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In the classical risk model, we prove the weak convergence of a sequence of empirical finite-time ruin
probabilities. In an earlier paper (see Loisel et al., (2008)), we proved an equivalent result in the special
case where the initial reserve is zero, and checked that numerically the general case seems to be true.
In this paper, we prove the general case (with a nonnegative initial reserve), which is important for
applications to estimation risk. So-called partly shifted risk processes are introduced, and used to derive
an explicit expression of the asymptotic variance of the considered estimator. This provides a clear
representation of the influence function associated with finite time ruin probabilities and gives a useful
tool to quantify estimation risk according to new regulations.

d 1. Introduction

)
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In ruin theory, the surplus of an insurance company is classically
represented by the risk process (R;);o defined as follows: fort > 0,

Rt=u+Ct—St,

where u is the nonnegative amount of initial reserves and ¢ > 0 is
the premium income rate. The cumulated claim amount up to time
t is described by the compound Poisson process

Nt
Se=) Wi
i=1

where the amounts of claims W;, i > 1, are nonnegative
independent, identically-distributed random variables, distributed
as W, with the convention that S; = 0 if N, = 0. The number of
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claims N; until t > 0is modeled by a homogeneous Poisson process
(Np)¢>o of intensity A. Claim amounts and arrival times are assumed
to be independent.

We are interested in the robust estimation of finite-time
ruin probabilities. Solvency regulations for insurance companies,
called Solvency II, impose the control of a certain number of
insolvency probabilities. The chosen risk measure to determine the
Solvency Capital Requirements (SCR) is more likely to be a 99.5%,
one-year Value at Risk than a continuous-time ruin probability.
Nevertheless, reserving is expected to quantified by a best estimate
of liabilities, plus a so-called Market-Value Margin (MVM), which is
determined by a cost-of-capital approach: this margin corresponds
to the cost of maintaining the surplus above the SCR level
during the whole period [0, t], where t is typically 10 years.
This corresponds to a continuous-time ruin problem in a finite
horizon. Let us denote by v (u, t) the probability of ruin before time
t with initial reserve u:

w(u» t) = P[EIS € [Oa t]vRS < O | RO - u]a
and let

eu,t) =1—19(u,t)

be the probability of non-ruin within time t with initial reserve u.

u>0,t>0,
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Algorithms to compute or approximate i (u,t) have been
proposed, among others, by Asmussen et al. (2002) by the means of
Erlangization, by Picard and Lefévre (1997) by the means of Appell
polynomials, and by Rulliére and Loisel (2004) and by the means of
a Seal-type argument based on the ballot Lemma (see also Lefévre
and Loisel (2008)). This model has been investigated by Lefévre and
Loisel (2009) and Biard et al. (2008) among others in the case of
dependent claim amounts. Sensitivity analysis of finite-time ruin
probabilities has been studied in Loisel et al. (2008) and Loisel and
Privault (2009). Some estimation problems have been studied in
Frees (1986), Hipp (1989), Croux and Veraverbeke (1990), Bening
and Korolev (2000). An important feature of Solvency II is that
estimation risk should be controlled, particularly if internal models
are used. However, most models use a calibrated model and
an a posteriori proportional loading factor to take into account
estimation risk. It would be of course much better to carry out a
robustness analysis at the same time. This led us to define in an
earlier paper (see Loisel et al. (2008)) reliable ruin probabilities
as quantiles of empirical finite-time ruin probabilities, and the
Estimation Risk Solvency Margin (ERSM) as the additional capital
required to cover estimation risk.

Let YN (u, t) and " (u, t) respectively be the finite-time ruin
and non-ruin probability with claim amounts drawn from the
empirical distribution Fy associated with an iid. sample of
distribution F, where F is the c.d.f. of W and N > 1 is the size of
the sample. Define the reliable finite-time ruin probability 1/f{v_’r;h”b'e
(u, t) as the (1 — &)-quantile of the (random) bootstrapped finite-
time ruin probability ¥N (u, t):

r M w o =inf{P[y w0 > 5] <}

Ifu, and u,, , are respectively defined as the initial capital required
to ensure that

w(ur]v t) < 77
and

i\li,r:liable(un’g’ t) <.
the Estimation Risk Solvency Capital ERSM,, 1. can be defined as
the additional capital needed to take estimation risk into account:

ERSM,]J,E = Uy, 1—e — Uy.
In Loisel et al. (2008), we have shown the convergence of
VN (p(u, t) — ¢"(u, 1))

as N tends to +oo in distribution to a centered, Gaussian random
variable only for u = 0. The proof was based on the symmetrical
in (Wy, ..., W,) expression

90.0) =Y PN, =mE[(u+ct — Wi+ +W),],

n>1

where x, denotes the positive part of a real number x. We also
computed the asymptotic variance V, of the limit of

\/N((p(uv t) - (pN(ua t)) )

and expressed this variance in terms of the variance of a random
variable defined from the influence function of finite-time non-
ruin probability. Influence functions were introduced in the field
of robust statistics to study the impact of data contamination on
the estimated quantity (see Huber (1981) and Hampel (1974)). For
a functional T of a distribution F, the influence function at point
x € Ris defined as the limit (when it exists)
(5.%)) _
E[T] = lim &) = TE)
50 S

0 t

Fig. 1. A sample path of the classical risk process R;.

where F&¥ is defined forx € Rand s > 0 by
FSY () = s1jpayy + (1 — 5)F(u).

In the sequel, for each quantity related to the contaminated
distribution F&®, we use the exponent . In a recent paper,
Marceau and Rioux (2001) provided an algorithm to compute the
influence function of the eventual probability of ruin. We obtained
in Loisel et al. (2008) that for all u > 0,

Vi = Vy [IFy [@(u, D)]]. (1
Nevertheless, it remains to be shown that the limit distribution of

VN (o, t) — " (u, 1))

is Gaussian, and besides formula (1) involves computation of
influence functions described in Loisel et al. (2008), which
corresponds to heavy computation times and new convergence
issues. In this paper, we prove the convergence in the distribution
of

VN (o, ) — " (u. )

toward a Gaussian random variable for all u > 0 by the means
of U-statistics and so-called partly shifted risk processes. These
processes are defined in Section 2, in which finite-time ruin
probabilities for partly shifted risk processes are computed as well.
The expression of V,, in terms of ruin probabilities for modified risk
processes derived in Section 3.5 is of fundamental importance from
a theoretical and operational point of view: it gives a probabilistic
representation of V,, which is used to prove the convergence
of the empirical ruin probability for arbitrary u > 0. We also
give elegant mathematical expressions for influence functions
associated to finite time ruin probabilities. Finally, we provide
efficient numerical methods to obtain numerical values of V.

foru e R,

2. Finite-time ruin probabilities for partly shifted risk pro-
cesses

2.1. Partly shifted risk processes
Given x > 0, we define the x-partly shifted risk process as the
stochastic process given by
Rf=u+ct—S,
where
S¥ =St + X1,

and U is a certain positive random variable. After this random
delay U, the sample path of R} is shifted x units downwards. It
corresponds to add a jump of size x at a random instant U (see
Figs. 1and 2).
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Fig. 2. A corresponding sample path of the x-partly shifted risk process.

The process (Rf):>o has no longer stationary and independent
increments. Nevertheless, we will show how to adapt results of
risk theory to these partly shifted risk processes. This is important
since, as we will see, finite-time ruin probabilities for partly shifted
processes are directly involved in computations of sensitivities,
influence functions and asymptotic variance of finite-time ruin
probabilities for classical risk processes.

c 2.2. Finite-time ruin probability for partly shifted risk processes
starting from zero
&

O' Let us consider the case where claim amounts are integer-
valued.
h

e Proposition 1. For c > 0,x > Oandn € N\ {0}, we have

O P[s<eve<Z]=p[si <ii=1.n].

It thus suffices to study the cumulated claim amount process at a
~ finite set of inventory dates.
d To this end, consider for 1 < i < n the random variables defined
— by Y; = Sijc, Y[ = S}, and

i i/c?

U This is a direct adaptation of results of Rulliére and Loisel (2004).
~~

'
V=YX,

where U is uniformly distributed on the finite set {1, 2, ..., n}.
The finite-time ruin probability for partly shifted risk processes
starting from O is obtained by an adaptation of the well known
ballot theorem.

Lemma 1 (Ballot Theorem (See Takdcs (1962a,b))). For n > 1, let
Z;, i = 1..n be a process with exchangeable increments. Then, we have

o
PIZi<ii=1.n2 =j]=—IP[z,=j] 0<j<n.
n

The ballot theorem applies to the family of random variables Y;, i =
1, .., n, which has i.i.d. increments, butalsoto the Y*,i = 1,...,n,
which has exchangeable (but not independent) increments.

Proposition 2 (Ballot Theorem for Partly Shifted Risk Processes). Let

Wi, ..., W, be iid., integer-valued random variables. Consider the
partial sum process

Y, = 21: Wi,
j=1

and define

Yix =Y+ Xl(l_!gi}’

where U is uniformly distributed on the finite set {1,2, ..., n}. We
have

P[Y,?‘<i,i:1..n,Y,’,‘:j]:nT_jP[Y,f:j] 0<j<n.

Proof. Takacs's result is true for exchangeable random variables
(and even for cyclically exchangeable random variables). It can
easily be shown that the process Y, 1 < i < n has exchangeable
increments W, 1 < i < n, defined by

WE = W; + X1 g_y.

To this end, consider the distribution function

associated with the random vector

Wy Wom)
which is also the distribution function of the random vector

(Wi, ..., W),
which is denoted by
wa.,...,w,’lh

because for any wy, ..., w, € R, we have

.., Wy). (4)

We used the fact that the random variables W;, 1 < i < n, are
exchangeable to get (3) from (2), and the fact that U is uniformly
distributed on {1, ..., n}, and independent of the W;’s to write (2),
and to get (4) from (3). O

Remark 1. The previous result could also be proved by induction
onn>1. _

It remains valid if U is uniformly distributed on {1, .., npnax},
with npax > n. To prove this, distinguish two cases: given that
U < n, Proposition 2 applies, and given that U > n, the classical
ballot lemma applies.

Propositions 1 and 2 directly enable us to obtain the finite-time
ruin probability for partly shifted risk processes starting from 0:

Theorem 1. The finite-time ruin probability for partly shifted risk
processes starting from 0 is given by

ct—x—S§

P[R§20V5<t|R’é=0]=E[(tt)+],
C

where RY = Ry — x1y<s), and U is uniformly distributed on [0, t].

2.3. Finite-time ruin probability for partly shifted risk processes
starting fromu > 0

Conditionally on the last continuous passage of R; at 0, the
process is located under the barrier u+ct at time t = n/c if there is
no ruin, or if the last visit of the process at 0 occurred at timei/c. Let
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T, be the first instant of ruin associated with the modified process,
when Ry = u. Then we have (see Rulliére and Loisel (2004))

n
P[S;‘/C<u+n]:P[TL’f> f]—f—A,
C
where
n—1 n—i
A=Y "N P[Se=u+iNS — Sy <i.
i=1 j=1
k=1,....n—insy, =S5 =j].

If U is uniformly distributed on 1, ..., n, conditioning on U,
we can consider every element of the second sum and get the
following result.

Theorem 2 (Modified Ruin Probability when Ry = u). The ruin
probability associated to the modified process is given by
n
P> 2] =P+ Sye <utn]— a1 -,
c
where
n—1 . n—i
l n—i—j
A= — [x+S,/c_u+1] [S(n 1)/c—]]7, ,
— n n—i
i=1 j=1
and
n-1 : n—i
n—i n—i—j
Ay = P[Syc =u+i] ) P[x+Snu_ic =j] ——.
~ n = n—i

3. Sensitivity analysis

3.1. The ruin probability as a function of the additional claim

In the sequel, we consider the probability of non-ruin before
t = n/c, when starting with an integer valued initial reserve.
Conditioning on the last passage time i/c of R; at 0, the probability
that the reserve is some integer jat timen/c, 1 <j < u+n,is given
by (see Loisel et al. (2008))

n—j
P[Ryc =j] = P[Tu > n/candRye =j] + Y P[Syc =u+1i]
i=1

XP[S(nfi)/c :jandSv/C <v,V1gv gn—l’],

where we assume that the sum vanishes when j > n. Using the
classical results of Takacs (1962a), one obtains that the first term
is given by

B
L

P[Sn/c =u-+n —]] — IUSH}

i

P[Si/c = u—|—1]
1

]n—z—]
n—i
Forj = 0, we have P[T, > n/candRyc =0] = P [S, =

u+n] —P[Syc=u+n]=0.
Conditionally on {N;;. = k}, defining

X P[Stu-ije =

(pk,j(ua n) =P [Tu > n/c and Rn/c =jl Nn/c = k] )
and ¢ (u, n) = P[T, > n/c | Ny = k], one obtains that
okjw,n) =P[W* =u+n—j]

e n—i—j

Z i k(Mo)P [W*™ = u +i] P [W*("*"o) =j]l—F—
i=1 ng=0 n—i

_ 1
P = Y

_ 1
P =~ D

where o (o) =P [Ny = o] P [Nn—ipsc = k — o] /P [Nyje = k],
id est

aiitmo) = () 0 (m — iy

So we have
u+n
o, n) =Y gpiu, )
j=0
and
u+n
(p(U, n) = Z P [Nn/c = k] ka(u, n)~
k=0

In fact, every claim amount W takes here a positive integer value
(one can assume that W # 0 by modifying A).

3.2. Inference of ruin probabilities

We will try here to express the plugin estimator of the
probability of ruin as a U-statistic. The basic information we use
is exposed in Hoeffding (1948) and Von Mises (1947).

Assuming that the observed claims belong to the finite set
{wq, ..., wn}, @kj(u,n) can be estimated by using a statistic
@rj(u, n). We will write [N] = {1, ..., N}. We are looking for a
plugin estimator which corresponds to the probability one gets
if the empirical distribution (associated to the observed claim
amounts) is used as the claim amount distribution. We thus work
with following estimator, for which this link can be obtained:

|:If(u +n—j)

no n—i _]
- Z Z o) @+ Dl () —— |,

i=1 ng=0

where I} (j) = l{wiﬁ-'-wiy:j}-x’ y € N,x < y.The indicator functions
IJ(j) are defined for each multi-index i = (i1, ..., 1) (omitted
here). We recall that «; (o) = P [Byi/m = 1|, where By iy is a
binomial random variable of parameters k and i/n. Given u and n,
set

Dy (i, ..., k),
= R

where
Bpjin, ... i) = DL (i) — O (i, i),
and
O i) = I+ 1 — ),

@) s . e o n—i—j
O (i) =) Z o (M)} (u + DI 1 () ———

i=1 ng=0 L
A basic result of Hoeffding (1948) holds when & ;(iy, . . ., i) is

symmetric as a function of iy, .. .,
symmetry in the next section.

ir. We shall study questions of
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3.3. On the symmetry of @ j(u, n)

First, q§,5])(11, L) = Ii‘(u + n — j) is clearly symmetric
as a functlon of 11, ..., Ir. Next, one studies the symmetry of
05,52) (i1, ..., ix). Let oy denote all the possible permutations of the
set {11, ..., Ix}. Then one obtains that
= Z Z o) w+ DIF 1 () = Es, s, [+ DJG)] .

' Ok ng=
with

JeQ 41) = Vs, 4oty =uti)»
and
JeG) = 18wy, 4By, =)

where §, = 1—§,, and where the random sequence §, isi.i.d., with
Bernoulli distribution with parameter i/n, v < k.

We can show that a transposition of two elements i; and i,
has the same effect than a transposition of §; and §,. The random
variables §, are i.i.d., so that the mean is invariant under any
permutation of the variables §,, that is

is symmetrlc as a function of iy, . . . , i.
The point here is that Zﬁozo @i k(no)l{° (u + DIy () is not
symmetric. We will use the following lemma:

Lemma 2.

- N . . )
N*@rj(u, n) = (k) U+ Z Dp (i1, -0y k),

where the sum Y_* is taken over all k — uplets for which at least one
pair of indices is such that i,, = i,, (vo # v1), and where U is a
U-statistic.

Proof. Let @, =
elementsi; < - --

{i1, ..., ik} be a subset of [N] of k distinct
< ir. Then one can write

(2)
Z (Dk](h,...,

n—j k

i)=Y > Y airno)i (u+ )

OkC[N] o i=1 ng=0
x I¥ —l— E

no+1 (I)

independent of the choice of the subset ®, C [N]. One obtains
that

n—j
2
Z ()(117~-~,ll<)— Z Zk!Esl AAAAA S
i1seemsikel 1N} OCINT i=1

x Dt + 7)) L Z
where
U=u® -y?®
s = S dan,
(k) OCI[N]
and
u? = D+ 7)) =,

—_— Z Zk‘Esl ,,,,,
(k) OC[N] i=1

proving the result. O

3.4. Hoeffding’s results

The variance of @ j(u, n) is bounded and may be expressed as
a function of a U-statistic. We can thus apply a powerful theorem
from Hoeffding (Theorem 7.3 on page 308 of Hoeffding (1948)) to
get the following theorem.

Theorem 3 (Asymptotic Normality of the Empirical Ruin Probabil-
ity). Let

u+n

Pelu,n) =) Pij(u,m),
j=0

and set

Ax = VN @y, n) — g(u, n)) .

The random vector (A4, ...,
normal of variance

Ay4n) is an asymptotically centered

The variance ;“(V Y is not very explicit. We will discuss its
various properties in the next section.

Remark 2. We can assume that the number of claims is smaller
than u + n, since, if not, ruin occurs with probability one: W > 1
and therefore A, = 0.

The variance of +/(N) (¢(u, n)

u+n u+n

V= ZZVSP [Nn/c = y] P[Nn/c — 5] é.](y.a).

y=0 6=0

— ¢(u, n)) is given by

If asymptotic normality holds, the limiting variance is given by
formula (7) of Loisel et al. (2008), and we have V,, = Vy [IFy¢(u, t)],
where IFy is the related influence function (for more details, see
Hampel (1974) and Hampel et al. (1986), or Huber (1981)). Let
Vy denote the variance of the random variable Y. We will give
equivalent expressions for these variances using the shifted ruin
process of Section 2.

3.5. Alternative formulas for V,

Given that among k claims, one of them is given by Y, one
has go,’{,j(u, n) = Lgj(Y) — R;j(Y). We omit Y when there is no
ambiguity; furthermore, the letters L et R are used for Left and Right.
Note that

Ly =P[Y + W* =u+n—j].

Since we do not know a priori whether the claim Y occurred before
the neth claim, Ry j is obtained by conditioning on §, the Bernouilli
random variable of parameter i/n, which indicates if the claim
occurred. Whenj = 0,onehasLio = Ro = P[Y + W* = u +n].
Whenj > 1, conditioning on §, one obtains that Ry ; is given by

n k

>3l

L

P [Bi—1,i/n = no — 1]

||M

< P[Y + W™ =y +i]p[wmo = j] =17 ;17]
"o By = o] P[W o —u+ 1]

n—i—j
| —.

P [Y + W*kfnofl :j i
n—i



/ldoc.rero.ch

http

Set

u+n

L(Y) =) Lij(Y),
j=0
u+n

Re(Y)

= Z Rij(Y),
=0

Ly = Ey[L«(Y)] and Ry = Ey [Re(Y)]. Then, following Hoeffding
(1948, Section 6), one gets that the covariance term g“(k D can be
written as

R))].

*kD — g, [((Le = R — (L — RO) (L —

Hence, using the fact that both L and R are expectations over Y, we
have

Kl
1(< ) = Ey [(Lx —

R) — (L —

RO (L — R)] — (L — R — Ry).

In the sequel, if no specific indication is given, we consider that all
probabilities, expectations and variances are taken given Y.
The variance V;, is given by

V - ZZklP njc = k [ njc = l] 1(k,l)7

=1 I=1

and it is easy to show that in fact

+00
Vy = Vy [Z kP [Naje = k] (L(Y) — Rk(m} :

k=1

Using the fact that

kP [Nnje = k] = %P[Nn/c =k—1], k=1,

one gets that V,, is the variance of the random variable
A.n +00

- P [Nn/c =k— 1] (L (Y)
¢ k=0

— Ri(Y)).

The term on the left is given by

+00

ZP[Nn/c:k—

k=0

+00

Z P [Nn/c =k~— 1] LI((Y) =

k=0

1] Lij(Y) = P[Y + Syje =u+n—j]

P[Y 4 Spe <u+n].

On the other hand, the term on the right is obtained by using
the identity

P [Nnjc = k] P [Bisn = no] =P [Ny = o] P [Nn—iyse = k — o],
since we can write

+00 n—j

ZP[ Tl/C_k_lej(y Zn l_.] ]1+5]2)

k=0 i=1
where Sj 1 and S; , are given by

>y

keN n0<k

X P[Na—iyje = k — o] P[W*™ =1 4y = u+i]P[w* 0 =j],

I/C =Ny — 1]

and

ZZH—I

keN ng<k

< P [W*no =u4 i] P [W*kfnofl 1y =]] .

N,/C = Tlo] P [N(nfi)/c =k—1- no]

Hence, we have

SjJ = iP [Si/c +Y=u+ l] P [S(n—i)/c =_]] .

n_

Sj2 = ——P[Syc = u+i]P[Supsc +Y =J].

Finally, one gets the following result.

Theorem 4 (Asymptotic Variance V,,). Let Y be distributed according
to the claim size distribution. V, is the variance over Y of the following
function of Y

An
?P[Y—i—s,,/C <u-+n

an n—1 i n—i

' n—i—j
It DILEETE by

A n—1_ ni -
S s —u ] Y P+ ¥ =)

i=1 j=1

We therefore find a mathematical expression which is similar
to the ruin probability. This can be seen intuitively quite clearly
since, apart from a factor An/c, the random variable of interest
corresponds to the ruin probability associated to the process
obtained by adding an additional claim Y. Looking at the various
terms of the above expression, Y is added to S;;c with probability
i/n, or to S¢,_;,c with probability n —i/n. In the special case where
Y = 0, we recover the ruin probability obtained by summing
over j:

P[T, > n/cand Ryc =j] = P[Spe =u+n—j]

n—j

— i<y ZP [Si/c =u+ i] [S(n e =1J
i=1

] n—i-— ]
n—i
Notice that for u = 0, this formula corresponds to the formula for

Vo given in Loisel et al. (2008). We can finally give a more compact
version of the formula:

Theorem 5 (Link with the Partly Shifted Process). Set
¢, t) =P[RE>0Vs <t |Ry =u],

where R = R — liy<g)x, §
have

> 0, and U is uniform on [0, t]. Then we

Vu=Vy [ate" (u, 0)].

Remark 3. Using the notation of Loisel et al. (2008), one can check
that V,, is also the variance of

IFy [o(u, m)].
This is the variance of
n
A=" (u, ),
c
where
¢*(u,n) =P[R > 0Vs < n/c | Ry =u],
and ¢(u,n) = ¢°u, n) are the probabilities of non-ruin before

time n/c for the regular and the modified processes.
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4. Link with influence functions
The kth-order derivative of the ruin probability with respect to
A involves R} since

k k

d k ; :
57?00 = Y <1> (=D Ey,..y, [@" (0, 0],

i=0

as a consequence of Eq. (9) in Loisel et al. (2008). In particular,

3590, 0 = tEy [0 (0. 1) — (0, D)],

as the Y; are i.i.d., and distributed as generic claim amount W.

4.1. IF for the compound Poisson distribution

We use here some basic facts given in Loisel et al. (2008). Let T
be a functional of the distribution function F. By definition of the
influence function, one has

T(FSY) — T(F
I, [T] = lim ~ ) —TE)
50 S
where F®¥ is defined for x € Rand s > 0 as

foru e R, F(u) = s1pey + (1 — s)F(u).

Theorem 6 (IF of S;). For any Borel set A C R,
IF [P[S; € A]l = At (P[x+S; € A] — Ey [P[Y + S, € A]]),
where Y is distributed as W.

Proof. Let n be the number of claims before time ¢, and set p, =
P[N; = n]. Then

+00
P [sf(”) c A] =p {Z puP [W“’X)*” e A]:| :
n=0
But note that
" /n
PIWe™ e Al =" ()1 — 9" *P[kx + W™ e A].
pard k

Taking the derivative of the above expression with respect to s
when s = 0, one obtains

o0

IFP[S, € A] = Z( . (?)P[x—f—W*"_] e A]

n=0
n
—Pn (0) nP[W*" e A]) ,
and it follows that, using p,, = Atp,_1/nwhenn > 1,

o0
IFP[S; € A] = At Z (PP [x + W™ € A]

n=0
—paP[Y + W™ €A]),
where Y is distributedas W. O

4.2. IF associated with ruin probabilities

Theorem 7 (IF Associated with ¢(0, t)). The influence function of the
ruin probability starting from Ry = 0 is given by
IFxlp (0, )] = At (¢"(0, ) —Ey [¢" (0, D)]),

where ¢*(0, t) is the ruin probability of the modified risk process R}
defined previously, where ¢*(0, t) = %E [(ct —x—Sp)+]

Proof. Set IF, ;(n) = IFP S,/ = j], and consider

IF, [¢ (o, g)] = JZO: —]Iij(n)

which can be obtained by using Takac’s results (see Loisel et al.
(2008), Proposition 9). The result follows then directly from the
definition of ¢*(0, n/c) and the interpretation of ¢*(0, n/c) in the
first sections. O

Remark 4. Theorem 7 links the derivative with respect to A of the
ruin probability with the influence function since, as we already
checked,

9 0,t) = tEy [¢" (0 0
aw(,t)_ty[w(,r)—w(,r)].

Theorem 8 (IF Associated with ¢(u, t)). We now turn to the com-
putation of the influence function associated with the ruin probability
starting from the initial reserve u, which is given by

IFy [ (u, )] = At (¢*(u, t) — Ey [¢" (. D)]),

where ¢*(u, t) is the probability of ruin associated with the modified
risk process R}, when Rj = u.

Proof. We use Proposition 10 of Loisel et al. (2008):

u+n

o 1] = - B (0.1
- Z B (KT, [¢ (o, ”_")] _
k=1 C

From the two previous theorems, one can transform influence
functions as functions of the distribution of x + S; and Y + S;. One
then gets the result by using that

n
P> 2] =P+ Sy <u+n]
C

=i n—i—j
=Y —P[x+Syc =u+i] ZP Sn-ije =J] ———
‘i n e n—i

_ZiP[S,/C_u—i—l]ZP X+S(n l)/c—]]n_l_" O

Remark 5. Note that one gets back logical expressions for the
asymptotic variances:

Vo = Vy [Atg" (0, 1)] = Vy [IFy [¢(0, D)]],

Vu=Vy [Ate" (u, )] = Vy [IFy [p(u, D]], u >0,

as well as the following identities:

Ey [IFy [¢(0, D)]] = 0,

Ey [IFy [@(u,)]] =0, u>0.

Remark 6. Expressions involving Y + S; or ¢" (u, t) can be linked
with the so-called dual risk process (see Mazza and Rulliére, 2004).
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