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VALUATIONS WITH CROFTON FORMULA AND FINSLER
GEOMETRY (REVISED VERSION)

ANDREAS BERNIG

ABSTRACT. Valuations admitting a smooth Crofton formula are studied
using Geometric Measure Theory and Rumin’s cohomology of contact
manifolds. The main technical result is a current representation of a
valuation with a smooth Crofton formula. A geometric interpretation
of Alesker’s product is given for such valuations. As a first application
in Finsler geometry, a short proof of the theorem of Gelfand-Smirnov
that Crofton densities are projective is derived. The Holmes-Thompson
volumes in a projective Finsler space are studied. It is shown that they
induce in a natural way valuations and that the Alesker product of the
k-dimensional and the I-dimensional Holmes-Thompson valuation is the
k + I-dimensional Holmes-Thompson valuation.

INTRODUCTION

The classical Crofton formula computes the length of a curve in the plane
by averaging the number of intersection points of the curve and a straight
line. Higher dimensional generalizations, where straight lines are replaced by
affine planes of a fixed dimension, are known under the name Linear Kine-
matic Formulas. These formulas were proved by Blaschke and his school.
They can be used to compute the so-called intrinsic volumes of subsets of
Euclidean space. Quite recently, it was shown that similar formulas also
hold in a Finsler setting. A Finsler metric on a manifold is, roughly speak-
ing, the assignment of a norm in each tangent space. There are various
definitions of volume for a Finsler manifold; the two best-known examples
are the Busemann volume (which is the Hausdorff measure of the under-
lying metric space) and the Holmes-Thompson volume (which comes from
symplectic geometry). The reader is referred to [11] for more information
on volumes on Finsler spaces.

A Finsler metric on a finite-dimensional vector space is called projective if
its geodesics are straight lines. As Alvarez Paiva and Fernandes showed, the
Holmes-Thompson volume of a compact submanifold of a projective Finsler
space can be computed by a Crofton formula [9].
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2 ANDREAS BERNIG

The aim of this paper is to put these formulas into the more general
context of valuations. Recall that a (convex) valuation on an n-dimensional
oriented vector space V' is a real-valued map ¥ on the space (V') of compact
convex subsets such that the following Euler additivity holds true for all
K,L e K(V)with KUL e K(V):

U(KUL)+U(KNL)=U(K)+ U(L).

Subanalytic valuations are defined similarly, replacing the word “convex”
by “subanalytic”.

Valuations on general manifolds were defined by Alesker in a series of
papers [2]-[6]. Compact convex sets are replaced by a convenient system of
subsets, like the space of compact submanifolds with corners or differentiable
polyhedra. It turns out that, under an additional and important smoothness
condition which is given below, an Alesker valuation on a finite-dimensional
vector space restricts to a convex valuation and to a subanalytic valuation.
Moreover, both restriction maps are isomorphisms. Keeping this in mind,
we will be a bit sloppy and switch between the convex, the subanalytic and
the manifolds with corners setting. In the first sections of this paper, we
will state the results in terms of subanalytic valuations. In later sections, it
will be more convenient to work with convex valuations.

Let us say that a subanalytic valuation admits a smooth Crofton formula
of degree k if there exists a smooth (signed) measure p on the manifold
AGr (V) of oriented affine n — k-planes in V' such that

U(X) = / x(X NH)du(H), X compact, subanalytic. (1)
AGr]_ (V)

It is easy to see that the right hand side defines a valuation for every pu,
but not every valuation is of this type.

Since the measure p is smooth, it is not surprising that the valuation ¥
has some smoothness properties.

In order to define smoothness of a valuation, we need the notion of the
conormal cycle of a compact subanalytic set. Its definition is recalled in
Section 1, for the moment it is enough to know that there is a canonical way
to associate to each compact subanalytic set a Legendrian cycle cnc(X) in
the cosphere bundle S*V in such a way that

enc(X UY) 4+ cene(X NY) =cne(X) 4+ cnc(Y) X, Ycompact, subanalytic.

It follows that each smooth n — 1-form w on S*V induces a valuation ¥,
by setting
U, (X) := cne(X)(w).

Valuations which can be represented in this way are called smooth, com-
pare [3]. The space of smooth valuations on V' is denoted by V>°(V).

A given smooth valuation ¥ may be represented by different forms w.
But there exists a second order differential operator D, called the Rumin
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operator, such that Dw is uniquely associated to ¥ [16]. This operator is
related to the cohomology of contact manifolds. Its construction will be
sketched in Section 2.

We say that W is of pure degree k if k = 0 and V¥ is a real multiple of
the Euler characteristic or if £ > 0, Dw is of bidegree (k,n — k) (w.r.t. the
product S*V =V x S*(V) and ¥ vanishes on points.

Before stating our main results, we have to recall that there is an involu-
tion on the space of smooth valuations, called the Euler- Verdier involution.
It was introduced by Alesker [3] and is induced (up to some factor) by the
natural involution of S*V.

The heart of the paper is the proof of the following theorem.

Theorem 1. Let p1 be a smooth (signed) measure on AGr,® (V). Then the
valuation ¥ defined by (1) is smooth, of pure degree k and belongs to the
(—1)¥ eigenspace of the Euler-Verdier involution.

In fact, we will show a bit more. Namely, we will see that ¥ = ¥, for a
form w with the property that Dw is the Gelfand transform of u for some
double fibration.

This theorem will be used together with the following uniqueness result.

Theorem 2. Let ¥ be a smooth valuation of pure degree k which belongs to
the (—1)*-eigenspace of the Buler-Verdier involution. If W(M) = 0 for all
k-dimensional submanifolds with boundary, then ¥ = 0.

Let us illustrate these results in the translation invariant case.

Recall that a valuation ¥ on V is called translation invariant if ¥(z+X) =
U(X) for all z € V and all X. If ¥ = ¥, is smooth, then V¥ is translation
invariant if and only if Dw is translation invariant [16].

A translation invariant valuation ¥ is called of degree k if U(tX) =
t4W(X) for all t > 0. By a result of McMullen [24], a non-zero valuation
can be uniquely written as a sum of homogeneous components of degrees
0,1,...,n. In the smooth, translation invariant case ¥ is of degree k if and
only if U is of pure degree k.

A translation invariant valuation WU is called even if U(—X) = U(X) for
all X. A smooth translation invariant valuation of degree k is even if and
only if it belongs to the (—1)*-eigenspace of the Euler-Verdier involution
(compare Theorem 3.3.2 in [3]).

On a Euclidean vector space V, translation invariant, even valuations of
degree k can be described by their Klain functions. Given such a valuation
U, its Klain function is the function on the Grassmannian Grg (V') which
associates to L € Grg (V') the real number U(Dy), where Dy, is the unit ball
in L. We thus get a map (called the Klain embedding) from the space of
smooth, translation invariant, even valuations of degree k to C'*°(Grg(V)).
By a theorem of Klain [23], this map is injective. In fact, Theorem 2 is the
generalization of Klain’s injectivity result to the non translation invariant
situation.
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The description of the image of the Klain imbedding was provided by
Alesker-Bernstein [7] in terms of the cosine transform. It implies a partial
converse to Theorem 1: A smooth, even, translation invariant valuation of
degree k admits a smooth translation invariant Crofton measure.

Let us return to the general situation.

Given smooth (signed) measures p1 on AGr;t_, (V) and pp on AGr;}_, (V),
let 1 be the push-forward under the natural intersection map

AGrt , (V) x AGI‘:;_]Q )\ Agy iy — AGrt _kQ(V).

n—ki n—k1

Here Ay, r, is the null set of pairs of affine planes of dimensions n — k1 and
n — ko such that their intersection is not of dimension n — k1 — ko. This
construction appears in [9] and we call pu the Alvarez-Fernandes product of
w1 and ps. If Uy, Wy and W are the valuations with Crofton measures pq, o
and p, then we also say that U is the Alvarez-Fernandes product of ¥; and
W,. However, at this point it is not clear that this product is well-defined,
since a smooth valuation can have different Crofton formulas.

On the other hand, there is another product, called the Alesker product
on the space of smooth valuations [2].

Theorem 3. Suppose that Vi, Ve € V°(V) admit smooth Crofton mea-
sures. Then the Alvarez-Fernandes product of V1 and Vo equals the Alesker

product of W1 and Vs. In particular, the Alvarez-Fernandes product is well-
defined.

Using Theorems 1, 2 and 3 we will derive the following application in
Finsler geometry.

Theorem 4. Let V be an n-dimensional vector space with a projective
Finsler metric. Then the Holmes-Thompson volume of k-dimensional sub-
manifolds (with or without boundary) extends to a unique smooth valuation
UHT € Yo(V) of pure degree k and belonging to the (—1)*-eigenspace of
the Euler-Verdier involution. Moreover, for k41 < n the Alesker product of
\IlkHT and \I'fIT 18 \Ilng;

Our second application in Finsler geometry concerns projective densities.
The definition of a smooth k-density on a manifold M will be recalled in
Section 6. A smooth k-density ¢ can be integrated over a (not necessarily
oriented) k-dimensional submanifold N C M.

A smooth density ¢ on RP" is called projective if k-dimensional projective
subspaces are extremal for the variational problem N — [ N @ ¢ is called
Crofton density if there exists a smooth (signed) measure p on the space of
n — k-dimensional projective subspaces such that

/N o= [#N L))

for all submanifolds N of dimension k.



//ldoc.rero.ch

http

CROFTON VALUATIONS 5

Theorem 5. ([22], [10])
Let ¢ be a Crofton k-density on RP™. Then ¢ is projective.

This theorem was stated by Gelfand-Smirnov [22]. A short proof, using a
PDE characterization of projective densities, was recently given by Alvarez
Paiva-Fernandes [10]. We will give a short, geometric proof of the same
result.

Plan of the paper. The paper is organized as follows. In Section 1 we
introduce the necessary notation from Geometric Measure Theory. Then we
present a short introduction to the theory of support functions and conor-
mal cycles. The construction of the Rumin-de Rham complex of a contact
manifold, in particular Rumin’s operator D, is recalled in Section 2. The
definition of a valuation of pure degree k is introduced and Alesker’s def-
inition of the Euler-Verdier involution is recalled. Then Klain’s injectivity
result is used to prove Theorem 2. Section 3 is about Gelfand transforms
of forms and currents and contains some technical lemmas. The heart of
the paper is Section 4, where Theorem 1 is proved using the Gelfand trans-
form of the conormal cycle under a particular double fibration. The product
structure on valuations is studied in Section 5. In particular, Theorem 3 is
proved. The proof of Theorem 5 is contained in Section 6. In Section 7 we
recall the definition of the Holmes-Thompson volume of a Finsler manifold
and prove Theorem 4.

Acknowledgments. It is a pleasure to thank J. C. Alvarez Paiva and
G. Berck for having taught me some Finsler geometry and answered many
questions in the course of preparation of this manuscript. I thank S. Alesker
for his very useful explanation of the product construction. The remarks of
the anonymous referee helped to improve the presentation and to correct an
erroneous version of Lemma 3.4. I thank the Schweizerischer Nationalfonds
for their support by grant SNF 200020-105010/1.

1. THE CONORMAL CYCLE

We give here a short introduction to the theory of conormal cycles. We
will define conormal cycles of compact convex and of compact subanalytic
sets without fixing an Euclidean metric on V. We do not give proofs and
refer to [21], [13], [14], [15] for details.

1.1. Notation from Geometric Measure Theory. We adopt the follow-
ing convention: a projection map w : A — B between manifolds will just be
denoted by mp. There will be no risk of confusion, since all projections will
be natural ones.

We follow [19] for the notation on Geometric Measure Theory.

The boundary 0T of a (Federer-Fleming-) current 7" is defined by 07 (w) =
T(dw). A current T with 0T is called a cycle.
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A rectifiable current 7" such that 97 is also rectifiable is called an inte-
gral current and the space of k-dimensional integral currents is denoted by
T (M). In particular, Zo(M) consists of finite linear combinations of Dirac
measures with integer coefficients.

Let f: M — M’ be a Lipschitz map between (Riemannian) manifolds.
Given a current 7" such that f is proper on sptT, the push-forward of T
under f is denoted by f,T.

Let T € Zy,(M) and f : M — M', where M’ is an oriented n’-dimensional
manifold. Then the slice (T, f,y) is defined and belongs to Zy_,/(M) for
almost all y € M’. Given a smooth map g : N — M and a current T' €
T (N), the following equation holds for almost all y € M":

(9T, f,y) = 9+(T, f 0 g, ). (2)

1.2. Cosphere-bundle. Let V' be an oriented n-dimensional vector space
and S*(V) := (V*\ {0})/R its cosphere. An element [£] € S*(V) can be
identified with the oriented hyperplane ker € in V. We set S*V := V' x S*(V),
the cosphere bundle over V. With wy : S*V — V and mg«(yy : S*V — S*(V)
denoting the natural projections, the contact structure of S*V is defined by
Qa,g)) = d(ﬂ'v)(_;’[g])(ker €). A form whose restriction to ) vanishes is called
vertical.

1.3. Support functions. Let B be the oriented line bundle over S*(V') such
that the fiber over a point [¢] € S*(V') is given by the line B¢ := V/ker¢,
with induced orientation. There is a natural map u : S*V — B, (z, [¢]) —
x/ker § € Big.

Let T be an integral, Legendrian cycle on S*V, i.e. an integral cycle of
dimension n — 1 which vanishes on vertical forms. The map

hr : S*(V) — To(B)
€] = w. (T, 2, [€])

is called the support function of T'. Note that, since we take slices, A7 is only
defined for almost every [¢] € S*(V'). The value hr([{]) is a 0-dimensional
integral current in B.

One version of Fu’s uniqueness theorem [21] states that T is uniquely
determined by hr7.

Next, we describe the support function of a compact convex set K C V'
and of a compact subanalytic set X C V. Denote the canonical projection
by 7 1 V. — Big.

We set

mie(le) i= 3 (1im x(igh (5) N K) = x(igh(s + ) 1 K) ) g0y € Zo(5)
SEBg

and similarly
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hx () = > (im x(mg () N X) = x(wgl (s + ) 1 X)) dgq € To(B).
sEBg

Note that in the convex case, there is exactly one value of s where the cor-
responding coefficient is non-zero. In the subanalytic set, there are finitely
many such values of s. In both cases, h([{]) € Zo(B).

It is well-known that hx uniquely determines K. By a result of Brocker
[17], hx uniquely determines X.

1.4. Conormal cycles. An integral Legendrian cycle T is called the conor-
mal cycle of K (resp. X) if hp([€]) = hx([£]) (vesp. hr([€]) = hx([¢])) for
almost all [¢(] € S*(V). The uniqueness of the conormal cycle follows from
the above mentioned theorem by Fu. The existence is easy to prove in the
convex case. In the subanalytic case, the conormal cycle was constructed by
Fu [21]. A more elementary approach is contained in [15].

It is easily checked that for compact convex sets K1, Ko such that KUK,
is also convex, we have

cnc(K7 U K») + enc(K; N Ky) = ene(K7) + cnc(Ka). (3)
In the same way, for compact subanalytic sets X,Y we have

cnc(X UY) +cenc(X NY) = cne(X) 4 enc(Y). (4)

1.5. Projections. Let Ly C V be an n — k-dimensional oriented subspace.
Let Vp := V/Lg with the induced orientation. Let By be the oriented line
bundle over S*(V) such that the fiber over a point E € S*(V}) is given by
the oriented line Vy/E. We set ug : S*Vo — By, (%, E) — z/E € VH /E.

The projection 7y, : V' — V} induces a natural inclusion 7 : S*(Vp) —
S*(V) and a map 7p : By — B such that the diagram

commutes.

If X is a compact subanalytic set, then the projection of X to V{ is again
compact subanalytic. However, it is better to work with the push-forward
7y, (X). This is no longer a set, but a constructible function on V. At a
point € V), its value is by definition the Euler characteristic of the fiber
7r‘701 (z) N X. The theory of support functions and conormal cycles can be
extended to compactly supported constructible functions [15]. In particular,
the following equation holds (and can be used as an ad hoc definition of

h’ﬂ'vo(X)):
(TB)*hﬂvo(X) =hxor. (5)
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2. SMOOTH VALUATIONS AND THE RUMIN-DE RHAM COMPLEX

Let w be a smooth differential form of degree n — 1 on S*V. By (4), the
map X — cnc(X)(w) defines a subanalytic valuation ¥,,. Such valuations
are called smooth.

The kernel of the map w +— W, is nontrivial and can be described in terms
of the Rumin operator D. Let us first recall the Rumin-de Rham complex
[25].

Let (N,Q) be a contact manifold of dimension 2n — 1. For simplicity,
we suppose that there exists a global contact form «, i.e. @@ = ker a. This
global contact form is not unique, since multiplication by any non-vanishing
smooth function on NN yields again a contact form. However, the following
spaces only depend on (N, @) and not on the particular choice of .

VEN)={we Q" (N):w=an& e QY N}
THN) ={w e Q*(N):w=aAé+danp, & c QY N), e QF2(N)}
THN) ={w e Q¥ (N):a Aw = da Aw = 0}.

Forms in V¥(N) are called vertical and characterized by the fact that they
vanish on the contact distribution.

Since dZ¥ C ZFt!, there exists an induced operator dg : QF )Tk —
Qk—i—l/z‘k—i—l‘

Similarly, d7% ¢ J**! and the restriction of d to J* yields an operator
dg : J k_, gkt1

In the middle dimension, there is a further operator, which we call Rumin
operator, defined as follows. Let w € Q"~1(N). Then J" contains a unique
element of the form d(w + a A v),rv € Q" 2(N) and Dw is defined to be
this element. The operator D is a second order differential operator. It
can be checked that D|zn-1 = 0, hence there is an induced operator D :
Qn—l/z‘n—l _ jn

The Rumin-de Rham complex of the contact manifold (N, Q) is given by

0 co(N) Bayrt 3 Qo2 gn-tym-1 B g 49
d d d
B’Jn+1£>---—62>72n—1 — 0.

The cohomology of this complex is called Rumin cohomology and is de-
noted by H{(N,R). By [25], there exists a natural isomorphism between
the Rumin cohomology and the de Rham cohomology:

HY(N,R) — H}p(N,R). (6)

The next theorem (which is a weak version of Theorem 1 in [16]) provides
a link between the Rumin cohomology of the contact manifold S*V and
smooth valuations.
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Theorem 2.1. ([16])

Let w be a smooth n — 1-form on S*V. Then V,, = 0 if and only if
(1) Dw =0 and
(2) [qyw=0foralzeV.

If Dw =0, then r := fS*M w € R is independent of x € V' and
U, =ryx
where x denotes the Fuler characteristic.

Note that the condition Dw = 0 means that, up to a vertical form, w is
closed.

Definition 2.2. A smooth valuation ¥ = ¥, is said to have pure degree
k > 1 if U vanishes on points and if the bidegree of Dw (w.r.t. to the product
structure S*V =V x §*(V)) is (k,n — k). ¥ has pure degree 0 if it is a
multiple of the Euler characteristic (i.e. Dw =0).

Alesker introduced an involution on the space of smooth valuations, called
the Euler-Verdier involution. Let s : S*V — S*V be the natural involution,
i.e. the map that sends (x, E) € S*V to (z, E) € S*V, where the bar means
change of orientation.

Definition 2.3. Let W = V¥, be a smooth valuation. Then the Euler- Verdier
involution is defined as (—1)"W .

Of course, one has to check that this operation is well-defined, i.e. inde-
pendent of the choice of w. This is easily done using Theorem 2.1.

Proof of Theorem 2. The statement is trivial if K = 0. Suppose that ¥ is a
smooth valuation of pure degree k > 0 which belongs to the (—1)*-eigenspace
of the Euler-Verdier involution and which vanishes on k-dimensional sub-
manifolds with boundary.

We can write ¥ = ¥, with Dw of bidegree (k,n — k). By Theorem 2.1
it is enough to show that Dw = 0. The argument we give here follows the
proof of the more general statement Prop. 3.1.5 in [2].

Since ¥ is smooth, we can define for each zg € V' the valuation ¥, by

1 dF

t=0
With ¢z 0 SV — S*V,(2,E) — (tz + z,E), ¥, is represented as

Vs = Uy, with
1 d" .
Wao = 77 T G tW-
KU dtk],_, "™
The exterior derivative d commutes with % and ¢ ;. Hence we get
1 dF
dwg, — or Dw.
k 7t
kU dth|,_, "
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Let us use linear coordinates (x1,...,2,) on V and (local) coordinates
(Y1, -+, Yn—1) on S*(V). Since ¥ is of pure degree k, we can locally write
Dw = ZM;#I:k?#J:nfk arydry A dyy with smooth functions ayy on S*V
(here I and J range over multi-indices with #I = k and #J = n—k). It fol-
lows that dwz, = >_; yars(wo, )drr Ady,. In particular, dwy, is translation
invariant, of bidegree (k,n — k) and

dwey (V1,5 vn) = Dw(ve, .. 0p), VE € S*(V),v1,..., 00 € Ty pyS™V.

(7)
Since Dw is vertical, the translation invariance of dw,, and (7) imply that
dwg, is vertical, i.e. dwz, = Dwg,.

We conclude that ¥, is translation invariant, smooth, of degree k£ and
even. By the assumption on VU, the Klain function of ¥,, vanishes. The
injectivity of the Klain imbedding implies that ¥,, = 0, i.e. Dw,, = 0. Since
this holds true for all g € V, (7) implies that Dw = 0. By assumption,
¥ = V¥, vanishes on points, hence fS*Vw = 0 for all z € V. Theorem 2.1
gives ¥ = 0. : O

3. DOUBLE FIBRATIONS AND (GELFAND TRANSFORM
3.1. Double fibrations.
Definition 3.1. A double fibration is a diagram of manifolds
A M2 B

where

(1) ma: M — A and mg : M — B are smooth fiber bundles;

(2) ma x g : M — A X B is a smooth embedding and

(3) the sets Ay == ma(r5'(b)),b € B and B, := np(n,;'(a)),a € A are
smooth submanifolds.

A morphism between double fibrations is a commutative diagram of fi-
brations
A & M BB
pal pm | pB |
Al Tar M’ B B

3.2. Gelfand transform of a differential form. Now suppose that A and
M are oriented and that the fiber of w4 is compact. The fiber integration
(ma)e : (M) — Q*(A) decreases the degree of a form p by the dimension
of the fiber, i.e. by [ := dim M — dim A. It is defined by

/a/\(ﬂA)*u:/ TN [
A M

for all compactly supported differential forms o on A. Other sign conven-
tions can be found in the literature (e.g. [12]); the above one corresponds
to the one in [10].
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It is easily checked that
AmA)ept = (ma)dp (8)

and that for a form o on A the following projection formula holds:

(ma)s(1 A Th0) = (—1)9E9 (m4) s A (9)
The Gelfand transform of a differential form ( on B is the form GT(f) :=
(A)T R0
We will need the following functorial property of the Gelfand transform
([9], Thm. 2.2). Let

A & M B B
pal pm L pB 1
Al Y M’ LN B
be a morphism of double fibrations such that
£= WB’p;Ml(m/) : PK/}(m,) - 951(7"3/ (m'))
is a diffeomorphism for all m’ € M’. Then
(pa)x GT(3) = deg(§) GT((pB)+) (10)

where deg(&) equals +1 if £ is orientation preserving and —1 else.

3.3. Gelfand transform of a current. Given a current 7"in A, the current
m4T on M defined by
Ty T (w) :=T((ma)w)

is called the lift of T' and was studied by Brothers [18] and Fu [20]. In the case
of a product bundle M = A x F, the lift of T is simply T x [[F]]. Moreover,
lifting currents is natural with respect to bundle operations, increases the
dimension by the dimension of the fiber and commutes with the boundary
operator 0.

Definition 3.2. The Gelfand transform of T is the current GT(T) =
(rB)«miT in B.

We will need the following two easy lemmas.

Lemma 3.3. Let mq : M — A and 7p : N — B be oriented fiber bundles
with diffeomorphic compact fibers F. Let f : M — N and f: A — B be
smooth maps such that the following diagram commutes

Y AN
lma l 7B
A L. B

Suppose that the induced map fo : 7, (a) — 75" (f(a)) is an orientation
preserving diffeomorphism for each a € A.
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Then for an integral k-current T on A and almost all y € N we have
(ma)- (RAT, fry) = (~1)! =S ENT, £, 75 (y)).

Proof. Let v be a smooth non-vanishing form of top-degree on N which
induces the orientation of N. From the assumption it follows easily that

fr(mp)wv = (ma)« "V

Let a be a compactly supported smooth form on A of degree k — dim B.
Using the projection formula (9) and the Slicing Theorem ([19], Thm. 4.3.2.
(1)), we get

T o) (mha) ) Av = oy T(f*v A mha)
DD

= T((ra):(f"v Amha))
= (=1)' 45T ((ma)s f'v A @)
= (—1)! 9T (f* (mp)av A )

(—1)tdesa /B (T, 1, )a) A (mp)ar
— (~1)ldesa /N (T, fa5()) @) Av,

and the equation follows. O

Lemma 3.4. Let 1g: N — B be an oriented fiber bundle with fiber F' and
let f: M — N be a smooth map. Let ) : N — B x F be an orientation
preserving trivialization of N and w1 : BX F — B, my : BXx I — F the
canonical projection maps. Let T be an integral current on M. Then for
almost all y € N we have

((T.75 0 fomp(y)) maovo foms0bly)) = (T, f.y).

Proof. By ([19], Thm. 4.3.2 (6)), (T, f,y) = (T, o f,1(y)) for almost all
y € N. The assertion of the lemma follows from 7 = 71 o ¢ and ([19],
Thm. 4.3.5). O

4. CURRENT REPRESENTATION OF A VALUATION WITH CROFTON
FORMULA

Let V be an oriented, n-dimensional vector space. The Grassmannian
Gr,” (V) of oriented n — k-planes in V has an induced orientation which
can be described as follows.

The tangent space Tr, G, (V) can be identified with the space of linear
maps from L to some complementary subspace L’. We orient L’ in the
natural way. Let eq,...,e,_x be a positive base of L and let e,,_gy1,...,€p
be a positive base of L. Let 4;j,i=1,...,n—k;j=n—k+1,...,n be
the linear map which sends e; to e;. Then we define

Al,nflﬁ»l, Al,nfk+27 vy Al,rm vy Anfk,n
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to be a positive base of Ty, Gr , (V).

The oriented affine Grassmannian AGr , (V') is a fiber bundle over Gr" , (V)

with canonically oriented fibers V/L and has therefore an induced orienta-
tion.
Let 1 <k <n and set

M :=((z,E,L) eV x S*(V) x Gr,} ,(V): LCE).
Then the natural projection M — S*V is a fiber bundle whose fiber above
(z, E) is the oriented Grassmannian Gr;' , (E). The natural orientations of

S*V and Grz_k(E) induce an orientation on M. There is also a natural
projection map from M to AGrZﬁk(V) defined by (z,E,L) — x + L.

Proposition 4.1. Let X C V be compact and subanalytic and 1 < k <
n. Define an integral current H,_(X) on AGr,} (V) by integration over
AGr (V) with multiplicity function H — x(H N X). Then the Gelfand
transform of ecnc(X) for the double fibration

S*V «— M — AGr! (V)
is (—1)F=RoH, (X).

Proof. Let T = GT(cnc(X)) be the Gelfand transform of cnc(X) for the
above double fibration. Let p : AGr,} (V) — Gr} (V) be the natural
projection map.

It suffices to show that
for almost all L € Gr,' , (V) and that 0H,_x(X) and T have no vertical
components with respect to p.

Claim 1: The restriction of dp to an approximate tangent plane of T is
surjective.

Let T := 4., cnc(X). It is an integral cycle of dimension (n — 1) + (n —
k)(k—1) = dimAGr,} (V) —1.

Let w € T, g )M be such that dmg«y(w) is horizontal and such that
dp o dﬂAGrj{_k(V) (w) = 0. Then dTrAGr;:_k(V) (w) is tangential to the k — 1-
dimensional manifold of affine n — k-planes in E parallel to L.

Let W C T(, p,)M be an approximate tangent plane of T such that
dm AGrj{_k(V)(W) is not degenerated. Since the kernel of dp|,+ 1 has dimen-

sion k, it follows that dm AGEE_ (V) (W) and ker dp|,+ 1, intersect transversally,

which implies that dp (dWAGrLk(V)(W)) =T, Gr! (V).
Claim 2: The restriction of dp to an approzimate tangent plane of 0H, . (X)
18 surjectiv.
By definition of H ,(V), an n — k-plane H € AGr , (V) can be in
the support of 9H," , (V) only if the Euler characteristic x(H' N X) is not
constant for H' near H.
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For L € Gr! ,(V), a generic H in p~1(L) intersects X transversally. By
Thom’s isotopy lemma, the Euler characteristic x(H' N X) is constant for
all H' near H in AGr;" (V). Hence H ¢ sptOH , (V). It follows that the
codimension of p~'(L) NsptOH, , (V) C p~*(L) is positive. Since dH,_j
is a current of codimension 1, the claim follows easily (for instance using a
subanalytic stratification of p compatible with spt H,,_).

Let N be the flag manifold of all pairs (F, L) where E C V is an oriented
hyperplane and L. C E is an oriented n — k-plane. Then N is a fiber bundle
over S*(V) with fiber Grt , (R""!) and the induced orientation. We can
also consider N as a fiber bundle over Gr,_, (V) with fiber Gr}" | (R¥). The
induced orientation of IV is the same as the one introduced above, because
dim Gr} , (R") dim Gr} | (R¥) = k(n — k)(k — 1) is even.

The projection mg«yy : S*V — S*(V) lifts to a projection nn : M —
N, (z,E,L) — (E, L), such that the diagram

M v, N
L Ty L mg=(v)
svo T sy
commutes.
For fixed Ly, we let V := V/Ly and My := {(x,E,L) € M : L = Ly}.
There is a map wg«y;, : Mo — S*Vo, (z, E, Ly) — (x/Lo, E/Ly).
Claim 3: For almost all Ly € Gr,_, (V) we have

(WS*VO)*<T77TGr:_k(V)7LO> = cne(my, (X)). (12)

Let Ty be the current on the left hand side. Since <T,77Gr+ (V)’L0> is
n—k

an integral current with support in My, Ty is a well-defined integral cycle
thanks to Federer’s flatness theorem.

Let W C T, g, 1,,) G, (V) be a linear subspace such that dry (W) C E.
Then

dTl'VO o dﬂ'S*VO(W) = dﬂ'vo o Clﬂ'v(W) C d?TVO(E) = E/Lo,

which means that dmg«y, (W) is a horizontal plane in T2/Lo,E/L0)S V0. Since

cne(X) is Legendrian, we can apply this to the generalized tangent planes of

the support of (T', m + (V) Lo) and obtain that T} is a Legendrian cycle.
Let us compute the support function of Tp. Let mg«(yy) : S*Vo — S*(Vo)

be the projection on the second factor. For almost all Ey = Ey/Lg € S*(Vp)
we have

<T0, WS*(V())? E0> = (71'5*\/0)* <<T, WGrZ,k(V)’ L0>, WS*(V())? E0> by (2)
= (WS*VO)*<T,7TN, (Eg, Log)) by Lemma 3.4.
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Let By, ug : S*Vy — By and 75 : By — B be as in Section 1. We then
have (on M)

TB O UY O TG+1 = U O TGxy .
It follows that
(7B)«h1, (Eo) = (TB © ug © gy, )« <T,7TN, (Eo, Lo)>
= (uomg«v )« ((ms+v)" enc(X), mn, (Eo, Lo))
= ux(cnc(X), mg«(v), Eo) by Lemma 3.3
= hx(FEy),

which implies, by Equation (5), that T} is the conormal cycle of 7, (X).

Claim 4: The slices of T and (—1)*"=KOH, _.(X) agree for almost all
Lo € Gr} (V).

Let 7 : Vp — AGr;lk(V),x/Lo — = + Lg. Then 7 o my, o mg+y, =
TaGe , (v) O M.

We now compute that

<T7p7 L0> = <(7TAGr;tik(V))*Tapa L0>

= (7TAGr+ (V))*<T’ TG (V) Lo)

= 7o 0 (myy)s © (mgvp )« (T, Tart vy Lo)
= 7y 0 (T )« cne(my, (X))

=Ty [[TFVO( )]

= O [[my, (X)]].

By definition, [[my,(X)]] is the integral current which is given by integra-
tion over V{ with multiplicity function z/Ly — x((xz + Lo) N X). Hence
T [[mv, (X)]] is given by integration over p~!(L) with the multiplicity func-
tion z + Lo — x((x + Lo) N X). It follows that

Tellmve (X)]] = (Hnr(X), p, L)-
Since O(H,_x(X),p,L) = (=1)*"=*(9H, _(X),p, L), the claim follows.
(]

The next theorem clearly implies Theorem 1.

Theorem 4.2. Let ¢ be a smooth form of top degree on AGrIﬁk(V), 1<
k < n. Define a valuation ¥ on V by

B(X) = / N(X 0 H)G(H).
HeAGr,_, (V)

Then W is represented by an n—1-form w on S*V with Dw = (—1)k"=k) GT(¢)
and fs*vw =0 for all x € V. In particular, V is smooth. Moreover, ¥ is

of pure degree k and belongs to the (—1)F-eigenspace of the Euler-Verdier
involution.
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Proof. Since AGr,_, (V) is a non-compact manifold of dimension k(n—k+1),
HEFD(AGrE | (V) = 0. Let 7 be a k(n— k + 1) — 1-form with dr = ¢.
We claim that ¥ = ¥, with w := (—1)*"=%) GT(7).

Let us first check that Dw = dw. For (z,E,L) € M, let W C T, g 1yM
be a linear subspace such that drg-y (W) is horizontal. Let v be a vector

not contained in F. Then the derivative at 0 of the smooth curve ¢ —
z+tv+ L € AGr] , (V) is not contained in drm g+ y(W). Therefore
n—k

dT gyt k(V)(W) is a proper subspace of Ty AGr,) , (V). It follows that
dw = (—1)’“ (n—k) GT(¢) vanishes on horizontal n-planes. From the definition

of D it follows that Dw = dw.
Now we compute

v(x) - [ V(X N H)o
HeAGT! (V)

= Hp—x(X)(9)

= 0H,,_i(7)

= (—=1)*"=®) GT(cne(X))(r) by Proposition 4.1
= cne(X)(w)

= U, (X).

Since the space of affine n — k-planes through x € V has measure zero,
we get

| w=vuliah = v(iap) o
SxV

Let us check that Dw is of bidegree (k,n — k) with respect to the product
decomposition S*V =V x S*(V).

Given v € T,V x {0} C T4, g)S™V and (z,E,L) € M, there exists a
unique lift o € T, p,ryM with dﬂGrj{_k,(V)(@) = 0. Then d”AGr:_k(V)(ﬁ)

is tangential to the k-dimensional submanifold in AGrIﬁ (V) consisting of
affine n — k-planes parallel to L. Therefore, replacing more than k such
vectors into Dw = GT(¢) gives 0.

For each vector w € T, g yM with drg«y(w) € {0} x TpS*(V) we
have that deGr;Qk(V) (w) is tangential to the k(n — k)-dimensional manifold

of affine planes containing x. Replacing more that k(n — k) such vectors

into 772 4 ¢ thus yields 0. Since the dimension of the fibers of mg«y
Gr)_ (V)

is (k — 1)(n — k), this means that replacing more than n — k vectors of
{0} xTES*(V) into Dw yields 0. This shows that Dw is of bidegree (k,n—k).

Let us now show that ¥ belongs to the (—1)*-eigenspace of the Euler-
Verdier involution. Let s : S*V — S*V, §: M — M, (2, E,L) — (z,E, L)

and s’ : AGr (V) — AGr! ,(V),z + L — z + L denote the canonical
involutions.
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These maps define a morphism of double fibrations, i.e. a commutative
diagram of fiber bundles

Ton Tacrt , (v)
sV EY M iy AGri_k(V)
5] 5] s’

_ Tacet ()
sV EY M iy AGerk(V)

The natural involution on the Grassmannian Gr;!_, (V) has degree (—1)
It follows that the degree of s’ is (—1)¥+"~1+k = (—1)"~1, The degree of 5
is (—1)"t"=k=1 = (—1)*=1. The restriction of 7, + (v to the fibers of 5
has thus degree (—1)"+F,

Using the functorial properties of the Gelfand transform (Equation (10))
and the fact that s is an involution of degree (—1)", we get

s QT(¢) = (—1)"s. GT(¢) = (—=1)* GT(9),

which implies that ¥ belongs to the (—1)*-eigenspace of the Euler-Verdier
involution. g

5. PRODUCTS OF SMOOTH VALUATIONS

5.1. Alvarez-Fernandes product. Let ¥; € V°(V) be represented by
a smooth Crofton measure pj on AGrszl(V) and let Wy € V>2(V) be
represented by a smooth Crofton measure po on AGr;{_lC2 (V'), where ky +
k‘g S n.

Let Ay, i, be the set of pairs (E1, Ea) € AGrZ_kl(V) X AGI‘Z_IQ (V') such
that dim 1 N By > n — ki — ka. Then Ay, 1, is a null set.

Given (Eq, Es) € AGrIﬁkl(V) X AGrIﬁkQ(V) \ A, ko, the intersection

F1 N Es has a canonical orientation and belongs to AGr:{_kl_,Q. We thus
get a map
AGrZ_kl(V) X AGr:{_k2 M\ Ak gy — AGrZ_kl_k2 ) (13)

Let p be the push-forward of u; X pe under this map. Then u defines
a valuation, which we call the Alvarez-Fernandes product of W1 and Wy
(compare [9]).

At this point it is not clear that this product is well-defined, i.e. does not
depend on the choices of pq and po.

5.2. Alesker product. In this section, we consider for simplicity only con-
vex valuations, although everything also works in the subanalytic case with
Minkowski addition replaced by the convolution product of constructible
functions [17], [13], [15].

Alesker introduced a product of smooth valuations on a finite-dimensional
vector space V' ([1], [2]). Let ¥y be the smooth convex valuation defined by

\Ifl(K) = V1(K—|—A1),

k+n—1
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where v is a smooth measure on V and A; a convex body with strictly
convex and smooth boundary. Similarly, let Uo(K) = vo(K + Ag). Let
v1 X vg be the product measure on V-x Vand A:V -V x V,x — (z,z)
the diagonal imbedding. Then the Alesker product ¥; - Wy is defined to be
the valuation

vy - \I’Q(K) = (I/1 X V2)(A(K) + Ay x Az)

:/ U (KN (z— Ag))dva(z).
\%

The valuation extends by distributivity to linear combinations of valuations
of the above form and then by continuity to all smooth valuation.

Lemma 5.1. Let W, be represented by the smooth Crofton measure 1 on
AGrszl(V) and let Wo be any smooth valuation on V. Then for all K €
KV)

Uy - Ua(K) = / Vo (K N E)dp (E).
AGr)_, (V)

Proof. Both sides of the equation are additive and continuous in ¥y. There-
fore it suffices to show the equation in the case where Vo(K) = v(K + A),
with v a smooth measure on V and A a strictly convex body with smooth
boundary.

We then get, by definition of the product

Uy - Uy(K) = /V Uy (K N (z — A))dv(z)

_ / / (KN (- A)N By (B)dv(x)
V JAGr

nfk]( )
= /
AGI‘n k

:/AG+ o, ValK 1By ().

WWLMKOEWW—AWW@WMW)

n—kq

Proof of Theorem 3. By Lemma 5.1 we get

Uy - \I/Q(K) \IJQ(K N El)d,ul(El)

I
— s

+
Grn—kl (V)

X(K N Ey N Ey)dp (Ey)dps(Ez)

=+
Grn—kl

V) /AGr:_,Q V)

X(K (O E)du(E).

n—ky—ko (V)
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6. CROFTON DENSITIES AND PROJECTIVE DENSITIES

Recall that a k-density on a vector space V is a smooth homogeneous
real-valued function ¢ on the cone A¥(V) of simple k-vectors in V. Here
the word homogeneous means that ¢p(Aw) = |A|¢(w) for all A # 0 and all
w € A¥(V). A smooth k-density on a manifold M is a smooth map ¢ that
assigns to x € M a k-density ¢, on T, M.

Given a smooth k-density ¢ on a manifold M and a (not necessarily
oriented) k-dimensional submanifold N C M, the integral |’ N ¢ is defined in
the usual way (take charts and use homogeneity to prove that the integral
is independent of the choice of the charts).

A k-density ¢ on RP" is called projective if k-dimensional projective sub-
spaces are extremal for the variational problem N — [ N @ ¢ is called a
Crofton density if there exists a smooth (signed) measure p on the space of
n — k-dimensional projective subspaces such that

[ o= [#vonau)

for all submanifolds N of dimension k.

These notions appear in [22], where it is stated that a k-density is a
Crofton density if and only if it is projective. However, it turns out that the
proof of “projective implies Crofton” is incomplete (cf. [10]). The implica-
tion that a Crofton density is projective is true; a short proof is presented
n [10]. The inverse implication holds true for k =1 and k =n — 1.

The current representation of Section 4 can be used for a short proof that
Crofton densities are projective.

Theorem 6.1. ([22], [10])
Let ¢ be a Crofton k-density on RP"™. Then ¢ is projective.

This theorem follows from the definition of Crofton densities, Theorem 1
and the next theorem.

Theorem 6.2. Let ¥ be a valuation of pure degree k on V. Then affine
k-dimensional subspaces are locally extremal in the following sense. Let X
be a bounded, open and subanalytic subset of a k-dimensional affine subspace
in V. Then X is extremal for ¥ under variations fixing a neighborhood of
0X.

Proof. The theorem is trivial if £ = 0, so let us suppose k& > 0. Let ¥ = ¥,
with Dw of bidegree (k,n — k).

Let W be a smooth vector field on V which is zero on a neighborhood
of 0X. The flow ® on V generated by W lifts in a canonical way to a
Legendrian flow on S*V, which is generated by the complete lift W€ of W.

The following equality (which in fact holds for every bounded subanalytic
set X) was established in the proof of Theorem 1 in [16]:

d

Z (@) = Wiyepu(X). (14)

t=0
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Since Dw is a vertical form of bidegree (k,n — k), iyye Dw is the sum of a
form of bidegree (kK — 1,n — k) and a vertical form. Each tangent vector of
cne(X) lying above an inner point of X is of bidegree (k,n—k—1). It follows
that the right hand side of (14) vanishes, showing that X is extremal. [

7. HOLMES-THOMPSON VOLUMES OF PROJECTIVE FINSLER METRICS

Recall that a norm on a finite-dimensional vector space is called a Minkowsk:
norm if the unit sphere and its dual are smooth. A Finsler metric on a man-
ifold is a function F' : TM — R which is smooth outside the zero-section
such that its restriction to each tangent space T, M,p € M is a Minkowski
norm. A Finsler metric on a vector space V is called projective if straight
lines are geodesics.

Using the Finsler metric on a Finsler manifold, we can measure the length
of a curve in the usual way. However, it is less clear how to measure the
volume of higher-dimensional manifolds, including M itself. One possibility
is to use the Hausdorff measure as definition of volume. This volume, called
the Busemann volume lacks several good properties (compare [11], [8]). In
some contexts, it is better to work with another volume, called the Holmes-
Thompson volume, whose definition we would like to recall.

Note first that T*M is a symplectic manifold. The Holmes-Thompson
volume of M is defined as the symplectic volume of the unit codisc bun-
dle D*M C T*M. Since submanifolds carry induced Finsler metrics, we
can thus measure their Holmes-Thompson volumes. It turns out that the
Holmes-Thompson volume has in many (although not all) respects better
properties than the Busemann volume.

Theorem 4 is another hint that the Holmes-Thompson volume is more
natural than the Busemann volume. Not only do these volumes extend
to smooth valuations, they also behave naturally with respect to Alesker’s
product.

Proof of Theorem 4. The fact that the k-dimensional Holmes-Thompson vol-
ume admits a smooth Crofton formula of degree k was proved in [9]. From
Theorem 1 it follows that it extends to a valuation \IlkHT of pure degree k
which belongs to the (—1)*-eigenspace of the Euler-Verdier involution.
Uniqueness of the extension follows from Theorem 2. Finally, the equation
W T =
follows from Theorem 3, since the Crofton measure of the k-dimensional
Holmes-Thompson volume is the k-th power (with respect to the Alvarez-
Fernandes product) of the Crofton measure of the Finsler metric [9]. O

We remark that, in general, the Crofton measure of the k-dimensional
Holmes-Thompson volume in a projective Finsler space need not be positive.
The question under which conditions it is positive seems to be a difficult
one. If the metric is invariant under translations (i.e. a norm on V'), then
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positivity of these measures is equivalent to the metric being a hypermetric

(cf.

[27]).

In [26], the Holmes-Thompson valuations are introduced and studied in
the translation invariant case. Their behavior is similar to that of intrinsic
volumes on Euclidean vector spaces.

(19]
20]
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