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In recent years, many efforts have been addressed on collision avoidance of collectively moving agents. In
this paper, we propose a modified version of the Vicsek model with adaptive speed, which can guarantee the
absence of collisions. However, this strategy leads to an aggregated state with slowly moving agents. We
therefore further add a certain repulsion, which results in both faster consensus and longer safe distance among
agents, and thus provides a powerful mechanism for collective motions in biological and technological mul-
tiagent systems.

I. INTRODUCTION

One of the most marvelous and ubiquitous phenomena in
nature is collective motion, a kind of motion that can be
observed at almost every scale: from bird flocks and fish
schools at the macroscopic level to bacteria, individual cells,
and even molecular motors at the microscopic level �1–9�.
Although in most cases agents do not share global informa-
tion and often travel in the absence of leaders or external
forces, collective motion may still occur. Analogous behav-
iors are reported in engineering systems also, such as groups
of autonomous mobile robots and air vehicles �10–16�. �See
also a newly reported swarm model that may connect granu-
lar materials and agent-based models �17�.� In order to un-
cover the underlying mechanism leading to the consensus of
collective population, Vicsek et al. �18� proposed a model
with self-driven agents to mimic the biological swarm, which
displays a novel type of kinetic phase transition. From then
on, the nature of the nonequilibrium phase transition of col-
lective motion attracted greater and greater attention
�19–24�. Due to simplicity and efficiency, many modified
versions of the Vicsek model were proposed. For example,
some new methods with effective leadership were introduced
�15,25,26�, and new moving protocols with adaptive speed to
accelerate the consensus were designed �27,28�. Meanwhile
some scholars have studied the consensus of collective mo-
tions via low-cost communication �29� and predictive
mechanism �30–32�, all of which can greatly enhance the
global convergence.

Recently, much attention has been focused on how to
keep distances among agents. A common way is to introduce
attraction and/or repulsion �15–17,33–40�. However, any
kind of repulsion alone cannot sufficiently avoid collision at
all times because it is entirely possible that in a high-density

area, two agents are compelled to collide for the purpose of
avoidance of collision with other agents. In this paper, we
propose a swarm model with adaptive speed to completely
eliminate collisions. In a plane, each agent adjusts its direc-
tion as the average direction of its neighbors while it resets
its speed according to the minimal distance from its neigh-
bors. The farther an agent is away from its nearest neighbor,
the higher speed it has. This strategy can completely avoid
collisions; however, it results in an aggregated state where
the agents move very slowly in average. Therefore, we fur-
ther introduce a repulsion that can break down the aggrega-
tion of agents, and thus sharply speeds up the global conver-
gence and enlarges the average distance among agents.

II. MODEL WITH ADAPTIVE SPEED

We consider each agent as an inelastic ball with radius a,
limited in a square-shaped cell of linear size L with periodic
boundary conditions. Initially, each agent is randomly dis-
tributed in the square, with moving direction randomly dis-
tributed in �−� ,��. At each time step, the position of the ith
agent is updated as

x�i�t + 1� = x�i�t� + v� i�t� , �1�

and its direction is updated as

�i�t + 1� = ��i�t��r + ��i, �2�

where ��i denotes the thermal noise which is a random num-
ber uniformly distributed in the interval �−� ,��. �In the main
context, we only consider the noise-free case, namely, �=0.
A brief discussion about the effect of noise is presented in
Sec. IV.� ��i�t��r denotes the average direction of the agents
within the horizon radius r of the ith agent �including the ith
agent itself�, which reads

tan���i�t��r� = �vi sin �i�t��r/�vi cos �i�t��r. �3�*zhutou@ustc.edu
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In natural swarms, the speed of each agent is alterable;
that is, agent may adjust not only its moving direction, but
also its absolute velocity. In the common sense, to avoid
collisions with other agents, an agent in a high-density group
should adopt lower speed. Taking urban traffic as an ex-
ample, the speed of an automobile is very low in the near-
jammed situation, whereas it is generally of high speed when
sparse automobiles take up the road. Accordingly, we set the
speed of the ith agent to not more than vi= �di−2a� /2, where
di is the geographical distance between two centers of the ith
agent and its nearest neighbor �see the illustration shown in
Fig. 1�. No matter how the ith agent and its nearest neighbor
choose their directions in the next time step, the restriction
can guarantee the distance between them no less than 2a and
therefore avoid collision. In fact, this restriction is not only
sufficient, but actually necessary. As the direction �i�t+1� of
each agent in the next time step is determined by the average
direction within its own horizon radius, it is impossible for
an agent to know all the information of its neighbors, espe-
cially the moving directions of its neighbors in the next time
step. Therefore, in order to avoid collision, it is obliged to
take into account the worst circumstance, that is, two neigh-
bors mutually approach. In this worst case, keeping the speed
of each agent �labeled by i� no more than �di−2a� /2 is the
only way to guarantee the absence of collisions.

Accordingly, the absolute velocity of each agent is up-
dated with the following rule:

vi�t + 1� = min�vmax,
di − 2a

2
	 . �4�

Clearly, when the distance between an agent and its nearest
neighbor is longer than 2vmax+2a, its following speed can
achieve the maximum; otherwise, its speed is limited as �di
−2a� /2.

Moreover, in order to quantify the consensus of moving
directions, an order parameter �18� is introduced as

Va =


�
i=1

N

v� i

�
i=1

N

vi

, 0 � Va � 1, �5�

where vi= �v� i�. A larger value of Va indicates better consen-
sus. Since the speed in this model is no longer constant, it is
necessary to define another order parameter Vb to evaluate
the consensus of the absolute velocity as

Vb =
�v2

v
, Vb � 0, �6�

where v= �vi� is the average absolute velocity of all the
agents, and �v2 is the variance of the absolute velocity. Ap-
parently, a smaller Vb corresponds to better consensus. Espe-
cially when Vb=0, all agents share the same speed.

Numerical results reveal that after the direction consen-
sus, speed still varies. Figures 2�a� and 2�b� respectively il-
lustrate the locations and velocities of all the agents in the
initial configuration and at the 500th time step. After a cer-
tain time period from the beginning, the positions of agents
are not uniformly distributed and an aggregation phenom-
enon appears �see Fig. 2�b��. Therein the average speed in a
high-density area is much slower than that in a low-density
area. This aggregated state can be understood as follows:

FIG. 1. Illustration of the current model with adaptive speed,
where r denotes the horizon radius of an agent, di denotes the dis-
tance of the ith agent and its nearest neighbor, vmax denotes the
possibly maximal velocity, and a denotes the size of an agent. Ac-
cordingly, 2a corresponds to the least distance of two agents.

(a)

(b)

FIG. 2. Illustrations of locations and velocities �a� in the initial
configuration, and �b� at the 500th time step. The parameters are set
as L=5, N=300, r=1, vmax=0.03, and a=0.01. The length and di-
rection of an arrow represent the absolute value and direction of the
corresponding agent’s velocity.
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agents in a high-density region agglomerate together and
mutually move in a low speed; thus they can seldom disperse
apart. Meanwhile they take up the way of their subsequent
peers whose speed is higher, making the high-density area
congregate more agents, and in turn achieving even higher
density and slower speed. �Of course, on the other hand, the
density is limited by the size of agents, a.� Moreover, the
motions of agents are similar to the laminar flow in hydro-
mechanics: when Va gets close to 1, each agent is moving
along a line with the same direction and will never diverge
from its final track. Thus, different layers present various
flowing speeds.

In the current model, the nearest distance among agents in
high-density areas is very close to 2a, making the involved
agents move in a very low speed �close to 0�. In the mean-
time the nearest distances among agents in low-density areas
are usually more than 2a+2vmax; accordingly the involved
agents can achieve a high speed �close to vmax�. Conse-
quently, the absolute velocities of all agents in the whole
system can be in a high diversity. Only in a low-density layer
can the agents maintain high-speed movement in a compara-
tively long term. As a matter of fact, the swarm never get
speed consensus even with identical directions, as shown
later in Fig. 5�b�. For the purpose of making all the agents
achieve the consensus with higher speed, it is necessary to
define a certain repulsion to avoid agglomeration. In addi-
tion, denoting rij −2a as the safe distance between the ith and
the jth agents, where rij denotes the geographical distance
between the ith and the jth agents. In real applications of
unmanned air vehicles and autorobots, the longer safe dis-
tance is favorable. Therefore we hope a properly designed
moving protocol with repulsion could make the safe distance
longer.

III. SCATTERING MODEL

Based on the strategy with adaptive speed mentioned
above, in this section, we define a repulsion to enlarge the
safe distances among agents. We assume: �1� the direction of
the repulsion should be along the line of two agents, and �2�
the magnitude of the repulsion should decrease with the in-
crease in distance between two agents. Moreover, as long as
the distance between two agents is over 2vmax+2a, no matter
how they choose their directions and speeds, collision will
not occur in the following steps. Considering this, the repul-
sion in our model should be a short-distance force and work
only when the distance is shorter than r0 �r0=2vmax+2a�.
Accordingly, we set the form of repulsion force as

f�ij = �u exp�−
1

1 − rij/r0
	 r�ij

rij
, rij � r0

0, rij � r0,
� �7�

where u is a free parameter. Since the mass of an agent plays
no role in the present model, we suppose the repulsive effect
�caused by the repulsion� can directly affect the velocity vec-
tor in the next time step �see Fig. 3 for an illustration�.

After defining such a repulsion, the moving direction of
each agent is determined not only by the average direction

within its horizon radius, but also by the repulsive effect. The

synthesis of repulsive effect f�i �f�i=� j=1
N f� ji, determined by Eq.

�7�� and the average velocity v� i �whose direction and magni-
tude are respectively determined by Eqs. �3� and �4�� is set as
the following moving direction of the agent �see Fig. 3�. On
the other hand, the absolute velocity should also follow Eq.
�4�. Numerical simulations, as shown in Fig. 4, indicate that
this protocol can effectively scatter the aggregated agents
�take Fig. 2�b� as an example for comparison�. Actually, un-
der this protocol, each agent can hold a certain distance
�much longer than the system mentioned in Sec. II� with its
neighbors, and therefore achieves its maximal speed vmax.

We also investigate the effects of repulsion strength by
adjusting the parameter u. Figure 5�a� shows that the conver-
gence of moving direction is not sensitive to the repulsion
strength. However, a larger value of u corresponds to a
shorter time for the system to achieve the consensus of
speed, as well as a higher average speed in the steady state
�see Figs. 5�b� and 5�c��. Considering Eq. �4�, the larger av-
erage speed actually implies that the average distance be-
tween agents is longer. Note that when u=0, Vb cannot ap-
proach 0, and the average speed is very low.

IV. CONCLUSION AND DISCUSSION

As long as we consider the sizes of agents, it is not only
possible but actually necessary to propose a protocol to avoid

FIG. 3. �Color online� Illustration of the motion protocol with
repulsive effect.

FIG. 4. The distribution of positions and velocities at 500th time
step in the scattering model. The parameters are set as L=5, N
=300, r=1, vmax=0.03, and a=0.01. The length and direction of an
arrow represent the absolute value and direction of the correspond-
ing agent’s velocity.
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collisions among them. Although the Vicsek model �18� has
achieved a great success in mimicking the self-driven swarm,
it cannot guarantee the absence of collisions. We report in
Fig. 6 a simple simulation of the noise-free Vicsek model
neglecting the sizes of agents. As the population grows, in
the stable state, the minimal geographical distance between
pairs of agents decreases quickly. If the size of agent is set as
a=0.01, then the minimal distance to avoid collisions must
be larger than 2a=0.02. That is to say, the standard Vicsek
model can only hold less than 200 agents with size of 0.01 in
a 5	5 square. In comparison, the current model with adap-
tive speed can hold thousands of such agents.

However, numerical simulations showed an aggregation
phenomenon in the current model, which impedes the con-
vergence of speed. To overcome this blemish, we define a
repulsion to scatter the aggregated agents. The simulation
results are exciting: each agent can hole a certain personal
space. What is more, they can quickly achieve speed consen-
sus and move in a very high speed. Numerical results also
indicate that the stronger the repulsive effect is, the less con-

vergence time it takes to achieve the consensus. In Sec. II,
we have already proved that even when two neighbors mu-
tually approach, the adaptive strategy can still help to avoid
possible collision. Therefore, in any event, collision will
never occur in the scattering model.

Furthermore, it is well known that the thermal noise can
also play a significant role in determining the moving direc-
tions of agents. Thus, we need to check whether our rule is
robust in the presence of noise. The numerical result indi-
cates that even in the noisy environment, in the stable state,
the average distance and average speed are both larger than
those without the repulsion. The order parameter for direc-
tion consensus of course decreases with the increase in noise
strength �, and it exhibits almost the same trend as the stan-
dard Vicsek model �actually, it is a little bit larger than the
Vicsek model; see please the simulation result shown in Fig.
7�.

In the noise-free Vicsek model, given r and L, the conver-
gence is faster with more agents �i.e., larger N� since they
will have more frequent communications in a denser circum-
stance. Actually, a recent numerical study �28� indicates that
the convergence time scales approximately as �ln N�−1.3; that
is, the larger the population is, the shorter the convergence
time is. In Fig. 8, we report the simulation result on the
convergence time in the noise-free Vicsek model �see the

(a)

(b)

(c)

FIG. 5. �Color online� Va, Vb, and the average speed versus time
steps under different repulsion strengths. The parameters are set as
L=5, N=300, r=1, vmax=0.03, and a=0.01. All the data come from
the average results of 500 independent runs.

FIG. 6. Minimal geographical distance between pairs of agent in
the stable state of the standard Vicsek model, dmin, versus the num-
ber of agents, N. Each data point is the average of 1000 independent
runs. The restriction to avoid collisions with agent size a=0.01
corresponds to dmin
0.02.

FIG. 7. �Color online� Comparison of order parameters Va in the
Vicsek model and the scattering model under noisy environment.
The parameters are set as L=5, N=300, r=1, and vmax=0.03. In
scattering model, u=0.01 and a=0.01. All the data come from the
average over 500 independent runs.
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blue dashed curve�, where the threshold quantile is set as
Va=0.99. It decreases monotonously with the increase in N,
in accordance with Ref. �28�. In contrast, in the present scat-
tering model, more effort should be taken to avoid collisions
in the denser circumstance. Figure 8 compares the conver-
gence times between the standard Vicsek model and the scat-
tering model in the absence of noise. One can find that in the
sparse circumstance, N�600, the convergence times of the
Vicsek model and the scattering model are almost the same,
while in the denser range, the convergence time in the scat-
tering model quickly increases versus the slow decrease in
that in the Vicsek model. The convergence time for absolute
velocity increases even most quickly than that for moving
direction. This result indicates a limitation of the present
model, namely, it cannot efficiently deal with the systems
with huge population. Accordingly, how to design an effi-
cient method to simultaneously guarantee the absence of col-

lisions and the quick convergence is still an open problem for
us. Anyway, in the case of a=0.01, the standard Vicsek
model can avoid the collisions only if the number of agents
is less than or about 100 �see Fig. 6�, while the scattering
model can hold about 600 agents with the same speed of
convergence. We therefore believe that the scattering model
can find applications in the design of motion protocol for
self-driven agents.

Some difficult yet important problems about the conser-
vative model remain to be further explored. For example, if
the ahead ones of a group of agents need not pay attention to
the following ones �that is, each agent only receives infor-
mation in a sector ahead in its moving direction rather than
all the neighbors within its sight radius �41��, collisions may
automatically disappear. If the swarm needs shorter time to
get convergence while avoiding the collisions, it may indi-
cate that the complete communication is not always the most
efficient manner while partial communication may be better
in some cases �29,41�. In addition, the properties of the phase
transition induced by the noise �see, for example, in Ref.
�34�, Grégoire and Chaté showed that a swarm model with
repulsion as well as the minimal Vicsek model suffers a dis-
continuous phase transition� remains an open issue. Though
not the focus in this article, it is worth a detailed investiga-
tion in the future.

ACKNOWLEDGMENTS

This work was funded by the National Basic Research
Project of China under 973 Program No. 2006CB705500, the
Specialized Research Fund for the Doctoral Program of
Higher Education of China under Grant No. 20060358065,
the National Science Fund for Fostering Talents in Basic
Science under Grant No. J0630319, and the National Natural
Science Foundation of China under Grant No. 10532060.
H.-T.Z. acknowledges the support of the National Natural
Science Foundation of China �NNSFC� under Grant No.
60704041, and the Specialized Research Fund for the Doc-
toral Program of Higher Education of China under Grant No.
20070487090. T.Z. acknowledges the National Natural Sci-
ence Foundation of China under Grant No. 10635040.

�1� L. Segel, SIAM J. Appl. Math. 32, 653 �1977�.
�2� A. Czirók, E. Ben-Jacob, I. Cohen, and T. Vicsek, Phys. Rev. E

54, 1791 �1996�.
�3� F. Nédélec, T. Surrey, A. Maggs, and S. Leibler, Nature �Lon-

don� 389, 305 �1997�.
�4� J. K. Parrish and W. M. Hamner, Animal Groups in Three

Dimensions �Cambridge University Press, Cambridge, En-
gland, 1997�, and references therein.

�5� M. T. Laub and W. F. Loomis, Mol. Biol. Cell 9, 3521 �1998�.
�6� E. Ben-Jacob, I. Cohen, and H. Levine, Adv. Phys. 49, 395

�2000�.
�7� R. Kemkemer, V. Teichgräber, S. Schrank, D. Kaufmann, and

H. Gruler, Eur. Phys. J. E 3, 101 �2000�.

�8� Y. Inada and K. Kawachi, J. Theor. Biol. 214, 371 �2002�.
�9� I. D. Couzin and J. Krause, Adv. Study Behav. 32, 175 �2003�.

�10� I. Prigogine and R. Herman, Kinetic Theory of Vehicular Traf-
fic �Elsevier, New York, 1971�.

�11� D. Helbing and B. A. Huberman, Nature �London� 396, 738
�1998�.

�12� D. Helbing and M. Treiber, Phys. Rev. Lett. 81, 3042 �1998�.
�13� A. Jadbabaie, J. Lin, and A. S. Morse, IEEE Trans. Autom.

Control 48, 988 �2003�.
�14� T. Chu, L. Wang, and T. Chen, J. Control Theory Appl. 1, 77

�2003�.
�15� N. E. Leonard and E. Fiorelli, Proceedings of the 40th IEEE

Conference on Decision and Control, 2001 �unpublished�, Vol.

FIG. 8. �Color online� Comparison of convergence times be-
tween the standard Vicsek model and the present model �i.e., the
scattering model� in the absence of noise. In the Vicsek model and
the present model, the convergence time for Va is defined as the
required time steps making Va larger than 0.99, while the conver-
gence time for Vb is defined as the required time steps making Vb

smaller than 10−3. Blue dashed curve represents the simulation re-
sult for the Vicsek model, while the black squares and red circles
represent the results for Va and Vb, respectively. The parameters are
set as L=5, r=1, and vmax=0.03. In the present model, u=0.1 and
a=0.01. All the data come from the average over 5	103 indepen-
dent runs.

ht
tp

://
do

c.
re

ro
.c

h

5



3, p. 2968.
�16� Y. Liu, K. M. Passino, and M. M. Polycarpou, IEEE Trans.

Autom. Control 48, 76 �2003�.
�17� D. Grossman, I. S. Aranson, and E. Ben-Jacob, New J. Phys.

10, 023036 �2008�.
�18� T. Vicsek, A. Czirók, E. Ben-Jacob, I. Cohen, and O. Shochet,

Phys. Rev. Lett. 75, 1226 �1995�.
�19� A. Czirók, H. E. Stanley, and T. Vicsek, J. Phys. A 30, 1375

�1997�.
�20� A. Czirók, A.-L. Barabási, and T. Vicsek, Phys. Rev. Lett. 82,

209 �1999�.
�21� J. Toner, Y. Tu, and S. Ramaswamy, Ann. Phys. �N.Y.� 318,

170 �2005�.
�22� M. Aldana, V. Dossetti, C. Huepe, V. M. Kenkre, and H. Lar-

ralde, Phys. Rev. Lett. 98, 095702 �2007�.
�23� W. Li, H. T. Zhang, Michael ZhiQiang Chen, and T. Zhou,

Phys. Rev. E 77, 021920 �2008�.
�24� H. Chate, F. Ginelli, G. Gregoire, and F. Raynaud, Phys. Rev.

E 77, 046113 �2008�.
�25� I. D. Couzin, J. Krause, N. R. Franks, and S. A. Levin, Nature

�London� 433, 513 �2005�.
�26� S. Mu, T. Chu, and L. Wang, Physica A 351, 211 �2005�.
�27� W. Li and X. F. Wang, Phys. Rev. E 75, 021917 �2007�.
�28� J. Zhang, Y. Zhao, B. M. Tian, L. Q. Peng, H. T. Zhang, B. H.

Wang, and T. Zhou, Physica A 388, 1237 �2009�.
�29� H. T. Zhang, M. Z. Q. Chen, and T. Zhou, e-print

arXiv:0707.3402.
�30� H. T. Zhang, M. Z. Q. Chen, G. B. Stan, T. Zhou, and J. M.

Maciejowski, IEEE Circuits Syst. Mag. 8, 67 �2008�.
�31� H. T. Zhang, M. Z. Q. Chen, T. Zhou, and G.-B. Stan, EPL 83,

40003 �2008�.
�32� H. T. Zhang, M. Z. Q. Chen, and T. Zhou, Phys. Rev. E 79,

016113 �2009�.
�33� G. Grégoire, H. Chaté, and Y. Tu, Physica D 181, 157 �2003�.
�34� G. Grégoire and H. Chaté, Phys. Rev. Lett. 92, 025702 �2004�.
�35� Z. Csahok and T. Vicsek, Phys. Rev. E 52, 5297 �1995�.
�36� N. Shimoyama, K. Sugawara, T. Mizuguchi, Y. Hayakawa, and

M. Sano, Phys. Rev. Lett. 76, 3870 �1996�.
�37� H. Levine, W.-J. Rappel, and I. Cohen, Phys. Rev. E 63,

017101 �2000�.
�38� I. D. Couzin, J. Krause, R. James, and G. D. Ruxton, J. Theor.

Biol. 218, 1 �2002�.
�39� V. Gazi and K. M. Passino, IEEE Trans. Autom. Control 48,

692 �2003�.
�40� V. Gazi and K. M. Passino, Int. J. Control 77, 1567 �2004�.
�41� B.-M. Tian, H.-X. Yang, W. Li, T. Zhou, W.-X. Wang, and

B.-H. Wang, e-print arXiv:0806.3594.

ht
tp

://
do

c.
re

ro
.c

h

6


