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electrorheological fluids. Its principal features are the weak monotonicity as-
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to depend on the velocity in order to cover some of the models in electrorheo-
logical theory. We establish existence of a weak solution of the corresponding
Navier-Stokes system.
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1 Introduction
1.1 A Navier-Stokes problem

Let 2 C IR" be a bounded open domain with Lipschitz boundary. We consider
the following Navier-Stokes system for the velocity u : © x [0,7) — IR"™ and
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the pressure P: Q x [0,7) — R

%—diva(x,t,u,Du)+(u~V)u:f—gradP on Q x (0,7) (1)
divu =0 on Q x (0,7) (2)

u=0 on 002 x (0,7)  (3)

u(+,0) = ug on 2 (4)

Here, f € L¥(0,T;V') for some p € [1 + n2—f2,oo), where V' consists of all
functions in Wy * (€2, IR™) with vanishing divergence. Moreover uy € L?(Q;IR"),
divug = 0, and o satisfies the conditions (NS0)—(NS2) below. We allow the
viscosity tensor to depend (non-linearly) on x,t, u and Du.

The problem (1)—(4) we study in this paper is motivated by the study of
non-Newtonian fluid flows and, more particularly, by electrorheological fluids
flows. These fluids are smart materials which are concentrated suspensions of
polarizable particles in a non-conducting dielectric liquid (a typical particle
size is 0.1-100pum). By applying an electric field, the viscosity can be changed
by a factor up to 10°, and the fluid can be transformed from liquid state into
semi-solid state within milliseconds. The process is reversible. Examples of
electrorheological fluids are alumina Al,O3 particles or Lithiumpolymethacry-
late. The phenomenon is called Winslow effect (after Willis Winslow who first
investigated it in the 1940s) and is characterized by the Mason number. The
Winslow effect seems to have growing applications in certain industrial sec-
tors (see Teo [24], or Teo and Roy [25]): It is used, e.g., to construct shock
absorbers in magnetically levitated trains.

In recent work (see Ruzicka [20], or Hoppe and Litvinov [9]) several laws for
constitutive equations have been proposed for the viscosity tensor ¢ of such a
fluid. In the model described in [9] the authors consider a situation where o de-
pends on the modulus of the electric field |E(x,t)|, on Du(z,t) but also on the
angle between the velocity u(z,t) of the fluid and the electric field. Moreover,
for the problems studied in [9], it has been shown that the electromagnetic
equations (i.e. the equations for E) are, under suitable assumptions, indepen-
dent of the equations for P and u. The electric field E(x,t) can therefore
be considered as known and the problem may be reduced to a Navier-Stokes
problem like (1)—(4). In particular, the viscosity tensor depends on z, ¢, u and
Du.

1.2 The main result

Our analysis for (1)—(4) is inspired by Dolzmann, Hungerbiihler and Miiller [5].
By using the theory of Young measures we are able to prove an existence result
for a weak solution (u, P) to (1)—(4) under very mild assumptions on o (see
Theorem 1 below). In particular we will treat a class of problems for which
the classical monotone operator methods developed by Visik [26], Minty [19],



Browder [3], Brézis [2], Lions [18] and others do not apply. The reason for this
is that o does not need to satisfy the strict monotonicity condition of a typical
Leray-Lions operator.

Historically, the pioneering works regarding the analysis of non-Newtonian
fluid flows were realized by J.L. Lions [18] and O. Ladyzhenskaya [10]. This
analysis was then extended, in particular by the works of J. Necas and coau-
thors (see for instance Maélek, Necas, Rokyta, Ruzicka [11, 12]). See also
Steinhauer [23, Chapter 3] for some more recent results and references in the
field. Nevertheless, in all these studies it is always assumed that o is strictly
monotone and consequently the result we present in Theorem 1 below cannot
be deduced from previous works. Moreover we allow the viscosity tensor to
depend explicitly on the velocity field.

To fix some notation, let IM™*" denote the real vector space of m x n
matrices equipped with the inner product M : N = M;;N;; (with the usual
summation convention).

Now, we state our main assumptions.

(NS0) (Continuity) o : 2 x (0,7) x R" x IM™*" — IM"™*" is a Carathéodory
function, i.e. (x,t) — o(x,t,u, F') is measurable for every (u, F') € IR" x
M™™ and (u, F') +— o(z,t,u, F) is continuous for almost every (z,t) €
Q x (0,7).

(NS1) (Growth and coercivity) There exist ¢; > 0, ¢; > 0, A\, € LP' (2 x (0, 7)),
Ao € LY(Q x (0,7)), A3 € LP/'(Q x (0,T)), 0 < a < p, such that
lo(z,t,u, )| < Ai(z,t) + e (JulfP~t + |[FIPY
o(z,t,u, F): F > —Xa(x,t) — A3(x, t)|ul® + eo| F|P

(NS2) (Monotonicity) o satisfies one of the following conditions:

(a) Forall (x,t) € Qx(0,7) and all u € IR", the map F — o(z,t,u, F)
is a C''-function and is monotone, i.e.

(o(x,t,u, F) —o(x,t,u,G)) : (F—G) =0

for all (z,t) € @ x (0,T), v € R™ and F,G € IM"*".

(b) There exists a function W : Q x (0,7) x IR" x IM"*" — 1R such
that o(z,t,u, F) = %—V}/(x,t,u, F), and F +— W(x,t,u, F') is convex
and C" for all (z,t) € Q x (0,T) and all u € IR".

(c) o is strictly monotone, i.e. ¢ is monotone and (o(z,t,u, F) —

o(x,t,u,G)): (F —G) =0 implies F = G.



The Carathéodory condition (NSO) ensures that o(z,t, u(z,t), U(z,t)) is mea-
surable on  x (0,7") for measurable functions u :  x (0,7) — IR" and
U:Qx(0,T) — IM"™" (see, e.g., Zeidler [28]). (NS1) states standard growth
and coercivity conditions: They are used in the construction of approximate
solutions by a Galerkin method and when we pass to the limit. The strict
monotonicity condition (c¢) in (NS2) ensures existence of weak solutions by
standard methods. However, the main point is that we do not require strict
monotonicity or monotonicity in the variables (u, F') in (a) or (b) as it is usually
assumed in previous work.
We fix the following function spaces:

77 :={p € Cy°(2;IR") : divp = 0}.

Then, V denotes the closure of 7”in the space WP(Q;R"). A classical result
of de Rham shows, that this space is

V ={peW;P(Q;R") : divy =0}

(here we use, that Q has a Lipschitz boundary, see Galdi [8, Chapter I1I}). In
addition, we will have to work with W2(€;IR"), where s > 1+ %. Then, we
denote by

V, := the closure of 7" in the space W**(Q)

and

H, := the closure of 7" in the space L(2), and
H = HQ.

Furthermore, let 77" denote the space defined by
7 ={ve LP(0,T;V): 8w e LF(0,T;V')},

where the integrals are to be understood in the sense of Bochner and the
derivative means here vectorial distributional derivative (see the beginning of
Section 4 and the end of Paragraph 4.3 for more information). We recall for
the moment only that 77 is continuously embedded in C°([0,T]; H) and we
always identify v € 7~ with its representative in C°([0,T]; H).

The main result we will prove is the following:

Theorem 1 Assume that o satisfies the conditions (NS0)-(NS2) for some
p € [1 + 25 ,00). Then for every f € LY (0,T; V') and every uy € H, the
Navier-Stokes system (1)—(4) has a weak solution (u, P), with uw € 777, in the

following sense: For every v € LP(0,T;V) there holds

T T T T
/<8tu,v>dt+/ / o(z,t,u, Du) : Dvdx dt+/ /(U-V)u-v dx dt = / (f,v)dt.
0 0Jo 0Jo 0



Remarks:

(i) Let u € 77" be a weak solution in the sense of Theorem 1. If we define
the distribution S € (Z'(2 x (0,7"))" by setting

S = o —divo(x,t,u, Du) + (u-V)u — f,

then S satisfies (S, ) = 0 for all ¢ € 7. Consequently, by a result of
de Rham, S = —grad P fora P € @'(Q2 x (0,T)) (see Galdi [8, Lemma
II1.1.1]). This shows that Theorem 1 ensure the existence of a classical
weak solution (u, P) for problem (1)—(4).

(ii) The weak solution in Theorem 1 is more than a classical weak solution.
In fact, we have u € C°([0,T]; H) and moreover the energy equality is
satisfied, i.e. for all s, € [0, 7] and all s; € [0, s3] we have:

1 2 1 52
§Hu(,52)H12q+/ /J(x,t,u, Du) : Dudxdt = §Hu(,51)H12q+/ (f,u)dt.
S1 Q

S1

1.3 Organization of the paper

In Section 2 we indicate the choice of the Galerkin basis. In Section 3 we
introduce and solve the Galerkin equations: we obtain a sequence u,, of ap-
proximating solutions for problem (1)-(4). In Section 4 we establish various
properties of convergence for the sequence w,,. In particular we prove that
U, converges weakly to some w in LP(0,7;V). It is then easy to see that
—div o (2, t, U, Du,,) converges weakly to some y in L” (0, T; V') but the prin-
cipal difficulty will be to show that x = —divo(z,t,u, Du). In Section 5 we
make a step in this direction by studying the Young measure associated to the
sequence (U, Du,,), and in Section 6 we prove a div-curl inequality which is
the key ingredient for Section 7. In Section 7 we pass to the limit m — oo in
the Galerkin equations and prove Theorem 1.

2 Choice of the Galerkin base

Let s > 1+ 2 such that for v € W*?(Q) we have Dv € W*12(Q) C L™(Q).
In particular, we have

V,CVCH>H cV' cV!

(where H is identified with H' by the canonical isomorphism of Hilbert spaces).
For ¢ € H we consider the linear bounded map

90:‘/S_>]R7 UH(va)H



where (-, )y denotes the inner product of H. By the Riesz Representation
Theorem there exists a unique K¢ € V; such that

o) = (¢,v)g = (K(,v)y, for all v € V.

The map H — H, ( — K, is linear, continuous, injective and (due to the
compact embedding V; C H) compact. Moreover, since

(€, KQ)u = (K¢, KQ)y, =20

the operator K is strictly positive. Hence, there exists an L2-orthonormal base
W = {wy, ws, ...} of eigenvectors of K and strictly positive real eigenvalues
A; with Kw; = \jw;. This means, in particular, that w; € V; for all ¢ and that
for all v € V;
Ai(w;, v)y, = (Kw;,v)y, = (w;,v)q. (5)

Notice that therefore the functions w; are orthogonal also with respect to the
inner product of Vy: In fact, for i # j, we get by choosing v = w; in (5)

1

0= y(wiawj)H = (w;, wy)v,.

1
(In the finite dimensional eigenspaces, a well known theorem of linear algebra
guarantees, that the vectors can be chosen orthogonal simultaneously with
respect to both inner products.) Notice also that, by choosing v = w; in (5),

1= |Jwl|72 = (wi, wi) g = Ni(wi, wi)v, = Ni|lwi[ e

S

Thus, W o= {Wy, s, ...}, with @; := /A\w;, is an orthonormal set for
W?(Q). Actually, W is a basis for V,. To see this, observe that for arbi-
trary v € Vi, the Fourier series

n

Sp(v) 1= Z(u?i,v)ws,zzbi — 0 in Vi

i=1

converges to some v. On the other hand, we have
sp(v) = Z(wi,v)szi — v in H

i=1

and by the uniqueness of the limit, v = v.
We will need below the L2-orthogonal projector P, : H — H onto span(wy,

Wy, ..., Wn,), m € IN. Of course, the operator norm || Py|| »(zn) = 1. But
notice that also || Py, || o (v,,v,) = 1 since for v € V;

m m

Ppu=Y (wi,u)gw; = » (i, u)y, b, (6)

i=1 =1



3 Galerkin approximation

We make the following ansatz for approximating solutions of (1)—(4):

m

U (2, 1) = Z Ci(t)w; (),

=1

where ¢,; : [0,7) — IR are supposed to be continuous bounded functions.
Each w,, satisfies the side condition (2) and the boundary condition (3) by
construction in the sense that u,, € C°(0,T;V,). We take care of the initial
condition (4) by choosing the initial coefficients ¢,,; 1= ¢ (0) = (ug, w;) 2 such
that

Um(+,0) = Zcmlwl() — uy in L*(Q) as m — oo. (7)

We will see later on, in which sense the solution respects the initial values.
We try to determine the coefficients ¢,,;(t) in such a way, that for every
m € IN the system of ordinary differential equations

(O, wj) i + / o(z,t, Um, Duy,) : Dwjdz 4 b(tp, U, w;) = (f(t),w;) (8)
Q

(with j € {1,2,...,m}) is satisfied in the sense of distributions. In (8), (-, ")
denotes the dual pairing of V' and V. Moreover, we used the shorthand nota-
tion

b(u,v,w) := /Q((u -V)v) - wdzx.

3.1 Local solutions for the Galerkin equations

We fix m € IN for the moment. Let 0 < ¢ < T and J = [0,e]. Moreover
we choose r > 0 large enough, such that the ball B,(0) C IR™ contains the
vector (¢,1(0), ..., ¢mm(0)), and we set K = B,(0). Observe that by (NSO0),
the function

F:JxK — R"
(tacla"'acm) = ((f(t)’w]> _b(z Ciwi7zciwi7wj)
=1 =1

_/ o(z,t, Zcz-wz-, ZCtii) : ijdx> ‘
Q i=1 i=1 =1

is a Carathéodory function. The three terms in the definition of F' can easily
be estimated on J x K: For the first term, we have

(@), wipl < 1F @Ol llwsllv



In the second term, we use the fact, that Dw; € W* 12(Q) C L>(Q): Hence,
the term [b(D>_", cow;, Y1 ¢;w;, wy)| is bounded by a constant which depends
on m and r, but not on t. For the third term, we have by the same reasoning
as before and by the growth condition in (NS1)

m m

|/0(x,t,ZCiwi,Zctii) : Dwjdx| < C/ Mz, t)de + C
Q -

i=1 i=1 Q

where C' depends on m and r but not on ¢. Using these estimates, we conclude
that for all j =1,...,m we have

|Fi(t,cr, .o em)| < C(rym)M(t) 9)

uniformly on J x K, where C'(r,m) is a constant which depends on r and m,
and where M (t) € L'(J) does not depend on 7 and m. Thus, the Carathéodory
existence result on ordinary differential equations (see, e.g., Kamke [15]) ap-
plied to the system

ity = Fit,a(t),...,cm(t)) (10)
¢(0) = cmj (11)
(for j € {1,...,m}) ensures existence of a distributional, continuous solution

¢; (depending on m) of (10)—(11) on a time interval [0,¢’), where ¢’ > 0, a
priori, may depend on m. Moreover, the corresponding integral equation

ci(t) = cmy + /0 Fi(r,e1(7), ..., cm(T))dT (12)

holds on [0,¢"). Then, u,, := Y " ¢;(t)w; is the desired (short time) solution
of (8) with initial condition (7). We recall that Carathéodory’s theorem assures

that the solutions ¢;(t) are absolutely continuous.

3.2 Global solutions for the Galerkin equations

Now, we want to show, that the local solution constructed above can be ex-
tended to the whole interval [0,7") independent of m. As a word of warning
we should mention, that the solution need not be unique.

The first thing we want to establish is a uniform bound on the coefficients
¢;(t): Since (8) is linear in wj, it is allowed to use w,, as a test function in
equation (8) in place of w;. Observe first, that we have the identity

1 .0 1
bWy Uy Upy) = 5/%”‘8 |ty |2 d = ~5 / AV Uy |t |*d = 0
Q T Q



since u,(-,t) € Vi for all ¢ in the existence interval (recall that all ¢; are
continuous functions). Therefore we get from (8) for an arbitrary time 7 in
the existence interval

/(@um,um)Hdt—i—/ /O(x,t,um,Dum):Dumdxdt:/ (f(t), un) .
0 0o Jo 0 ,

-~ ~~ -~

=:1 1 =111

For the first term we have

I'= g llum (s T)IZ2) = 3llum (- 0)][Z2(0).

Using the coercivity in (NS1) for the second term, we obtain

11> —||>\2HL1(QX(07T)) - H/\3||L(P/a)'(§2><(O,T))HumH%P(QX(O,T))+

+ C2HumHIIip(o,T;v)-

For the third term, we finally get

1T < HfHLp’(o,T;v’)HumHLp(O,T;V)'

The combination of these three estimates gives (e.g. by using Young’s inequal-
ity) _
(i (™)t ol = [t (-, Py < €
for a constant C' which is independent of 7 (and of m).
Now, let

A :={t €0,T) : There exists a solution of (10)—(11) on [0, ?)

in the sense specified above}.

A is non-empty since we proved local existence above.
Moreover A is an open set: To see this, let t € A and 0 < 74 < 7 < t.
Then, by (12) and (9), we have

kwh%ﬂMMI</th%MW~@WWWT

T1

< C(C.m) / S M @)dr

T1

Since M € L'(0,T), this implies that 7 — ¢,;(7) is uniformly continuous.
Thus, we can restart to solve (8) at time ¢ with initial data lim, ~ w,(7) and
hence get a solution of (10)—(11) on [0,t 4 ¢) for some & = £(t) > 0.



Finally, we prove that A is also closed. To see this, we consider a sequence
7 /' t, . € A. Let ¢,,;; denote the solution of (10)-(11) we constructed on
[0, 7;] and define

G ( ) ij,i<T) if T E [0, Ti]
mj,i\T) ‘=
I ij,i(Ti) lf T € (Ti, t)

The sequence {é,,;,}; is bounded and equicontinuous on [0, %), as seen above.
Hence, by the Arzela-Ascoli Theorem, a subsequence (again denoted by ¢,,;:(7))
converges uniformly in 7 on [0,¢) to a continuous function ¢,,;(7) as i — oo.
Using the Lebesgue convergence theorem in (12) it is now easy to see that
Cm;(T) solves (10) on [0,t). Hence ¢t € A and thus A is indeed closed. And as
claimed, it follows that A = [0, 7).

Consequently, the function w,,(z,t) = 377, cmj(t)w;(z) satisfies equa-
tion (8) in the sense of ©/'(]0,T[). Moreover there exists a constant C' > 0,
independent of m, such that

|t || coo,1):22(0)) < C. (13)

4 Compactness of the Galerkin approximation

In this section we establish various properties of convergence when m — oo for
the sequence {u,,}. Paragraph 4.1 is devoted to basic convergence properties.
In particular we prove that by extracting a suitable subsequence which is again
denoted by u,,, we may assume that u,, — w in LP(0,7; V). In the Paragraphs
4.2 and 4.3, we prove additional convergence results for {u,,} and a regularity
result for u. This is achieved by studying the distributions associated to u,,
and to u. The section ends with Paragraph 4.4 where we study the convergence
of {u,(x,t)} for fixed t € [0, 7).

First we recall some facts about the vectorial distributions (see Dautray
and Lions [4, p. 565-577] or Zeidler [27, p. 406-423] for a more complete
introduction) and we introduce some notations.

Let X be a Banach space. The space of the vectorial distributions on (0,7")
to X is denoted by &'(0,T; X) and defined by 2 /(0,T; X) := (2 (0,T); X).
For the functions defined on (0,7") and taking values in X, we only consider
in this paper the notion of integrability due to Bochner, and we denote by
LY0,T; X), LP(0,T; X) the corresponding spaces of integrable or p-integrable
functions. A fundamental result is that the space L'(0,7; X) is continuously
embedded in 2/(0,T; X). The embedding is realized by the mapping which
for f € L'(0,T; X) associates Ty € &'(0,T; X), where Ty(¢) = fOTf(t)go(t)dt.
This allows to identify T and f for f € L'(0,T; X).

Every S € &/(0,T; X) is differentiable in the sense of distributions, which
means that the mapping 2 (0,7) 3 ¢ — —S(¢') € X belongs to &'(0,T; X),
and we denote it 9,S. Let f € C'(0,T; X), it is easy to show that 9,7y = Tp,y,



where 0, f means here the classical derivative of f. Let now f € L'(0,T; X)
be such that there exists g € L'(0,7; X) with the property that 9,7y = T,.
According to the fact just mentioned for classically differentiable f, we will
conserve the notation 0;f for g.

4.1 Basic convergence properties

By testing equation (8) by wu,, in place of w; we obtain, as above in Section 3,
that the sequence {u,,},, is bounded in

L>®(0,T; H) N LP(0,T; V).

Therefore, by extracting a suitable subsequence which is again denoted by u,,,
we may assume

Uy — u in L(0,T; H) (14)
Um — u in LP(0,T;V) (15)

The function v € L>(0,T; H)NLP(0,7;V) is a candidate to be a weak solution
for the problem (1)—(4). The idea is to pass to the limit m — oo in equation (8),
but to do this, several additional properties of convergence for {u,,} must be
established. At this point, by using (15) together with the growth property for
o in (NS1) we can extract a suitable subsequence of {—divo(x,t, uy,, Duy,)}
such that

—divo(x,t, Uy, Duy) — x  in LP(0,T: V"), (16)

where y € L¥'(0,T;V").
The principal difficulty will be to show that x = —divo(z,t,u, Du).

4.2 Convergence in measure

Here we shall use the Galerkin equations to get additional information on the
sequence {Oiu,}. The idea is then to use Aubin’s Lemma in order to prove
compactness of the sequence {u,,} in an appropriate space. Technically this is
achieved by the following Lemma which is slightly more flexible than e.g. the
version in Lions [18, Chap. 1, Sect. 5.2] or in Simon [22].

Lemma 2 Let B, By and By be Banach spaces, By and B; reflexive. Let
1 : By — B be a compact linear map and j : B — B; an injective bounded
linear operator. For T finite and 1 < p; < 0o, i = 0,1,

W= {v[v e L"(0,T; Bo), d(joiov)e LP(0,T;B)}

is a Banach space under the norm ||v||ro(0,1;8,) + || 0:(j010v)||Lr1(0,7;8,)- Then,
if V-.C W is bounded, the set {i ov|v € V'} is precompact in LP(0,T; B).



A proof of Lemma 2 can be found in Hungerbiihler [14].
Now, we apply Lemma 2 to the following case: By :=V, B := H, (for some

g with 2 < ¢ < p* := n—ﬂ)lfp<ﬂ&ﬂd2<p<001fp>n) andB1 =V,
Since we assumed that p > 1+ =% +2, we have the following chain of continuous
injections:
i i 7 i
By— B <> H=H < B,. (17)

Here, H = H’ is the canonical isomorphism ~ of the Hilbert space H and its
dual. Fori: By — B we take simply the injection mapping, and for j : B — B;
we take the concatenation of injections and the canonical isomorphism given
by (17), i.e. j := i1 oy 0 dg. This means, that for any u € By, the element
jotowu € By is defined by the relation

<joiou,v>:/uvdx Vv € V.
0

Then, as stated at the beginning of this section, {u,,},, is a bounded se-
quence in LP(0,T; By). Observe that we have {u,,}., C AC(0,T;V,) which
gives

Oi(joiouy,) =joiodiuy, (18)

and consequently
(0¢(] 0 0Up), /(’)tum z,t)v(x)de Vv eV, ae te (0,T). (19)

On the other hand, by using (19) together with (8), and the fact that the
projection operators P,, defined in (6) are selfadjoint with respect to the L2
inner product, we obtain

(0(] 010 Up), /@um z,t)Ppu(x)dr = /a(x,t,um,Dum):D(va)dx—
Q
— 0(Upy Uy Prav) + (f(t), Pnv)  Yv €V, ae. t €(0,7). (20)

Now, having established (20), we claim that indeed {0;j 0 i © Uy} is a
bounded sequence in L¥' (0, T;V/). Namely, we have for the first term, by the
growth condition in (NS1), that for v € Vj

| - / 0(x7t7um;Dum) : .DPmdel <
Q

<O @) + lumC O DI Bavlly (21)



For the second term we have

-0
|b(umauma va)| = |/ an_um . Pm’UdZL‘|
Q Ox;

o . : 0
= — L Uy Ppv — U, - — P,vd 22
|/Q axiumu v — Uy, U o vdz| (22)
=0
< tml[72(0) 1D Pl (o) (23)
—_———
< Cforallt e (0,7) and all m

The third term contributes again

(s Prv)| < ALF @)l | Bmollv - (24)

Now, since V; C V' we may replace || P,,v||y in (21) and (24) by || P,v||v, (up to

a constant factor). Because of the remark at the end of Section 2 we have even

| Prvllv, < |Jvllv.. In (23) we may use, that W*=12(Q) C L>°(Q). Therefore,

in (23), we can replace || DP,,v||r) by ||v|v, (up to a constant factor).
Putting the estimates together, we obtain that

[{0:(5 0 i 0 um), v)| < C(#)]|v]lv, (25)

for a function C' € L¥ (0, T). Therefore, we conclude indeed, that {9,070, }m
is a bounded sequence in L¥' (0, T;V/).

Hence, from Lemma 2, we may conclude that there exists a subsequence,
which we still denote by u,,, having the property that

Um — u in LP(0,T; L9(Q2)) for all ¢ < p* and in measure on Q x (0, 7).
(26)
Notice that in order to have the strong convergence simultaneously for all
q < p*, the usual diagonal sequence procedure applies.

4.3 A regularity result for u

Let Tjoioun, > Ljoiou € Z'(0,T;V)) be the distributions associated to j o o wy,,
and joiou, ie.

T
(Thosoun (), 0) = / (o i 0um vp(t)dt, Vee & (0.T),v0 eV,
0

T
(Thoion(0), 0) _/ oiouvhp(t)dt, Y 9 (0.T),ve V.
0

By using the formula (19) we obtain

<at7}oioum / / Um xZ, t ( )dt dlL’



which, according to (15) permits to conclude that

lim (9, Tjoiou, (), V) = (O Tjoiou(), V). (27)

m—00

On the other hand, according to (20) we have:
T
(Ot Toiou, (@), v) = —/ /a(x,t,um,Dum) : D(Pv)dzp(t)dt+
0o Jo
T T
/ (F(1), Pot) o)t — / b1ty s Pot)p(t)dt. (29)
0 0

By using (16) we see that the first term in (28) converge to — fOT<X(t), vYyp(t)dt
when m — oo. Clearly, the second term converges to fOT( f(t),vyp(t)dt, and
we claim that

T T

n%i_r)noo b(Upy U, Prav)p(t)dt = / b(u, u,v)p(t)dt, Vv e Vi, p e D,T).
0 0 (29)

This last result is easy to prove by using the formula (22) together with

the property (14) and the fact that P,v — v in V,. It follows that, when

m — oo, the term on the right in (28) tends to fOT(f(t) — x(t),v)p(t)dt —

fOT b(u, u,v)p(t)dt, and thus by (27) we obtain

T T
0T on(2).0) = [ (1) = (0000t~ [ buuo)p(oie (30)
0 0
Let us now introduce the function g : (0,7") — V! defined by
(g(t),v) = (f —x,v) — blu,u,v), VveV, ae te(0,T). (31)

We shall prove that g € L (0,T; V") which will imply that 0;Tjeion = T, and
thus, with our convention for notation: d,joiou = g € LP' (0,T;V"'). We begin
by introducing the function % : (0,7) — V! by setting

(Z (t),v) = b(u,u,v) = / u'Ou - vdx. (32)

Q

Since x, f € LY (0, T; V") it remains to prove that we also have % € L¥' (0, T;V").
The tool needed here is the following classical interpolation lemma.

Lemma 3 Let 1 < ry,r, 81,82 < 0o. For any 6 €]0,1[ and any p and «

verifying
1 1-6 0

Y

P r1 T2



we have the following continuous injection:
L™(0,7; L (Q)) N L™(0,T; L**(2)) — L°(0,T; L*(Q2)).

Moreover for all p € L™ (0,75 L**(§2)) N L™(0,T; L**(2)) there holds

||90HLP(0,T;L‘”(Q)) < HSO||1L;100T-LS1 Q ’|90H9LT2(0,T;L52(Q))'
(0,T3L°1())

Let p* = ;& the functions u® in (32) are in the space LP(0,T; LP () N
L>(0,T; L*()). By applying Lemma 3 with r; = p,ry = 00,8, = p*, 59 =
2 and 0 = 3 — p we obtain u' € L?(0,T;L*(Q)), with p = P53 and a =
Smp—in Jjg’i TR Notice that we have assumed p < 3. In fact the case p > 3
is easier and we leave it to the reader.

Let v € LP" (), an easy application of the Holder inequality gives

leoll iy < ol @ lellioy  ace. ¢ € (0,7),

— np
where [ = i

Recall now that we have assumed p > 1+n2—j:2 which implies § < . Thus we
can replace § with « in the previous inequality. By using the Holder inequality
we obtain

b(ut,,v) < Clolr o llulle@llully ae. t € (0,7).
Consequently
16Cu, w, )y < Cllullpe@llullv— ae. t€(0,T).

By using again the Holder inequality we obtain

T 1/p
( | .>Hp,dt) < Cllullzrtora ull o070
0

Finally because we have chosen p = p/(p — 2) the property = € L¥ (0,T;V")
is proved. Moreover we have obtained the estimation

= —1
| || v (0,T;V") < CHUHIZP(O,T;V) HUHL‘”(O,T;LQ(Q))'

It follows that 0,(j o4 o u) is an element of the space L¥' (0,T;V").
Let 77" denote the space defined by

7 ={ve LP(0,T;V):9,(joiov) € LF(0,T;V')}.

We recall that 77" is continuously embedded in C°([0,T]; H) (see, e.g., Zei-
dler [27, p. 422] or for a particular case Dautray and Lions [4, p. 570]). In the



following we always identify v € 7~ with its representative in C°([0,T]; H).
For all u,v € 7 we have the generalized integration by parts formula: For
all t1,ty € [0,T], t; < ta, there holds

to
/ (Opj oiou,v) + (O oiov,u)dt =

t1

:/Qu(tg,x)v(tg,a?)CM—/U(tl,iﬂ)v(tlaw)dm (33)

Q

4.4 The limiting time values for u

We remark first that by the boundedness of the sequence 0;(j o i o u,,) in
LP(0,T;V!) we may extract a subsequence (not relabeled) such that

Ay(joiouy) — 8(joiou) in LF(0,T;V)). (34)

Now let ¢ € C*[0,T] and w € V;. The function v = wy is clearly an
element of 77" and thus by (33) we get:

/0T<atj o 0w, w)p(t)dt — — /0T<j o i 0w, w)! ()t
+ [ (@ T)RT) = ula 00p(0) wia)de. (35)
We also have, for any m € N
/OT(atj 01 O U, Wp(t)dt = — /OT<j 01 O Uy, W) (t)dt
[ (nla TIAT) = 1 2,006(0)) wlode. (30
It follows by using (34) together with (35) and (36) that:

Im [ (up(z, T)p(T) — um(x,0)p(0)) w(z)de =

/Q (u(z, T)p(T) — u(x,0)(0) w(x)dz. (37)

At this point we choose ¢ such that ¢(7") = 0. We recall that by construc-
tion of the sequence {u,,} we have u,,(z,0) — uo(z) in H (see (7)) and thus
by using (37) we obtain:

Um(2,0) — up(z) = u(z,0) in H. (38)

Recall also that the sequence {u,,} verifies (13). Hence, we can extract a
subsequence with the property that w,,(-,7) — ¢ in H, for some ¢) € H. By



choosing now ¢ such that ¢(0) = 0, we get from (37) ¢ = u(-,T"). Consequently
we may assume that

Up(,T) = u(-,T), in H. (39)

In fact the property (39) can be extended to all ¢ € [0,T], as expressed in
the following lemma:

Lemma 4 There exists a subsequence of {u,,} (still denoted by w,,) with
the property that for every t € [0, T]
U (-, ) = u(-,t), in H. (40)
By (26) the convergence in (40) is actually strong for almost all t € [0,T].

We prove the lemma in two steps.

In a first step we remark that the same arguments used to establish the
property (39) permit, for arbitrary fixed ¢ in QN[0, T, to extract a subsequence
verifying

U (-, ) = u(-,t), in H.
The set QN [0, 7] is countable, and thus we may use a diagonal procedure in
order to extract a subsequence verifying

Up(,t) = u(-,t), inH VteQnl0,T]. (41)

In a second step we use the facts that Q N [0,77] is dense in [0,77], that the
sequence {u,,} has the properties (14) and (25), and that « € C°([0,T]; H) to
conclude that (41) implies (40) for the same subsequence.

To see this, we fix t € [0, 7] and for arbitrary v € H we set

I 1= /Q (U (2, 1) — u(z,t)) v(z)de. (42)

Since, by 13, the sequence {u,,} is bounded in H, and since V; is dense in H,
it suffices to show J,, — 0 for v € V,. Let ¢ > 0. By using the density of
QN [0,T] in [0,T], we can choose t. € QN [0, T] such that

[ ool < g

Jute) —u(®)| 2 <

(43)

€
Bllvllzaey’

where the function C' € L?'(0,T) appearing in (43) was defined in (25). Then
we have

I = /Q(um(x,tg) —u(x,t.))v(x)dr + /Q(u(x, te) — u(x,t))v(z)dx

+ /(um(x,t) — U (z, t)v(x))dx (45)
Q
=1, ++II+1II,,.

(44)



By using (41) we see that I,,, tends to zero as m — oo, which allows to
determine m. € N such that |I,,| is bounded by $ whenever m > m.. By
using (44) we obtain that |I7] is bounded by 5. We then rewrite /11, in the
following way:

te te
111, = — / / Ot (2, s)v(2)dt dv = — / (01 010 um, v)dt.
QJt t

Thus by using (25) together with (43) we see that |I11,,| is also bounded by .
Consequently, we have |J,,,| < € whenever m > m,.. This is true for arbitrary
¢ and thus J,, tends to zero as m — oo. O

5 The Young measure generated by the Galerkin approximation

The sequence (or at least a subsequence) of the gradients Du,, generates a
Young measure vy, and since u,, converges in measure to u on 2 x (0,7'),
the sequence (up,, Du,,) generates the Young measure d,(;4) ® Vi) (see, e.g.,
Hungerbiihler [13]). Now, we collect some facts about the Young measure v in
the following proposition:

Proposition 5 The Young measure v(, ;) generated by the sequence { Dy, }n,
has the following properties:

(i) V() Is a probability measure on IM"*" for almost all (x,t) € 2 x (0,T).
(ii) V(wy) satisfies Du(x,t) = (V(ay),id) for almost every (x,t) € 2 x (0,7).
(iii) V(s has finite p-th moment for almost all (z,t) € 2 x (0,T).

Proof. (i) The first observation is simple: To see that v, is a probability
measure on IM™*" for almost all (z,t) € Q x (0,T) it suffices to recall the fact
that Du,, is (in particular) a bounded sequence in L'(0,T; L'(Q)) and to use
the fundamental theorem in Ball [1].

(ii) As we have stated at the beginning of Section 4, { Du,, }r, is bounded
in LP(0,7; LP(€2)) and we may assume that

Du,, — Du in LP(0,T; LP(R)).

On the other hand it follows that the sequence {Du,,},, is equiintegrable
on  x (0,7) and hence, by the Dunford-Pettis Theorem (see, e.g., Dun-
ford and Schwartz [6]), the sequence is sequentially weakly precompact in
LY0,T; L(Q)) which implies that

Dty = (V(ayp), id) in L'(0,T; L' (Q)).

Hence, we have Du(x,t) = (V(54),1d) for almost every (z,t) € Q x (0,T).



(iii) The next thing we have to check is, that v, has finite p-th moment
for almost all (z,t) € Q x (0,7). To see this, we choose a cut-off function
n € C3°(By(0);IR™) with n = id on B,(0) for some a > 0. Then, the
sequence

D(n o up) = (Dn)(um) D,

generates a probability Young measure 1/& p on Q x (0,7) with finite p-th
moment, i.e.

/]Mnm (APdy(, 1 (A) < o0

for almost all (z,t) € Q x (0,T). Now, for p € C§°(IM™*") we have

Do wn)) = () = [ o,

weakly in L' (0, T; L*(€2)). Rewriting the left hand side, we have also (see, e.g.,
Hungerbiihler [13])

PO w)Dus) = [ oDl )Ny (V).

Hence,
Vipsy = Via) if |u(z,t)] < a.

Since a was arbitrary, it follows that indeed v(, has finite p-th moment for
almost all (z,t) € Q x (0,7). O

6 A Navier-Stokes div-curl inequality

In this section, we prove a Navier-Stokes version of a “div-curl Lemma” (see
also Dolzmann, Hungerbiihler and Miiller [5, Lemma 11]), which will be the
key ingredient to obtain x = —divo(x,t,u, Du) and consequently to prove
that u is a weak solution of (1)—(4).

6.1 The energy equality
A first property for x is the following:

So 1 S92 1
| et Slut,slf = [t St sl Vo< s <T

S1 S1

(46)
This should be obtained easily by using the results presented in the paragraph
4.4. In fact, by using the formula (33) we get

PN 1 1
/ (O 0 0w, wydt = Slul:, s2)ll7 = - 1)l

S1



On the other hand by (31) we get:
<atj 0io0 u7u> = <f - Xau> - b(u7uau)7
=0

and thus we have obtain (46).

We will prove later that x = —divo(z,t,u, Du) which will imply that u
is a weak solution for problem (1)—(4). Consequently the formula (46) will be
interpreted as the energy equality for u.

6.2 The div-curl inequality
Let us consider s € [0, 7], and the sequence
I, = (a(at,t,um, Du,,) — o(x,t,u, Du)) : (Dum — Du).

We want to prove that its negative part I is equiintegrable on Q x (0, s). To
do this, we write /. in the form

I, = o(x,t,upm, Duy,) : Du,, — o(z,t, U, Duy,) : Du
—o(x,t,u, Du) : Duy, + o(z,t,u, Du) : Du=: 11, + 111, + 1V, +V.

Clearly V is equiintegrable and the sequence I is easily seen to be equiinte-
grable by the coercivity condition in (NS1). Then, to see equiintegrability of
the sequence [11,,, we take a measurable subset S C €2 x (0, s) and write

/ lo(z,t, U, Duyy,) @ Duldzdt <
s
< (/ \J(x,t,um,Dum)\p/dxdt)l/p/ (/ ]Du\pd:cdt)l/p
S S

< C(/S(\Al(x,t)p'+yum|p+|Dum|p)da;dt)”p'(/s|Du|pdxdt)1/p,

where we used the growth condition in (NS1) to obtain the last inequality. The
first integral is uniformly bounded in m (see Section 4). The second integral
is arbitrarily small if the measure of S is chosen small enough. A similar
argument gives the equiintegrability of the sequence IV,.

Having established the equiintegrability of I, it follows by the Fatou-type
Lemma [5, Lemma 6], and from the fact that, by Du,,, = Duwin LP(0,T; L*(2)),

m—00

lim / /a(a:,t,u, Du) : (Duy,, — Du)dxdt = 0, (47)
0 Jo

that

X = liminf/ /[mdmdt>

> / / / 0@yt N) : (A — Du)dves(Ndadt.  (48)
0 Q JIMX"



On the other hand, we will see next that X < 0.
Remark first that

lim inf /dt/ (2.t 1y, Duiyy) : Dudz — — /< )t
= Sl )l — gl 0)]% - / (), (49)

where the last expression was obtained by using (46). In a second step, we use
the Galerkin equations to obtain

/ dt/ o(z,t, Uy, Duy,) @ Duypde =

/(f,um)dt / bWy Uy, Upy) dE — / dt/umﬁtumda:

s 1 : 1
= [t = Sl )+ 5 OV
0

Now by taking the limit inf in the last expression and using (38) and (40), we
see that

liminf/ dt/ z,t, Uy, Duyy,) @ Dupde

< [ trudt = et )l + 3l 01

which in combination with (49) gives X < 0.
Finally we have proved that

/ / / o(z,t,u,\) 0 (A — Du)dy(ysy(N)dzdt <0,

and by using the Property (ii) in Proposition 5 we obtain the following lemma:

Lemma 6 (A div-curl inequality) The Young measure v, generated
by the gradients Du,, of the Galerkin approximations u.,, has the property,
that for all s € [0,T]:

/Os /Q /}Mnxn(g(x,t,u, A) —o(z,t,u, Du)) : ()\ - Du)dl/(m)()\)d:vdt < 0. (50)

Notice, that if we had slightly more control on the sequence o(x,t, Uy, Du,y,)
than we actually have, the lemma would follow with equality from the classical
Div-Curl Lemma. Observe also, that we did not make use of the monotonicity
condition in the proof of the lemma.



7 Passage to the limit

Observe first that the integrand in (50) is nonnegative by monotonicity. Thus,
it follows from Lemma 6 that the integrand must vanish almost everywhere
with respect to the product measure dy(, ) ® dr ® dt. Hence, we have that for
almost all (z,t) € 2 x (0,7)

(o(x,t,u,\) = o(z,t,u, Du)) : (A = Du) =0 on spt vy (51)
and thus
spt Ve C {A | (o(z,t,u,A) — o(x,t,u, Du)) : (A= Du) =0}.  (52)

We consider first the easiest case

Case (c): By strict monotonicity, it follows from (51) or (52) that v, ) =
Opu(zy) for almost all (x,t) € ©Q x (0,7, and hence Du,, — Du in measure
on Q x (0,7). Consequently we have Du,, — Du a.e in 2 x (0,7). Moreover
the sequence is bounded in LP(£2 x (0,7")) which implies (by using the Holder
inequality) that for any fixed a € [1, p) the sequence is a-equiintegrable. By us-
ing next the Vitali convergence theorem (see for instance Schwartz [21, p. 284])
we have (up to extraction of a subsequence) Du,, — Du € L*(£2 x (0,T)).
With the same arguments we also obtained that (up to extraction of a fur-
ther subsequence) o(x,t, Uy, Du,,) — o(z,t,u, Du) in L?(Q x (0,T)), for all
B € [1,p). Now, we take a test function w € U;enspan(wy,...,w;) and
¢ € C°([0,7]) in (8) and integrate over the interval (0,7") and pass to the
limit m — oco. The resulting equation is

/OT/Qatu(x,t)so(t)w(x)dde/OT/Qa(a;,t,u, Du) : Dw(z)p(t)dwdt+
- /OT b, u, we)dwdt = (f, pw),

for arbitrary w € U;en span(wy, ..., w;) and ¢ € C*°([0,7]). By density of
the linear span of these functions in LP(0,7; V'), this proves, that u is in fact
a weak solution. Hence the Theorem follows in case (c).

Now, we proceed with the proof in the single cases (a) and (b) of (NS2).

Case (b): We start by showing that for almost all (z,t) € Q x (0,7, the
support of v, is contained in the set where W agrees with the supporting
hyper-plane L := {(\, W(z,t,u, Du) + o(x,t,u, Du) : (A — Du))} in Du(z,1),
i.e. we want to show that

spt Vizt) C K(x,t) =
={Ae M W(z,tu,\) = W(z,t,u, Du) + o(x,t,u, Du) : (A — Du)}.



If A € spty(yy then by (52)
(1 —=7)(o(x,t,u, Du) — o(z,t,u,\)) : (Du—A)=0 forall T€[0,1]. (53)
On the other hand, by monotonicity, we have for 7 € [0, 1] that
0< (1 =7)(o(z,t,u, Du+T(A— Du)) —o(x,t,u,\)) : (Du—2A).  (54)
Subtracting (53) from (54), we get
0< (1 —=7)(o(z,t,u, Du+ 7\ — Du)) —o(x,t,u, Du)) : (Du—X)  (55)

for all 7 € [0,1]. But by monotonicity, in (55) also the reverse inequality holds
and we may conclude, that

(o(z,t,u, Du+ 7(A — Du)) — o(x,t,u, Du)) : (A — Du) =0 (56)

for all 7 € [0,1], whenever A € spt v/, 4. Now, it follows from (56) that

1
Wiz, t,u,\) = W(x,t,u, Du)+ / o(z,t,u, Du+ 7(A — Du)) : (A — Du)dr
0
= Wi(x,t,u, Du) + o(z,t,u, Du) : (A — Du)

as claimed.

By the convexity of W we have W (z,t,u, \) > W(x,t,u, Du)+o(x,t,u, Du) :
(A — Du) for all A € IM™" and thus L is a supporting hyper-plane for all
A € K(gy). Since the mapping A — W (z,t,u, A) is by assumption continuously
differentiable we obtain

o(z,t,u,\) = o(x,t,u, Du) for all X\ € Kz D spt vy (57)

and thus
o= / o(x,t,u, \) dvie(N) = o(z,t,u, Du). (58)
IMnXTL

This shows, that o(z,t, Uy, Du,,) — o(x,t,u, Du) in L'(Q x (0,7T)), which
suffices already to pass to the limit in the Galerkin equations. However, we
can even show strong convergence of the sequence o(z,t, ty,, Duy,):

Now consider the Carathéodory function

g(x,t,u,p) = lo(x,t,u,p) —a(z,t)|.
The sequence ¢,,(x,t) = g(z,t, up(z,t), Duy(x,t)) is equiintegrable and thus

gm — g weakly in Ll(Q x (0,7))



and the weak limit g is given by

g(x, t) = / |U(I7 t,m, )‘) - 5(1‘, t)| d(su(’ht) (77) ® dy(x»t)()\)
IR™ X IM" X7
_ / o, £yl £), ) — 6, )] dvany(A) = 0
Spt V(z,t)

by (57) and (58). Since g, = 0 it follows that
gm — 0 strongly in L*(Q x (0,7)).

In fact by using that g,, is bounded in L” (2 x (0, T)) together with the Vitali
convergence theorem, we may conclude that o(z,t, Uy, Duy,) — o(x,t,u, Du)
in LP(Q2 x (0,T)) for all 3 € [1,p'). This again suffices to pass to the limit in
the equation and the proof of the case (b) is finished.

Case (a): We claim that in this case for almost all (x,t) € 2 x (0,7") the
following identity holds for all x € IM"*" on the support of v, ):

ot u,\) < o= o(a,t,u, D)+ (Vole,t,u, Dulpr) : (Du— ), (59)

where V is the derivative with respect to the third variable of . Indeed, by
the monotonicity of o we have for all 7 € IR

(o(z,t,u, ) —o(z,t,u, Du+ 7)) : (A — Du—7p) >0,
whence, by (51),

—o(x, tu, A) - (Tp) 2
> —o(z,t,u, Du) : (A — Du) 4+ o(x,t,u, Du+7u) : (A — Du — Tp)
= 7((Vo(z,t,u, Du)p) : (A — Du) — o(z,t,u, Du) : p) + o(7).

The claim follows from this inequality since the sign of 7 is arbitrary. Since
the sequence o(x,t, u,,, Du,,) is equiintegrable, its weak L'-limit & is given by

g = / U(a:', t,u, A)dy(m,t)()‘)
spt vz 1)
— / 0(1‘, t,u, Du)dy(m) ()\) +
Spt V(x 1)

+(Vo(z,t,u, Du))t/ (Du — N)dv(z.(N)

spt V(g t)

= o(x,t,u, Du),

where we used (59) in this calculation. Moreover the weak convergence holds
in L” (2 x (0,T)). This finishes the proof of the case (a) and hence of the
theorem.



Remarks:

(i) Notice, that in case (a) we have o(x,t, up,, Du,,) — o(z,t,u, Du), in
LY (2 x (0,T)), in case (b) we have in addition o(z,t, U, Duy,) —
o(x,t,u, Du) in LF(2 x (0,7)), for all 3 € [1,p') and in case (c), we
even have Du,, — Du in L*(Q2 x (0,7")) for all « € [1, p).

(ii) In all cases we have x = —div o(z,t,u, Du) and thus the energy equality
in the remark after Theorem 1 is obtained by using (46).
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