the HS
nuclear configuration. Changes in the Ts are directed with the
changes of the Tp, which can be identified as the main opposing
contribution to the JT distortion. If we look in more detail into
changes of the Velst, it can be seen that the main stabiliza-
tion comes from the Ven which goes quickly down, to adapt to

Table 5. Results of the DFT Calculations Performed To
Analyze the JT Effect in C6H6

�a

occupation state geometry energy

e2u
0.5e2u

0.5 2E2u D6h �79.1967

b1u
0au

1 2Au D6h �79.1919

au
0b1u

1 2B1u D6h �79.1936

au
1b1u

0 2Au D2h �79.2897

b1u
1au

0 2B1u D2h �79.2847

a1
1a1

0 2A1 C2 �79.3391

a1a0 2A D2 �79.3333

EJT
2Au 788.0

EJT
2B1u 735.6

Δ 38.7

RJT
2Au 0.19

RJT
2B1 0.19

EJT/PJT
2A1 1187.3

EJT/PJT
2A 1126.8

Δ 46.8

RJT/PJT
2A1 0.62

RJT/PJT
2A 0.57

EJT(IDP) 2Au 779.2

EJT(IDP) 2Bu 823.6

EJT/PJT(IDP) 2Au 1060.5

EJT/PJT(IDP) 2Bu 1009.7
a Energies (LDA) are given in eV; the JT parameters EJT and Δ are given
in cm�1 and RJT in (amu)1/2 Å.
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the nontotally symmetrical electron density, as expected from the
theoretical considerations. Two other electrostatic contributions,
Vee and Vnn, show the opposite tendency, thus giving in total
smaller changes in the Velst.

However, after the initial push, the system reaccommodates
leading to the strong reduction of the Tp, Vee, and Vnn. While Tw

almost did not change in the first region, it becomes destabilizing
in the second region, and it is changed then parallel to the
changes in theVelst. Owing to this behavior ofTw, the total kinetic
energy does not contribute globally to stabilize the system. On
the other hand theTp,Vee, andVnn repulsions clearly stabilize the
system in the final run. In fact, the energy contribution due to the
Ven interactions at the end is positive, and the global stabilization
seems to come from the electron�electron and nuclear read-
justment. Obviously, the correct answer can only be obtained
from looking at the whole path and understanding the changes
undergone by the forces using the previously explained theory.
Thus, while the initial distortion is clearly associated with the
usual JT distortions, in the second region softer, bending
modes play a more important role, due to the changes of the
density caused by the modification of the geometry in the first
push. This leads to enhancing the effects of energy compo-
nents with opposite signs, which are almost canceling each

other, yielding to the very small total energy variation. From
the point of view of the JT theory, this also underlines the very
important role of the PJT effect, associated to the density
changes to obtain the final stabilization energy and barriers in
JT systems.
Distortion of Benzene Anion. The benzene molecule, C6H6,

with the D6h nuclear arrangement has a double-degenerate
highest occupied molecular orbital (HOMO), e1g, and a dou-
ble-degenerate lowest unoccupied molecular orbital (LUMO),
e2u. Therefore, C6H6

� is JT unstable. C6H6
� has 2E2u ground

electronic state in conformation that belongs to the D6h point
group. As in the case of C6H6

+, the distortion coordinate is e2g

(E2u� E2u⊂A1g + [A2g] + E2g), and hence very similar distortion
for both cases is expected. DFT results for the anion are pre-
sented in Table 5.

After the descent in symmetry toD2h, the electronic state splits
into 2B1u and 2Au. The latter one is more stable for Δ =
38.7 cm�1, as in Table 5. EJT is bit smaller than in the case of
the cation, EJT = 788 cm�1. As it can be seen from Table 5, the
D2h structure is not the most stable conformation of C6H6

�, and
further reduction of symmetry occurs.

Out of six totally symmetric normal modes in the D2h point
group, similar to the case of the cation, the influence of the three

Figure 7. Intrinsic distortion path and energy component analysis of the JT D6h f D2h distortion in C6H6
�.
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normal modes is most significant. The IDP method for the JT
distortion of C6H6

�, in Figure 7, reveals the same trend as in the
previous cases. The distortion starts with the C�C stretch (ν~(D2h) =
1496 cm�1, 23.27% to theRJT, 69.16% to theEJT), in Figure 7b, and
with stabilization of the electron�nuclear attraction Figure 7d. After
20% of the path, most of the energy stabilization is achieved, as in
Figure 7a. In the second region there is a strong reduction of the
electron�electron, nuclear�nuclear, and Pauli kinetic energy. The
difference to the case of cation is that the C�C�C bending is not as
important (ν~(D2h) = 604 cm�1, 9.58% to theRJT, 5.21% to theEJT),
and C�C�H bending is dominating in this region (ν~(D2h) =
1093 cm�1, 64.63% to theRJT, 22.21% to theEJT), as in Figure 7d. A
detailed analysis of the multimode JT effect at the HS point is given
in Table S4 in the Supporting Information.

DFT calculations show even further differences between the
electronic structure of the benzene cation and anion. In the case
of anion, LUMO, both in the D6h and in D2h configurations, is σ*
(a1g) MO and not π* as it could be expected from the electronic
structure of the neutral benzene. Thus, the first excited state of
anion is 2A1g, which is estimated to lie only around 0.1 eV above
the ground 2E2u state in a D6h configuration and 0.7 eV above the
ground states in D2h configurations. Due to the PJT coupling of
the ground, π* electronic state with the excited σ* state, DFT
frequency calculations reveal one imaginary e2u frequency in
D6h, one au imaginary frequency in 2Au D2h structure, and two
imaginary frequencies in 2Bu, one b1u and one b1g (pseudo-
rotation around the JT cusp). Following the imaginary frequen-
cies, the true stationary points on the adiabatic potential energy
surface were obtained. The out-of-plane C2v conformation, in
Figure 8a, is the global minimum, which lies around 400 cm�1

below the planar D2h structures. The out-of-plane conformation
is more stable than the twisted D2 conformation, in Figure 8b, for
47 cm�1. This situation is similar to the case of C6F6

�.63 The
relation between the structures of D2h, C2v, and D2 symmetry on
the adiabatic potential energy surface is schematically shown in
Figure 9. Twisted D2 and planar D2h(

2Au) conformations are
saddle points on the adiabatic potential energy surface.D2h(

2B1u)
planar conformation is second-order saddle point on the adia-
batic potential energy surface, which is indicated with dashed
arrows in Figure 9. Both C2v and D2 point groups are subgroups
of D2h and D6h point groups, and the puckering and twisting of
C6H6

� are consequence of the combined JT and PJT effects.
To analyze the combined JT and PJT distortion of C6H6

�,
D6h f C2v distortion, it is necessary to consider nine totally
symmetric normal modes in C2v minimum energy conformation.
They correlate to the four e2g, two a1g, two b2u, and one e2u

vibration inD6h. Even though this distortion is more complicated
than previously discussed cases, EJT obtained from the IDP
analysis, 1060 cm�1, is still in rather good agreement with the
value of 1187 cm�1 from multideterminantal DFT calculations.
Two distinct regions on the adiabatic potential energy surface
could be distinguished, in Figure 10a. Very early along the IDP, c.
a. after 5% of the path, a strong stabilization of around 500 cm�1

is achieved. In this region C�C stretch (ν~(C2ν) = 1531 cm�1,

1.3% to the RJT, 25.9% to the EJT+PJT) and C�C�H bending
(ν~(C2ν) = 1112 cm�1, 3.9% to the RJT, 10.4% to the EJT+PJT) are
dominating, in Figure 10b. So, in this region, there is a proper JT
distortion, similar to the previously described cases. In the
second region the adiabatic energy surface is not flat, and energy
gradually decreases for additional 500 cm�1. In this region
distortion is almost completely described with the out-of-plane
normal mode (ν~(C2ν) = 320 cm�1, 90.9% to the RJT, 51.2% to
the EJT+PJT). This out-of-plane vibration correlates to the modes
with imaginary frequencies in D6h or D2h structures. All of the
other vibrations have negligible influence on the both the
distortion and the stabilization, as in Table S5 in the Supporting
Information. The total stabilization energy is due to the stabiliza-
tion of the electron�nuclear attraction along the path. This is
because PJTπ*� σ* mixing introduces additional bonding within a
molecule. Tw and VXC are also getting stabilized, while other energy
components are opposing to the distortion, as in Figure 10c,d.

’CONCLUSIONS

In this paper, a general approach to analyze the multimode JT
problem is presented and applied using the multideterminantal
DFT method to study the adiabatic potential energy surface of
the family of JT active hydrocarbon rings, CnHn (n = 5�7). The
essence of the model is to express the distortion along the
steepest descent path as a linear combination of all totally
symmetric normal modes in LS minimum energy conformation
and then perform an analysis of the contributions to the energy.
The IDP analysis answers the questions of which are the

Figure 9. Relation between various structures of C6H6
�; open (white)

and closed (black) circles represent carbon atoms lying below and above
the mean plane of the C6H6

�; energies are given relative to the global
minimum, C2v structure, in cm�1 ; D6h structure lies 1190 cm�1 above
the global minimum; the symmetry of the vibrations with negative force
constants in D2h structures and their direction is indicated.

Figure 8. Graphical representation of the out-of-plane, C2v, conforma-
tion (a) and twisted, D2, conformation (b) of C6H6

�.
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totally symmetric normal modes of the LS structure that
contribute to the JT distortion at the HS point, how they
contribute to the EJT, and how their contributions change
along the IDP. Additionally the examination of the systematic
effects in the shape of the potential energy surfaces in these
aromatic rings was elucidated.

All considered molecules have a doubly degenerate electronic
ground state which is coupled with vibrations of doubly degen-
erate irreps in the HS point group. Although the nature of
chemical bonding is the same in all systems, they differ in the
symmetry of the distortion, range of EJT, the number of atoms,
and hence the number of different normal modes that need to be
considered in the IDP analysis. The results obtained by multi-
determinantal DFT and IDP methods are in a good agreement
with the theoretical and experimentally estimated values re-
ported in the literature so far. These results demonstrate the
utility of this methodology, not only for the analysis of the proper
JT effect, but also when PJT coupling is present. However, IDP
method has not yet been explored in the cases where PJT or
hidden JT effect64 determine a structure. The combination of the
alternative methods for the analysis of the multimode problem,
one starting from the HS nuclear configuration and reduction of
the multimode problem to a single interaction mode2,26 and IDP
method starting from the LS nuclear configuration may be a

possible general solution of the multimode problem and can be
considered to become reliable tools for a better understanding of
the JT phenomena.

The inspection of the IDP indicates that linearly JT active
vibrations dominate along the path; harder ones are most
important in the beginning, while softer ones take over along
the path. Totally symmetric type vibrations appear not to be
important. The contribution to the EJT mainly originates from
C�C stretch normal modes in CnHn molecules. The energy
component analysis revealed that, while the electron�nuclear
interactions are very important in the stabilization of the system
around the high-symmetry point, other forces due to the
electron�electron, nuclear�nuclear, and kinetic interactions
are dominant in later stages of the distortion, although con-
tributing very little to the total stabilization of the molecule
through bending deformations. It can be concluded that, looking
only at the values of individual energy components at HS and LS
structures, without analyzing the details of their changes along
the distortion path, chemically important features could be lost,
and even wrong conclusions could be drawn. The correct answer
can be obtained by inspection of the IDP, monitoring the changes of
the contributions of the most important normal modes, in con-
junction with energy component analysis. The subtle changes of
the energy components are emerging as the outcome of the

Figure 10. Intrinsic distortion path and energy component analysis of the combined JT/PJT D6h f C2v distortion in C6H6
�.
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multimode JT effect in combination with changes in the electron
density through the PJT effect.

The assessment of the changes of individual energy compo-
nents, in the combination with the IDP analysis of the multimode
JT problem, gives an information about the main driving force for
the distortion. This helps to rationalize the influence of different
movements of nuclei on the electron density in a molecule.

’ASSOCIATED CONTENT

bS Supporting Information. Complete analysis of the mul-
timode JT effect in the HS points on the adiabatic potential
energy surfaces of C5H5
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totally symmetric normal modes in a harmonic approximation—
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